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ABSTRACT:Let  2,1,0: Vf  be a function having the property that for every vertex Vv with   0vf , 

there exists a neighbourhood  vNu  with   2uf . Such a function is called a Roman dominating function or 

just an RDF. The weight of an RDF is the value     


Vu
ufVf . The minimum weight of an RDF on G  is 

called the Roman domination number of G  and is denoted by  GR . The function  3,2,1,0: Vf  is 

named a Strong Roman dominating function on a graph G  whenever for each vertex u  with   0uf  there exists 

an adjacent vertex v  to u  such that   3vf . Also for each vertex u  with   1uf  there should be at least an 

adjacent vertex v  to u weighted 2. The weight of an SRDF is the value    



Vu

ufVf . Strong Roman 

domination number of graph G  which we denoted by  GSR  is minimum weight of an SRDF on G . In this paper, 
we show that  

     .
3
2

2
1 GGG SRRSR    

And we study the Roman and Strong Roman domination of the trees and we show that    TT SRR 
3
2

 . 

 
KEYWORDS: Roman domination, Strong Roman domination, Tree. 
 

I. INTRODUCTION 
 
For notations and graph theoretic terminologies not defined herein, we refer [3, 4, 9]. Let  EVG ,  be a finite 

simple graph with the vertex set  GVV   and the edge set  GEE  . Let     nGnGV   be the order 

of graph G . For any vertex Vv , the open neighbourhood of v  is the set    EvuVuvN   and the 

closed neighbourhood of v  is the set      vvNvN  . For a set VS  , the open neighbourhood of S  is the 

set    vNSN
Sv



  and the closed neighbourhood of S  is the set     SSNSN  . The degree of a 

vertex Vv  is equals to  vN  and denoted by  vdeg . The maximum and minimum degree of a graph G  are 
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denoted by  G and  G , respectively. Let VS   be any subset of vertices of G . Then the induced sub-
graph  SG  is the graph whose set is S  and whose edge set consists of all of the edges in E  that have both 
endpoints in S . The induced sub-graph  SG  may also be called the sub-graph induced in G by S . A walk in a 

graph G  is a finite sequence  nn vevevevW 22110  whose terms are alternatively vertices and edges such that 

for ni 1  the ends of ie  are 1iv and iv . The length of a walk is the number of edges occur in the walk. The 

distance between two vertices u  and v  in graph G  is the minimum length of a path joining them. The diameter of a 
graph G  is the maximum distance between vertices of G , denoted  Gdiam . The minimum diameter of graph G  
is called a diagonal in . A non-trivial graph, is a graph G  of order at least 2 . A walk consisting of 1k distinct 

vertices kvvv 10  is a path, and if kvv 0  then these vertices form a cycle. A graph G  is connected if for every 

pair of vertices v  and x in  GV , there is a xv   path. Otherwise, G  is disconnected. A tree T  is a connected 

graph with no cycles. Every tree T  with n  vertices has 1 nm  edges. A Star nK ,1  is a tree with a vertex of 

degree n  and n  vertices of degree 1. Observe that a star is a type of tree. A leaf is a vertex with degree 1 and a 
Support vertex is an adjacent vertex to a leaf. A Strong support vertex is a vertex which adjacent to at lest two leaves. 
In this paper, all support vertices and all leaves of tree T  are denoted by  TS and  TL , respectively. A rooted 
tree T  distinguishes one vertex r  called the root. For each vertex rv   of T  the parent of v  is the neighbourhood 

of v  on the unique   pathvr , , while a child of v  is any other neighbourhood of v . A simple graph G , is said 

to be complete if each pair of distinct vertices is joined by an edge. Generally nK  denotes a complete graph on n  

vertices. The complement G of a graph G  has    GVGV   and    GEvu ,  if and only if 

   GEvu , . Thus, the complement of a complete graph is the empty graph. 

A set VS   is a dominating setif   VSN  . The domination number is the minimum cardinality of a 
dominating set in G  and denoted by  G , see [2].  

A Roman dominating function on a graph  EVG ,  is a function  2,1,0: Vf satisfying the 

condition that every vertex u  for which   0uf  is adjacent to at least one vertex v  for which   2vf . The 

weight of a Roman dominating function is the value    



Vu

ufVf . The minimum weight of a Roman 

dominating function on a graph G  is called the Roman domination number of G  which is denoted by  GR , see 
[1, 10, 11]. 

