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ABSTRACT: This paper related to our previous papers dealing with colouring of families of disjoint sets technique,
the previous papers assume any family of disjoint sets can contains infinite sets and graphs contains infinite vertices
and infinite edges, this paper assume both sets and graphs are finite. Results in this paper use colouring of families of
disjoint sets technique for finite sets and finite graphs. Using results in this paper you can compare between colouring
of families of disjoint sets technique and colouring of graphs in graph theory.
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I. INTRODUCTION

In paper [1] we introduced the concept ofcolouring of families of disjoint setstechnique as a topic of set theory.We also
introduce definitions of degree of intersection, meeting and standard of meeting, minimum number of families of
disjoint sets and maximum number of families of disjoint sets. In paper [2] we modify some definitions and examples
of paper [1]. In paper [3]we introduce some concepts in graph theory tointroduce new method for colouring edges and
vertices of graph. This method has two types first related to vertices of the graph and second related to cycles. This
method depend on the theory in our paper "Family of disjoint sets and Its Applications", with suitable changes. In paper
[4] we prove minimum number of families of disjoint sets with known degree of intersection (minimum number of
colours) and we introduce another proof for maximum number of families of disjoint sets (maximum number of
colours). Also in that paper we introduce the concept types of families of disjoint sets (types of colouring) and prove
some results related to this concept, and we introduce the concept restricted families of disjoint sets (restricted
colouring), restricted colouring is colouring in which we add a condition. Suppose we have small identical cubes, we
want to colour these cubes such that any two adjacent small cubes coloured by two different colours, and any big cube
consists of twenty seven small identical cubes coloured by twenty seven different colours, how many colours will be
used. This problem of cubes can be solved by usingrestricted colouring.In paper [1] we assume any family of disjoint
sets contains finite or infinite sets, and proved many results related to family ofdisjoint sets, in this paper we assume
any family of disjoint sets consists of finite sets, so we can wused the results in paper [1].
The colouring which we introduced in paper [1] we called it colouringof families of disjoint sets technique, for
thistechnique of colouring we used the terminology sort of colouring and type of colouring. A sort of colouring is
colouring expected not defined and need to be defined, also you can’t determine edges or vertices adjacent or
notadjacent unless adjacency is defined. Sort of colouring depend on degree of intersection or degree of colouring,
different degrees determine different types of colouring, this meanswhen sort of colouring is well defined, it is easy to
determine many types using different degrees of intersection or different degrees of colouring. In paper [4] we
introduce the concept types of families of disjoint sets (types of colouring) and prove some results related to this
concept.

In this paper colouring in graph theory means colouring of edges of graphs. In section three and section four we
introduce examples to show how to apply theory of paper [1] to finite sets and finite graphs.
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In section five and section six we introduce the concepts of difference in degrees of intersections at number of
intersections and difference in degrees of verticesat number of vertices, we introduce some results and examples related
to these concepts.

Il. RELATED WORK

Definition2.1. Let y,, v,, x4,..., x,, 08 Mfamilies of disjoint sets and X, , X,,, X,,,..., X;, be N sets such that any two sets
belong to two different families of disjoint sets, and X is nonempty set, X =X,NX,NX;N..NX,,
X ={x:xeX,l<i<rl<j<nn<rX,e . }then the positive integer N is called degree of intersection of x [1].

Definition2.2. Let 4., y,, %5.... z, be I families of disjoint sets and X is nonempty set, X = y, N 7, Nz, N...N,. then
the intersection X is called represent the families y,, v, 7,,..., x,» ahd we used the notation X = y, N x, Nz, N...Nx,, OF
X= (o 2o Ko ) 1L

Proposition2.3. Let 4, y,, ¥,...., z, 0 I families of disjoint sets and X, X,, X,..., X,,be W nonempty intersections, the
family of disjoint sets y, appear w, times at W intersections and the family of disjoint setsxjappear WJtime at W
intersections, then we say the family of disjoint sets , meet the family of disjoint setsxjat these W intersections if
andonly if v ;1< w, + W