Other notations and terminologies not explicitly given here could be find in [3, 4, 5, 6, 12]. K. Selvakumar et 
al. in [7] introduced Strong Roman domination in 2016. A Strong Roman dominating function on a graph 

 EVG ,  is a function  3,2,1,0: Vf satisfying the condition that every vertex u  for which 

  0uf  is adjacent to at least one vertex v  for which   3vf  and also every vertex u  for which   1uf  

is adjacent to at least one vertex v  for which   2vf . The weight of a Strong Roman dominating function is the 

value    



Vu

ufVf . The minimum weight of a Strong Roman dominating function on a graph G  is called 

G
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the Strong Roman domination number of G  which is denoted by  GSR . A Strong Roman dominating function can 

be displayed with  3210 ,,, VVVVf  , or  ffff VVVVf 3210 ,,,  to refer to f , where 

    ivfGVvVi  ,  3,2,1,0i . Clearly in a Strong Roman dominating function of weight 

 GSR , no vertex needs to be assigned the value 1 . Therefore, we can assume that for each Strong Roman 

domination function, 1V . In this paper, we show that 

     GGG SRRSR 
3
2

2
1

  

and characterize the Lower bound. Also, we characterize all trees T with    TT SRR 
3
2

 .  

In this paper we quote the following Theorems from [7, 8].  
Theorem 1 [8]: For any graph G ,  

     .32 GGG SR    

Theorem 2 [7]: For any graph G ,        
   .GG SRR    

Theorem 3 [7]: Let  3210 ,,, VVVVf   be any   functionGSR  . Then  

a)  2VG has maximum degree 0 .  

b) No edge of G  joins 2V and 3V . 

c) No edge of G  joins 1V and 3V . 
 

II. MAIN RESULTS 
 

Firs, we present the Lower and Upper bound on Roman domination number on Strong Roman domination 
number. 
Theorem 4: For any graph G , 

     .
3
2

2
1 GGG SRRSR    

Proof:Let  320 ,,, VVVf   be a   functionGSR  . In this case, the function  210 ,, VVVf  , 

where 00 VV  , 21 VV   and 32 VV   is an RDF on graph G . Therefore 

   

 
   .

32

2

2

32

3232

32

21

VVG

VVVV

VV

VV
VfG

SR

R















                       (1)            
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Since 32 VV   is dominating set on graph G , we have   32 VVG   and thus from (1) we have  

     
   .

32

GG
VVGG

SR

SRR








                              (2)       

Using Theorem 1,    GGSR  3 implies    GGSR  
3
1

. Therefore from (2) we have  

     

   

 .
3
2

3
1

G

GG

GGG

SR

SR

SRR













 

Hence the Upper bound exists.Now, to prove the existence of Lower bound, assume that  210 ,, VVVg   is a 

  functionGR  . In this case, the function  320 ,,, VVVg   , where 00 VV  , 12 VV   and 23 VV   

is an SRDF on graph G . Therefore 
   

 .2
42

32

32

21

21

32

G
VV

VV

VV
VgG

SR

R















 

So,    GG RSR  2  and thus    GG RSR  
2
1

.  

Hence the proof follows. □ 
Note that, the Upper bound in Theorem 4 can be viewed as an extension of the Upper bound in Theorem 2 for 

all graphs. Also, the boundaries presented in Theorem 4 are sharp. For sharpness of Lower and Upper bound we 
consider the trivial graph 1K  and path 5P , respectively. In next theorem we characterize the boundaries with  

   GG RSR  
2
1

. 

Theorem 5: Let G  be a graph of order n . Then    GG RSR  
2
1

 if and only if   nKG  . 

Proof:Suppose that  210 ,, VVVf   is a   functionGR  , such that 2V  is maximum. In this case, the 

function  320 ,,, VVVf   , where 00 VV  , 12 VV   and 23 VV   is an SRDF on graph G . Therefore  
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 .2
42

32

32

2

21

21

32

G
VV

VV

VV
Vf
GG

R

SRR
















 

From this above relation it follows that  
,4232 2121 VVVV   

therefore 02 V . Since we chose f  such that 2V  is maximum, we have 1V  is an independent set and thus 

nKG  . 
The converse part is obvious. □ 

III. CHARACTERIZATION OF THE TREES WITH    TSRTR 
3
2  

 
First, we begin with following supporting Lemmas. 

Lemma 6: For any graph G , 

   ,
3
2 GG SRR    

if and only if    GGSR  3 and    GGR  2 . 

Proof:Suppose that    GG SRR 
3
2

  and  320 ,,, VVVf   is a   functionGSR  . In this case, 

the function  210 ,, VVVg  , where 00 VV  , 21 VV   and 32 VV   is an SRDF on graph G . Therefore  

   

 

 
   .

2

2

3
2

32

32

21

GG
VVG

VV

VV
Vg

GG

SR

SR

RSR



















 

So,      GGG SRSR  
3
2

 and thus    GG SR 3 .From Theorem 1, we have 

   GGSR  3 . Hence    GGSR  3 , also 
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 .2

3
3
2
3
2

G

G

GG SRR













 

The converse part is obvious. □ 

Lemma 7: Let for any graph G with    GG SRR 
3
2

 , the function  320 ,,, VVVf   be a 

  functionGSR  . Then 2V .  

Proof:Let  210 ,, VVVf  , where 00 VV  , 21 VV   and 32 VV   be an RDF on graph G . Therefore  

   

 

  .

2

2

3
2

32

32

21

VVG

VV

VV
Vf

GG

SR

RSR















 

Thus  

 

.
3
2

3
32

3
12

32

32

32

VV

VV

GVV SR






 

 

So, 22 3
2 VV   and hence 02 V . Then 2V . □ 

Our aim is to characterize all trees with Upper bound where equality holds in Theorem 4. Let Ƒ be a family of 
trees T  which is obtained from a sequence of trees jTTT ,,, 21  ,  1j  such that 1T  is a Star rK ,1  , 

 1r  and if 2j , then jT  can be obtained from 1jT  with one of the five Operations 1 , 2 , 3 , 4  and 5  
as shown in figures 1, 2, 3, 4 and 5, respectively. 
Operation 

1
 : Let u  be a Strong support vertex of iT . In this case, 1iT  is obtained from iT  by adding a new 

vertex v  and adding the edge vu . (see Figure 1) 

Operation 
2

 : Let  iTVu  and    iRiR TuT   . In this case, 1iT  is obtained from iT  by adding a 

Star 2,1K  with central vertex v  and adding the edge vu . (see Figure 2) 
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Operation 
3

 : Let  iTVu . In this case, 1iT  is obtained from iT  by adding a Star 2,1K  with central vertex 

v  and leaf w  and adding the edge wu . (see Figure 3) 

Operation 
4

 : Let  iTVu . In this case, 1iT  is obtained from iT  by adding a Star 3,1K  with central vertex 

v  and leaf w  and adding the edge wu . (see Figure 4) 

Operation 
5

 : Let  iTVu  and    iRiR TuT   . In this case, 1iT  is obtained from iT  by adding a 

Path 5P  with central vertex v  and adding the edge vu . (see Figure 5) 
 
 
 
 
 
 
 
 

 
 

 
 

Figure 1.Operation .                                                                  Figure 2.Operation 2 . 
 
 
  
 
 
 
 
 
 
 
 
 
 

Figure 3.Operation 3                                                           
.Figure 4.Operation 4 . 

 
 
 
 
 
 
 
 
 
 

          Figure 5.Operation 5 . 

 

1

iT  

 u ݒ

iT  

 u ݒ

iT  

w  u v  x  

 ݒ

iT  

u w  

iT  

 ݑ ݒ
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In the following, we show that each tree T  of family Ƒ satisfy the condition    iSRiR TT 
3
2

 . 

Lemma 8: If    iSRiR TT 
3
2

  and 1iT  is obtained from iT  with Operation 1 , then  

   .
3
2

11   iSRiR TT   

Proof:Suppose that f  is a   functionTiSR  . Then, since u  is a strong support vertex, we have   3uf . 

We can extend the function f  to an SRDF on tree 1iT  by assigning the weight 0  to the vertex v . Therefore  

   
 .