Definition2.4. Let 4., v,, v,,..., z,, 08 Mfamilies of disjoint sets, X, X,,X,,..., X, €ach of degree n, and W be the

minimum number of nonempty intersections, such that any two families of disjoint sets meet each other at these W
intersections, then these W intersections called standard of meeting for these Mfamilies of disjoint sets [1].
Theorem2.5. Let W intersections each with degree of intersection equaln, M benumber of local maximum families of

disjoint sets, meet each other at W intersections, then we have m(LJrl) <wn for Wodd, and m(¥ 4 1) < wn for W
2 2

even [1].
Definition2.6. Let 4., v,, 7,,..., z, P& Mfamilies of disjoint sets, meet each other at X, X,, X,,...,X,, intersections each

of degree n, then M is called local maximum families of disjoint sets at W intersections, if any two families of disjoint

sets meet each other at these W intersections, and any family of disjoint sets has appearance either equal W+Hlo W+3
2 2
for Wodd such that not all families of disjoint sets has appearance equal W+3] and for W even we have three types,

2
first all families of disjoint sets has appearance equal W 1, second appearance equal W, 1 and W 2, hot all w.-
2 2 2 2

but at least has one appearance equal V. . 2, third all families of disjoint sets has appearance equal w., 1, except only
2 2

one family of disjoint sets has appearance equal Y. Maximum of locals maximum families of disjoint sets called
2

maximum families of disjoint sets [1].
Definition2.7. Let 4., v,, x,,..., z,, P& Mfamilies of disjoint sets, X,, X,, X,,..., X,, be W nonempty intersections each

of degree N, then M families of disjoint sets is called local minimum families of disjoint sets atW intersections, if
m(w —1) < nwsuch thatm=nWhen m=n,then Mfamilies of disjoint sets is called local minimum families of disjoint
sets at Wif m(w—k) < nw < m(w -k +1) such that M= N, wherek =2,34,....Minimum of locals minimum families of

disjoint sets called minimum families of disjoint sets [1].
Theorem 2.8. Minimum number of families of disjoint sets with degree of intersection n equal n+1.[4].
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Theorem 2.9. Maximum number of families of disjoint sets with degree of intersection n equal 2n-1.[4].

Remark2.10. IfNis degree of intersection, Wisstandard of meeting for Mfamilies of disjoint sets number offamilies of
disjoint sets then3<w<2n-1 [1].

Proposition2.11. Let 4, ., v,,.... x,, P& M families of disjoint sets, X, X,, X,,..., X, are nonempty different intersections

each of degree N, and t, number of times the familyof disjoint sets , appear at these W intersections, then we have

iti =wn.
i=1

Remark2.12. Let X, X,, X,,..., X,, be standard of meeting for M families of disjoint sets y,, v,, v,,..., .,

-
With degree ofintersection N, it is trivial case W = 1. Whenw=1we have M = N. Also standard of
meeting consist of x and x , where X, = (1,2,3,...,n—=1,n)and x, = (1,23,..,.n-2,n-1,n+1), X;, X, IS
nottrivial. For w = 2, if standard of meeting for N + 1 families of disjoint sets T s Xreons X Xsp» DECAUSE
X, does not meet X ,. If X, is standard of meeting for N families of disjoint sets y,, v,, 7,,..., x,, alsO
X, X, is standard of meeting for N families of disjoint sets 4, »,, v.,..., z,. Since X, = X, not allowed,
two intersections have same representation (repeated), then standard of meeting X, X , means standard of
meeting X, , and standard of meeting X, X, is trivial [1].

Definition2.13. Let y,,x,, z5,..., x,, P& Mfamilies of disjoint sets, meet each other at X, X,, X,,...,X,, intersections

31 Ny

each of degree n,then M is called local maximum families of disjoint sets atW intersections, if any two families of

disjoint sets meet each other at these W intersections, and any family of disjoint sets has appearance either equal w+l
2

or W+ 3 for Wodd such that not all families of disjoint sets has appearance equal W+3 and for W even we have three
2 2’

types, first all families of disjoint sets has appearance equal ﬂ+L second appearance equal ¥ | 1 and ‘L"+2’ not all
2 2 2

W 5 but at least has one appearance equal"l’+2,third all families of disjoint sets has appearance equal WJFL except

2 2 2

only one family of disjoint sets has appearance equal ¥ Maximum of locals maximum families of disjoint sets called
2

maximum families of disjoint sets [1].

Definition2.14. Let 5 5, y,.... z, b& Mfamilies of disjoint sets, x, x,, x,,.., x,, be W nonempty intersections each
of degree n, then M families of disjoint sets is called local minimum families of disjoint sets at W intersections with t
families of disjoint sets appear at each intersection, if m(w-1)+t=nw Where 0<t<wsuch thatm=n When m=n,then
M families of disjoint sets is called local minimum families of disjoint sets at W intersections with t families of
disjoint sets appear at each intersection if mw—k)+t=nw where 0<t<w k=234,...and m(w—-k) <nw<m(w-k +1)
such that m = N, Minimum of all locals minimum families of disjoint sets called minimum families of disjoint sets[2].
Remark2.15. By colouring m families of disjoint setswe mean an assignment of colour to eachfamily of disjoint sets so
that no two differentfamilies of disjoint sets have the same colour, this means all sets belong to onefamily of disjoint
sets will be in same colour. Twodifferentfamilies of disjoint sets intersect each other, so they have two different colours.
The idea of colouring families of disjoint sets have been used in paper [1] and anyfamily of disjoint sets labelled by
number or colour.

Example2.16. Let degree of intersection N equal three, regions of a map are sets with degree ofintersection three.
Letfor M be number families of disjoint sets, (number of colours used to draw map), using the rulem <2n-1,
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substitute n = 3, we have m <5, this means maximum number of colour to draw a map is 5. If you used six or more
than six colours, this means by small effort you can reduce the number of colours to five [1].

Definition2.17. Colouring edges at vertex is defined by assignment one of m colours to each edge so that adjacent
edges have not same colour [3].

Definition2.18. Degree of colouring edges at vertex is maximum number of edges have different colours at vertex [3].
Definition2.19. Colouring of vertices at vertex is defined by assignment one of m colours to each vertex so that
adjacent vertices have different colours and vertices jointed adjacent edges have different colours [3].

Definition2.20. Degree of colouring vertices at vertex is maximum number of verticeshave different colours at vertex
[3].

Definition2.21. Colouring of edges at cycle of length N is defined by assignment one of m colours to each edge of
graph Gso that adjacent edges have different colours edges of any cycle of length Nhave different colours (or cycle of
length less than N edges and path of N edges have different colours)[3].

Definition2.22. Degree of colouring at cycle of length Nforedges is maximum number of edges have different colours
at cycle of length N[3].

Definition2.23. Colouring of vertices at cycle of length N is defined by assignment one of m colours to each vertex of
graph Gso that adjacent vertices have different colours and vertices of any cycle of length N vertices have different
colours,(or length less than Nvertices and any path of N vertices have different colours) N[3].

Definition4.24. Degree of colouring at cycle of length Nfor vertices is maximum number of vertices have different
colours at cycle of length N[3].

Definition 2.25. A point is a corner of a map if and only if it belongs to the closures of at least three regions [11].
Definition 2.26. Two regions of a map are adjacent if their respective closures have a common point that is not a corner
of the map [11].

Theorem 2.27. The sum of degrees ofvertices of a graph G is twice the number of edges[9].