1

iSR

iSR

T
VfT








 

Always    1 iSRiR TT  . Hence    iSRiSR TT   1 . Assume the same way, g  is a 

  functionTiR  . Since u  is a strong support vertex, we get   2uf  and thus we can extend the function g  

to an RDF on tree 1iT  by assigning the weight 0  to the vertex v . Therefore  

   
 .

1

iR

iSR

T
VgT








 

Since always    1 iSRiR TT  , we have    1 iSRiSR TT  .  
So,  

   

 

 .
3
2
3
2

1

1











iSR

iSR

iRiR

T

T

TT







 

Hence    11 3
2

  iSRiR TT  . □ 

Lemma 9: If    13
2

 iSRiR TT   and 1iT  is obtained from iT  with Operation 2 , then 

   .
3
2

11   iSRiR TT   

Proof:Suppose that  iTVu and    iRiR TuT   . Let v  be a vertex of Star 2,1K  relative to Operation 

2 . If D  is a dominating set for tree iT , then  vD   is a dominating set for tree 1iT . Therefore 

    .11  ii TT                                        (1)               

Now, suppose that f  is a   functionTiSR  1 . Since 
iTf  is an SRDF on tree iT , we have  
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  .3

3

1 




iSR

TiSR

T
Vf

VgT
i





 

Otherwise, 
uTi

f


 is an SRDF on tree uTi  . Thus 

   

 

 
 
 
  .3

3

2
3
2
3

1 














iSR

uT

iSR

iR

iRiSR

T
Vf

Vf
uT

uT

TT

i









 

Therefore, in this case,     31  iSRiSR TT  .  

Any   functionTiSR   can be extended to an SRDF on tree 1iT  by assigning the weight 3  to the vertex v  and 

the weight 0  to all its neighbouring vertices. Therefore     31  iSRiSR TT   which implies that 

    31  iSRiSR TT  . Now, from (1) and Lemma 6 we have  

   
 
 .3

33

3

1

1










i

i

iSRiSR

T
T

TT






 

Any   functionTiR   can be extended to an RDF on tree 1iT  by assigning the weight 2  to the vertex v  and 0  

to all its neighbouring vertices. Therefore     21  iRiR TT  .Also, if g  is a   functionTiR 1 , then 

since v  is a Strong support vertex, we have   2vg . If   0uf , then 
iTg  is an RDF on tree iT . Thus  

   
 
  .2

2

1 




iR

TiR

T
Vg

VgT
i





 

And in case   0ug , then uTi
g   is an RDF on tree uTi  . Therefore 

http://www.ijirset.com


 
 

  
               
              ISSN(Online): 2319-8753 
      ISSN (Print):  2347-6710 
 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com  

Vol. 6, Issue 10, October 2017 
 

Copyright to IJIRSET                                                            DOI:10.15680/IJIRSET.2017.0610009                                          19383 

 

   
 
 
  .2

2

1 










iR

uT

iRiR

T
Vg

Vg
uTT

i





 

Thus in each case,     21  iRiR TT   and since we showed that     21  iRiR TT  .So,  

    .21  iRiR TT   
Now, from (1) and Lemma 6 we have  

   
 
 .2

22

3

1

1










i

i

iRiR

T
T

TT






 

Hence    11 3   iiSR TT  and    11 2   iiR TT  . Thus Lemma 6 implying that 

   11 3
2

  iiR TT  . □ 

Lemma 10: If    iiR TT 
3
2

  and 1iT  is obtained from iT  with Operation 3 , then     

   .
3
2

11   iiR TT   

Proof: Suppose that  iTVu  and v  is the central vertex and w and x  are the leaves of Star 2,1K , respectively. If 

D  is a   setTi  , then  vD   is a dominating set on tree 1iT . Therefore 

    .11  ii TT                                    (1) 

Suppose that f  is a   functionTiSR  1 . Clearly, we can assume that   3vf and     0 wfxf . 

Therefore 
iTf  is an SRDF on tree iT  and thus  

   
 
  .3

3

1 




iSR

TiSR

T
Vf

VfT
i





 

Any   functionTiSR   can be extended to an SRDF on tree 1iT  by assigning the weight 3  to the vertex v  and 

the weight 0  to all its neighbouring vertices. Therefore 
    .31  iSRiSR TT   

 And thus based on previous  
   

 .
3

1

1









iSR

iSRiSR

T
TT
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Now, from (1) and Lemma 6 we have  
   

 
 
 .