I1I. FAMILIES OF DISJOINT SETS CONTAINFINITE SETS

In paper [1] we assume any family of disjoint sets can contains finite or infinite sets, and proved many results related to
family ofdisjoint sets, in this paper we assume any family of disjoint sets consists of finite sets, so we can used the
results in paper [1]. Let y, 7., 7., x, D€ M families of disjoint sets, X , X,, X,,..., X,, are nonempty different

-
intersections,if the intersections X,, X,, X,..., X, have different degrees of intersection, the rule it- — wn €an be written
i=1
asit _ ZW:d wheret is number of times the familyof disjoint sets ;. appear at these W intersections anddj isdegrees
i i

i-1 =1

of intersection of X;,or can be written asm(w+1) <34, if wis odd and asm(gﬂ) <3, if wis even.
i1 i

IR

Example3.1. Let XX Xsr Xa be 4 families of disjoint sets and X1, X5, x3be3 nonempty intersections each of degree
3, where two of families of disjoint sets,  ,, ., 5, meet each other at intersectionsx , x,, x,, where X, = (1,2,3),
X, =(12,4), X, =13,4).1fY, = (1,2.3), Y, = (124), Y, = (3,4), also any two of families of disjoint sets , . . »,
meet each other at intersectionsy, v, v,.

Remark3.2. The aboveexample can represent a map of countries coloured by four colours (four families of disjoint sets).
Thefour colours labeled by 1,2,3,4, and X, = (1,2,3), X, = (1,2,4), X, = (1,3,4) represent three intersections each of

degree three. v, = (1,2,4), Y, = (1L,2,3), Y, = (3,4), represent three intersections two of degree three and one of degree
two.
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Example3.3. Suppose we have finite sets partitioned into4 families of disjoint sets y ., 4, »,,and all intersections

are tenx, X, X.,,.., X,,,0e one intersection of degree three and rest all of degree two. Using the rule 3<w<2n-1 we

grs
have3<w < 5.Let bew =3, and X, = (1,2,3), X, = (1.4), X, = (2,4). At these three intersections thefamily of disjoint
setslabeled by 3 does not meetthefamily of disjoint setslabeled by 4. Let be w =4, and X, = (1,2,3), X, = (1,4),
X, = (2,4), X, = (3,4). At these four intersections thefamily of disjoint setslabeled by 2 does not meetthefamily of
disjoint setslabeled by 3.Let be w =5, and X, = (1,2,3), X, = (14), X, = (2.4), X, =(3,4), X, = (2,3). At these five
intersections thefamily of disjoint setslabeled bylappear twice, any family of disjoint sets should have appear three
times. Therefore in three cases, the number of families of disjoint sets can’t be four if we used the rule m(W2+1) _ ZW:dj
j=1
or the rule m(g+l)=ZW:dj, for w=3, we have 4(2)=8>3+2+2=7, for w=4 we have
j=1

4(3)=12>3+2+2+2=9 andforw="5 we have be4(3)=12>3+2+2+2+2 =11 andin three cases, if
the number of families of disjoint sets three, it satisfies the rule, forw =3, we have3(2)=6<3+2+2=7, for
w=4 wehave(3) =9<3+2+2+2=09andforw=5 wehavebe3(3) =9<3+2+2+2+2=11.
Example3.4. Suppose we have finite sets with 15 intersections as follows: 4 intersections each of degree 5, one
intersection of degree 4, and the remaining intersections each with degree less than 4. If we want to partitioned
thesefinite sets intom families of disjoint sets ,, , . 4. ..., z,., What is minimum and maximum value of m.

Solution: For minimum value of m, using the rule < S or W+l <, oo W -, we have
g ;tizédj m(—2 )s;dj m(EJrl)SjZ:l:dj

2m<5+5+50r3m<5+5+5+5=20 therefore m =6 or m =7 of m. Minimum value of m equal 6. For maximum
value of m we have3m<5+5+5+5+4 or we have2m <5+ 5+ 5, maximum value of m equal 8.

Example3.5. Suppose we have finite sets with 6 intersections as follows: 5 intersections each of degree 3, one
intersection of degree6. If we want to partitioned thesefinite sets intom families of disjoint sets,, , . 5. ..., ., Whatis
minimum and maximum value of m.