3
33

3

1

11











iSR

iSR

i

iiSR

T
T
T

TT







 

Therefore    11 3   iiSR TT  .Now, to prove the problem based on Lemma 6, we have its enough to show that 

   11 2   iiR TT  . Let g  be a   functionTiR 1 . In this case, we can assume that   2vg and 

    0 wgxg . Therefore 
iTg  is an RDF on tree iT . And thus 

   
 
  .2

2

1 




iR

TiR

T
Vg

VgT
i





 

Any   functionTiR   can be extended to an RDF on tree 1iT  by assigning the weight 2  to the vertex v  and 

the weight 0  to all its neighbouring vertices. Therefore     21  iRiR TT  .  

Hence     21  iRiR TT  . Now, from (1) and Lemma 6 we have  

   
 
 
 .

2
22

2

1

11











iR

iR

i

iiR

T
T
T

TT







 

So,  
   .2 11   iiR TT   

Hence the proof. □ 

Lemma 11: If    iSRiR TT 
3
2

  and 1iT  is obtained from iT  with Operation 4 , then     

   .
3
2

11   iSRiR TT   

Proof:Suppose that u  is a vertex of tree iT  and w  is a leaf of Star 2,1K  with central vertex v  relative to Operation 

4 . If D  is a dominating set on tree iT , then  vD   is a dominating set on tree 1iT . Therefore 

    .11  ii TT                                     (1) 

Any   functionTiSR   can be extended to an SRDF on tree 1iT  by assigning the weight 3  to the vertex v  and 

the weight 0  to all its neighbouring vertices. Therefore 
    .31  iSRiSR TT   
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Suppose that f  is a   functionTiSR  1 . Since v  is a Strong support vertex, we have   3vf . Also, we can 

assume that   0wf . In this case, 
iTf  is an SRDF on tree iT . Thus  

   
 
  .3

3

1 




iSR

TiSR

T
Vf

VfT
i





 

Therefore     31  iSRiSR TT  . Now, from (1) and Lemma 6 we have  

   
 
 
 .

3
33

3

1

11











iSR

iSR

i

iiSR

T
T
T

TT







 

Hence    11 3   iiSR TT  . Now, suppose that f  is a   functionTiR 1 . Since v  is a Strong support 

vertex, we can suppose that   3vf  and each of its neighbouring vertices has the weight 0 . Therefore 
iTf  is an 

RDF on tree iT . Thus     21  iRiR TT  . Any   functionTiR   can be extended to an RDF by 

assigning the weight 2  to the vertex v  and the weight 0  to all its neighbouring vertices. Therefore 
    21  iRiR TT  .So,  

    .21  iRiR TT   

Hence based on Lemma 6 we have    11 3
2

  iSRiR TT  . □ 

Lemma 12: If    iSRiR TT 
3
2

  and 1iT  is obtained from iT  with Operation 5 , then     

   .
3
2

11   iSRiR TT   

Proof: Let  iTVu  and zwvyxP 5  be a Path with five vertices relative to Operation 5 . If D  is a 

  setTi  , then  wyD ,  is a dominating set on tree 1iT . Therefore 

    .21  ii TT                                    (1) 

Assume that f  is a   functionTiR 1 . If   2vf , then 
iTf  is an RDF on tree iT .  

Since    45 PVf , we have 

   
 
  .4

4

1 




iR

TiR

T
Vf

VfT
i
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Now, suppose that   2vf . In this case, we can assume that   0uf  and therefore 
uTi

f


 is an RDF on tree 

uTi  . Based on assumption we have    

   
 
 
  .4

4

1 










iR

uT

iRiR

T
Vf

Vf
uTT

i





 

Thus in each case,     41  iRiR TT  . Any   functionTiR   can be extended to an RDF on tree 1iT  by 

assigning the weight 2  to y  and w and the weight 0 to x , v  and z . Therefore     41  iRiR TT  . Then 

same as before     41  iRiR TT  .Now, from (1) and Lemma 6 we have  
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So, we conclude that    11 2   iiR TT  . Based on Lemma 6, it is enough to show that 

   11 3   iiSR TT  . If g  is a   functionTiSR  , then the function g  can be extended to an SRDF on tree 

1iT  by assigning the weight 3  to y  and w and the weight 0  to x , v  and z . Therefore 

    61  iSRiSR TT  .Now, suppose that f  is a   functionTiSR  1 . If   0uf , then 
iTf  is an 

SRDF on tree iT  and also    65 PVf . Therefore 
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Otherwise,   0ug . Then 
uTi

g


 is an SRDF on tree uTi  . Based on assumption    .iRuiR TT   So,  

http://www.ijirset.com


 
 

  
               
              ISSN(Online): 2319-8753 
      ISSN (Print):  2347-6710 
 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com  

Vol. 6, Issue 10, October 2017 
 

Copyright to IJIRSET                                                            DOI:10.15680/IJIRSET.2017.0610009                                          19387 

 

   

 

 
 
 
  .6

6

2
3
2
3

1 














iSR

uT

iSR

iR

iRiSR

T
Vg

Vg
uT

uT

TT

i









 

Therefore in each case,     61  iSRiSR TT   and since we showed that earlier     61  iSRiSR TT  .  

Hence     61  iSRiSR TT  .Now, from (1), Lemma 6 and Theorem 1 we have  
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Therefore    11 3   iiSR TT   and thus the problem is solved. □  

In this section we provide a constructive characterization of trees with    TT SRR 
3
2 .  

Theorem 13: The tree T  satisfies the condition    TT SRR 
3
2  if and only if T Ƒ.  

Proof: First we use induction on the order 3n  of the tree T  in which    TT SRR 
3
2 .If   2Tdiam , 

then T  is a Star. Therefore T Ƒ.Now, assume that   3Tdiam . Thus T  is a Double Star  srS , on rs 1 . 

Let 1s . In this case, T  includes a vertex v  of degree 2  which has exactly an adjacent leaf. The function in which 

the adjacent leaves to v  have the weight 3  and all the other vertices have the weight 0  is a   functionTSR  . 

Therefore   5TSR . Also, the function in which the adjacent leaves to v  have the weight 2 , the non-adjacent 

leaves to v  have the weight 3  and all the other vertices have the weight 0  is a   functionTR  . Therefore 

  3TR . Hence    TT SRR 
3
2  which is a contradiction. Thus 2s . Let u  be a non-adjacent leaf to 

v . Then T  is a Double Star with central vertices u  and v  where   3deg u and   3deg v . We consider 1T  

and 2T  are two components of baT   where  1TVu  and  2TVv . Clearly, iT  ,  2,1i  is a Star of 

order at least 3 . Therefore   2iR T and   3iSR T ,  2,1i .If   3deg v , since 

   11 TuT RR   , then the tree T  is obtained from 1T Ƒ by Operation 2 .Now, assume that   4deg v  
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and w  is adjacent leaf to v . We put wTT  . In this case, it is obvious that   4TR and   6TSR . 

So,    TT SRR  
3
2

. Therefore under the hypothesis, T Ƒ. Thus T  is obtained from T   by Operation 1 . 

Hence we can assume that   4Tdiam . Let T  has support vertex u  with at least three adjacent leaves and w  be 

adjacent leaf to u . We put wTT  . We show that T Ƒ. It is enough to prove that    TTR   2 and 

   TTSR   3 .Assume that D  is a   setT   on tree T  . Since u  is a support vertex on tree T  , we 

get Du . Since in the tree T  and the vertex u  is adjacent to w , we get D  is a dominating set on tree T . Thus 

   TDT   . Always    TT   . Therefore    TT   .  

Let f  be a   functionTR  . Since u  is a Strong support vertex, we get   2uf  and thus f  can be 
extended to an RDF on tree T  by assigning the weight 0  to the vertex w . Therefore, based on Theorem 1 and 
Lemma 6 we have 
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Hence    TTR  2 .Now, assume that g  is a   functionTSR  . Since u  is a Strong support vertex, we 

get   3ug . Thus g  can be extended to an SRDF on tree T  by assigning the weight 0  to the vertex w . 
Therefore, from Theorem 1 and Lemma 6 we have       
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Then    TTSR   3 . So, T Ƒ and thus T  is obtained from T   by Operation 1 . Hence T Ƒ. 
We say assume for the next, the following holds. 