Solution: For minimum and maximum value of m, using the rulezti -y, or m(ng)SZdj Orm(gﬂ)ézdj we

i=1 j=1 j=1 j=1
have two valuem equal 5 andm equal 6, the value6 is trivial and the value5 rejected since there is no value less than

trivial value.
Example3.6. Suppose we have finite sets with tenintersections, each intersection with degree of intersection three. If we
want to partitioned thesefinite sets intom families of disjoint sets ;.. »....., »,,, What is minimum and maximum

value of m.

Solution: For minimum andmaximum value of m, we using the rulez””:ti _ Zwldj or m(WTH) < ZW:dj orm(gﬂ) < Zwldj,we
i=1 j=1 =1 j=1

have for w=3, 2m<3+3+3 and for w=4, 3m<3+3+3+3 therefore m=4 or we can used Theorjem2.10.

m=n+1=3+1=4. For maximum value of m, w=5, we have 3m <3(5), m=5, or we can used Theorem2.11.

m=2n-1=2(3)-1=5.

Example3.7. Suppose we have finite sets with elevenintersections as follows: 5 intersections each of degree3, 5

intersections each of degree 4, one intersection of degree5. If we want to partitioned thesefinite sets intom families of

disjoint sets y. 4, 7,..... x,,, What is minimum and maximum value of m. The solution explained in Table (I).
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Number of minimum families of maximum families of
intersectionsw disjoint sets disjoint sets
3 6 6
4 5 5
5 5 8
6 5 6
7 5 7
8 5 6
9 5 6
Table (1)

IV.COLOURING OF EDGES OF FINITE GRAPHS

In paper [1] we assume any family of disjoint sets can contains finite or infinite sets, and proved many results related to
family ofdisjoint sets , in paper [3] introduced sorts of colouring for finite graphs or infinite graphs used results in
paper [1]. In this paper any graphs consists of finite edges, so we can used the results in paper [1]. Let M be number of

colour classes, labeled by123,...mandv,,v,,v,,...,v, bew verticesand these vertices of different degrees, the rule

it_ — wn an be written aszm:t _ ZW:d wheret, is number of times the colour classiappear at these W vertices anddj
1 i J
i=1 i=1 j=1

isdegrees of vertexy, ,or can be written asm(W+l) < ZW:dj if wis odd andm(Ll) < ZW:dj if wis even.
- 2 =
=1 j=1

Example4.1. Let 12,34be 4 colours used to coloured edges of finite graph and RTARA be 3 vertices each vertex of
degree 3, (each vertex with degree of colouring3) where any two colours of 1,2,3,4 meet each other at verticesy, v, ,v,,
where v, = (1,2,3), v, = (12,4), v, = (13,4). Ifu, = (12,4), u, = (12,3), u, = (3,4), alsobe 3 vertices each vertex of
degree 3, any two colours of 1,2,3,4 meet each other at verticesy ,u,,u,.

Remark4.2. The aboveexample can represent a graph, edges of the graph coloured by four colours. Thefour colours
labeled by 1,2,3,4, (four edges labeled by 1,2,3,4,) and v, = (1,2,3), v, = (1,2,4), v, = (1,3,4) represent three vertices

each of degree three. u, = (1,2,4), u, = (1,2,3), u, = (3,4), represent three vertices two of degree three and one of degree

tI%I;/<c:a.mple4.3. In finite graph G suppose we have finite edges partitioned into four colour classes labeled by1,2 3,4, and
all vertices are tenv,,v,,v,,..., v,,,ONE Vertex of degree three (degree of colouring) and all the remaining vertices of
degree two. Using the rule3<w<2n-1 we have3 < w < 5, where Whe number of vertices at which the fourcolour
classes meet. Atw =3, lety, = (1,2,3), v, = (14), v, = (2,4). At these three vertices thecolour class labeled by 3 does
not meetthecolour class labeled by 4. Let be w =4, andv, = (1,2,3), v, = (1L,4), v, = (2,4), v, = (3,4). At these four
vertices thecolour class labeled by 2 does not meet thecolour class labeled by 3. Let be w =5, andv, = (1,2,3),
v, = (L4), v, = (2,4), v, = (3,4), v, = (2,3). At these five vertices thecolour class labeled bylappear twice, any colour
class should have appear three times. Therefore in three cases, the number of colour classes can’t be four if we used the
rule m(WTH)=ZW:dj or the rule m(g+l)=ZW:dj, for w=3, wehave 4(2) =8>3+2+2=7, for w=4 we have
= i=1