Fact: T  has no Strong support vertex with three adjacent leaves to it. 
Let dxxx 10  be a Diagonal path. We root the tree T  at vertex 0x . Based on Fact,   3deg 1 dx . We consider 
the following cases:  

Case 1:   3deg 1 dx .Let   3deg 1 dx . In this case, each child of 2dx  is a support vertex with a leaf. 

We put 
1


dxTTT . If D  is a   setT  , since 2dx  is either a support vertex or has a support vertex 

adjacent to it. Therefore,  1 dxD  is a dominating set on tree T  . Thus 
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Any   setT   can be extended to a dominating set on tree T  by adding 1dx  to it. Therefore 

    1 TT  .Hence     1 TT  .Let f  be a   functionTSR  . In this case, the 

function f  can be extended to an SRDF on tree T  by assigning the weight 3  to 1dx  and the weight 0  to all 

their neighbouring leaves. Therefore     3 TT SRSR  . Now, from Lemma 6 and Theorem 1 we have  
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Therefore    TTSR   3 . Also, if g  is a   functionTR  , then g  can be extended to an RDF on 

tree T  by assigning the weight 2  to 1dx  and the weight 0  to all their neighbouring leaves. Therefore 

    2 TT RR  .Now, from Theorem 1 and Lemma 6 we have 
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It follows from above relation that    TTR   2 .Also, we showed that before    TTSR   3 . 

Therefore it follows from Lemma 6 that    TT SRR  
3
2

.So, by the induction hypothesis T Ƒ. Now, 

suppose that    TxT RdR    2 . In this case, if f   is a   functionxT dR   2 , then the 

function f   can be extended to an RDF on tree T  by assigning the weight 2  to 1dx  and the weight 0  to all 

their neighbouring. Therefore     22  dRR xTT  .So,  
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22
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T
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xTT
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dRR















 

 

Which is a contradiction.Thus    TxT RdR    2  and therefore T  is obtained from T   by Operation 

2 . Hence T Ƒ.Now, suppose that   2deg 2 dx . We put 
2


dxTTT . Let D  be a      setT  . 
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Clearly, we can assume Dxd  2 and Dxd 1 . In this case,  1 dxD  is a dominating set on tree T  . 
Therefore     1 TT  .Any   setT   can be extended to a dominating set on tree T  by adding 

1dx  to it. Thus     1 TT   and therefore     1 TT  . Now, let g  be a 

  functionTR  . In this case, the function g  can be extended to an RDF on tree T  by assigning the 

weight 2  to 1dx  and the weight 0  to all its neighbouring. Therefore     2 TT RR  .From Lemma 6 
Theorem 1 we have  
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It is implied from above relation that    TT RR   2 . Also, if f   is a   functionTSR  , then the 

function f   can be extended to an SRDF on tree T  by assigning the weight 3  to 1dx  and the weight 0  to all 

its neighbouring. Therefore     3 TT SRSR  .From Lemma 6 and Theorem 1 we have  
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Above relation implies that    TTSR   3 . Considering the Lemma 6 and what we already showed 

   TTR   2 , we conclude    TT SRR  
3
2

. So, with the inductive hypothesis we have T Ƒ. 

Thus T  is obtained from T   by Operation 4 . Hence T Ƒ. 

Case 2:   2deg 2 dx .If   3deg 2 dx , then each child of 2dx  is either a leaf or a support vertex of 

degree 2 . Since each support child of 2dx  other than 1dx  plays the same role of 1dx , we can assume that 

have degree 2 . Let  3210 ,,, VVVVf  , where 1V  be a   functionTSR  . Since 

   TT SRR 
3
2

 , based on Lemma 7, we get 2V .Therefore if   02 dxf , then   32 dxf  

holds. In this case, we can assume that   01 dxf  and   22 dxf  which is a contradiction with 

2V .Therefore   02 dxf . In this case, 2dx  does not have adjacent leaf. Otherwise, the adjacent leaf 

should be weighted 2  which is a contradiction with 2V .We show that in this case 2dx  has at most an 

adjacent support other than 1dx . On contrary suppose that 1u  and 2u  are two support children of 2dx  other 
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than 1dx . Let 1v  and 2v  be adjacent leaves to 1u and 2u , respectively. Since 2V , we can assume 

    321  ufuf  and     vvfvf  21 . In this case, we define the function g  as follows: Let us 
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and other vertices take the same weight of the function. In this case, g  is a   functionTSR  , where the set 

of vertices have weight 2  are non-empty is contradiction with Lemma 7. Therefore 2dx  has at most a support 

child other than 1dx . Let u  be a support child of 2dx  other than 1dx  and v  be an adjacent leaf to 2dx . 

We put 
2


dxTTT . If D  is a   setT  , then  uxD d ,1   is a dominating set on tree T . 

Therefore     2 TT  .On the other hand, if   Duxd  ,1 and Dxd  2 , then 

 uxD d ,1  is a dominating set on tree T  . Thus     2 TT  .Consequently, we conclude that 

    2 TT  .Now, let f   be a   functionTSR  , then the function f   can be extended to an 

SRDF on tree T  by assigning the weight 3  to 1dx  and u and the weight 0  to all their neighbouring . Therefore 

    6 TT SRSR  . Now, from Lemma 6 and Theorem 1, we conclude   
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Above relation implies that    TTSR   3 . Also, any   functionTR   can be extended to an RDF 

on tree T  by assigning the weight 2  to 1dx  and u and the weight 0  to all their neighbouring. Therefore 

    4 TT RR  .From Lemma 6 and Theorem 1, we have  
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Therefore    TT RR   2 . And so consider that    TTSR   3 , from Lemma 6 it implies that 

   TT SRR  
3
2

. Hence assuming the induction T Ƒ.Now, suppose that    TxT RdR    3 . 

In this case, any   functionxT dR   3  can be extended to an RDF on tree T  by assigning the weight 2  
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to 2dx , the weight 0  to u  and 1dx and the weight 1 to v and dx . Thus     43  dRR xTT  . 
And therefore 
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which is a contradiction.So,    TxT RdR    3  and thus T  is obtained from T   with Operation 

5 .Hence T Ƒ.Now, suppose that   2deg 2 dx . We put 
2


dxTTT . If D  is a   setT  , then 

we can assume that Dxd  1  and Dxd  2 . Therefore  1 dxD  is a dominating set on tree T  . Thus 

    1 TT  .Since   setT   can be extended to a dominating set on tree T  by adding 1dx  to it, 

we have     1 TT   and thus     1 TT  .Now, suppose that f  is a   functionTSR  . 
Based on Lemma 7 there is no vertex which has weight 2 . Therefore we can assume that 
    02  dd xfxf and   31 dxf . In this case, 

T
f   is a   functionTSR  . Thus 

    3 TT SRSR  . Any   functionTSR   can be extended to an SRDF on tree T  by assigning the 

weight 3  to 1dx  and the weight 0  to all its neighbouring. Therefore,     3 TT SRSR  .Consequently, 

we conclude that     3 TT SRSR   and in this case, based on Lemma 6, Theorem 1 and previous relation 
we have 
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Now, let f  be a   functionTR  .If   22 dxf and   03 dxf , then   01 dxf  and 

  1dxf . By changing the weight of 2dx  and dx to 0 , the weight of 1dx to 2  and the weight of 3dx  to 

1  a new   functionTR   is obtained such that   02 dxf .Also, if   12 dxf , then 

    21  dd xfxf . By changing the weight of 2dx  and dx  to 0  and the weight of 1dx  to 2  an 

RDF with weight less than  TR  is obtained which is a contradiction.Therefore we can assume that 

    02  dd xfxf and   21 dxf . Thus 
T

f   is an RDF on tree T  . Hence 

    2 TT RR  .Any   functionTR   can be extended to an RDF on tree T  by assigning the 

weight 2  to 1dx  and the weight 0  to dx and 2dx . Thus     2 TT RR  .It follows from above 
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inequality that     2 TT RR  .From Lemma 6, Theorem 1 and     1 TT RR   we conclude 
that    

   
 
 .2

22
2

T
T

TT RR









 

We have already show that    TTSR   3  and the previous relation conclude that T Ƒ and T  is 

obtained from T   with Operation 3 . Therefore T Ƒ. 

 Hence in each case T Ƒ.   

Conversely, let T Ƒ. In this case, by induction on the number of Operations that constructed the tree T  and 

by using Lemma 8, 9, 10, 11 and 12 we can show that    TT SRR 
3
2 . □ 
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