4(3)=12>3+2+2+2 =9 andforw =5 we have be4(3) =12 >3+2+2+2+2 =11 andin the three cases,
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if the number of colour classes three, it satisfies the rule, forw =3, we have3(2)=6<3+2+2=7, forw=4 we

have3(3) =9<3+2+2+2=9andforw=5 wehavebe3(3) =9<3+2+2+2+2=11.

Example4.4. Suppose we have finite graph with15vertices as follows: 4 vertices each of degree5, one vertex of degree

4, and the remaining vertices each with degree less than4. If we want to coloured edges of this graph by m colour

classes labeled by 1,2,3,...,m, what is minimum and maximum value of m.

m(gﬂ)g ZW:dj we have 2m<5+5+50r3m<5+5+5+5=20 therefore m =6 or m = 7 of m. Minimum value of m
i

equal 6. For maximum value of m we have3m <5+5+5+5+4 or we have2m <5+ 5+ 5, maximum value of m equal

8.
Example4.5. Suppose we have simple graph on six vertices, with degree sequence (3,3,3,3,3,6). If we want to coloured

edges of this graph by m colour classes labeled by 1,2,3,...,m, what is minimum and maximum value of m.

Solution: For minimum and maximum value of m,using the rulezti -y, or m(ng)SZdj Orm(gﬂ)dej we
i=1 j=1 j=1 j=1

have two valuem equal 5 andm equal 6, the value6 is trivial and the value5 rejected since there is no value less than

trivial value.
Example4.6. Suppose we have simple graph on ten vertices, each vertex with degree three. If we want to coloured
edges of this graph by m colour classes labeled by 1,2,3,...,m, what is minimum and maximum value of m.

Solution: For minimum andmaximum value of m, we using the ruIeZ”‘lzti _ idj or m(WTH) < idj orm(gﬂ) < idjlwe
have for w=3, 2m<3+3+3 and for w=4, 3m<3+3+3+3 thereforje m=4 or weJ can used ThecJJrem2.8.
m=n+1=3+1=4. For maximum value of m, w=5, we have 3m <3(5), m=5, or we can used Theorem2.9.
m=2n-1=2(3)-1=5.

Example4.7. Suppose we have simple graph on eleven vertices, with degree sequence (3,3,3,3,3,4,4,4,4,4,5). If we want
to coloured edges of this graph bym colour classes labeled by 1,2,3,...,m, what is minimum and maximum value of m.
The solution explained in Table (I1).

Number of verticesw | minimum colour classes | maximum colour classes
3 6 6
4 5 5
5 5 8
6 5 6
7 5 7
8 5 6
9 5 6
Table (2)
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V. DIFFERENCE IN DEGREE OF INTERSECTIONS

The results in paper [1] suppose infinite sets partition into families of disjoint sets, the results in paper [3] suppose
graph of infinite edges partition into edges classes (colour classes), in this paper we use same results inpaper [1] for
finite sets partition into families of disjoint sets anduse same results results inpaper [3] forfinite edges partition into
edges classes (colour classes). In case of infinite sets andinfinite edges all intersections of degree N and all vertices of
degreen, in case of finite sets andfinite edges we have different degrees of intersection and different of degrees of

vertex, with restrictions3<w<2n-1and n+1<m<2n-1, whereW is number of intersections where m families of

disjoint sets any two of them meet each other or Wis number of vertices wherem edges (colour classes) any two of
them meet each other. For the number offamilies of disjoint setsm orthe number ofedges (colour classes) m,if we can’t

count the minimum value of m, m = n +1, then from definition of trivial value of m,we consider thetrivial value of m

the minimum value of m.In case of infinite sets andinfinite edges we deal with families of disjoint sets and edges
classes, while in caseof finite sets we deal with both families of disjoint sets and sets, and in case of finite edges wedeal
with both edges and edges classes.

Definition5.1. Suppose we have finite sets withk intersections, and maximumdegree of intersection equal , these finite

sets partitioned intom families of disjoint SetS v\ 100 Zgr 2 AW intersections Xy X0 X g X, wherew <k, andw

intersections are maximum degrees among these k intersections, the value
nw — [deg( X,) + deg( X ,) + deg( X ) +... + deg( X )] 1S called difference in degrees of intersections at intersections

Xy X g Xgpom X
Remark5.2. FromDefinition5.1.if D is the difference in degrees of intersection at intersections X, X, X

can write y _ - SSTd(X ).
j=1

4 X, then we

Example5.3. Let , 5. 7. x.. z De 5 families of disjoint sets and x  x,, x,be 3 nonempty intersections with
maximum degree of intersection 4. X, = (1,2,3,4), X, = (1,2,5), X, = (3,4,5), any two families of disjoint sets meet
each other at these three intersections.If D is the difference in degrees of intersection at intersections x | x,, X, then

D=Wn—ZW:d(Xj)=3(4)—(4+3+3)=2.
j=1
Remark5.4. From Theorem2.5. andDefinition5.1. ifk are finite sets partitioned intom maximum families of disjoint

SetS 41, 750 Z3vem 2y ALW intersections x |, x,, Xgreon X, Wherew <k, and D is the difference in degrees of intersection at

w+1

intersections x| x,, Xgreom X, then nw — m( )=D if W is odd, and yyy — m(ﬂ+1) — p ifWiseven.
2

Proposition5.5. Let y,, v,, 7,,.... x,, P& M families of disjoint sets, X, X,, X,,..., X, are nonempty different intersections
and maximum degree of intersection equal N, and t. number of times the familyof disjoint sets ,. appear at these W
intersections,then we havezr”:ti _ Zwld(xj),Whered(XJ) is degree of the intersection X,.

i-1 =1

Proof: Since the appearance for M families of disjoint sets at W intersections x  x,, x X, andsummation of all

31
degrees equalzd(xi)] d(X,)+d(X,)+ d(X,)+ . +d(X,)= D d(X) each intersection of degree N, then summation of
i i
appearance for all M families of disjoint sets equalzm:t_ since the appearance for M families of disjoint sets at W
i=1
intersections x,, x,, X,,... xwlthereforezr”:ti =Zwld(xj).
j=1

i=1
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Proposition5.6. Let 4, v,, 7,,.... x,, P& M families of disjoint sets, X, X,, X,,..., X, are nonempty different intersections
and maximum degree of intersection equal N, and t. number of times the familyof disjoint sets ,. appear at these W

intersections, and D is the difference in degrees of intersection at W intersections then we have . _it_ -D.
i=1
Proof: From Remark5.2. we have 5 _ —Zwld(Xj), and fromProposition5.5. we St =>d(X), therefore

j=1 i=1 j=1

Wﬂ—iti =D.
i=1

Proposition5.7. Suppose we have finite sets with k intersections (these k intersectionshave different degrees of
intersection ), and maximumdegree of intersection equaln if y . ... », IS maximum families of disjoint setsany

two of them meet each other at these intersections x. x,, x X . If thedifference in degrees of intersection at

31t

x, equal "W-1) for w odd, and equal "W=2) for weven, then m is trivial families of

intersections x. x,, x
2 2

310t

disjoint sets.
Proof: From Remark5.2. we have y _ Sd(X), and fromProposition5.5. we havezti :zd(xj)ltherefore we can
j=1 i=1 j=1
write have 5 _n _Z””:t_ and Z””:t_ _wn_p Since we given have j _n(w-1) for w odd, then we can writeand
i=1 a i=1 I l 2 l
m (W2+1) _ iti CWN—D = wn — n(Wz—l) _ n(W2+1). Therefore m = n,andm is trivial families of disjoint sets.
i=1
Also for w even we have W _ y_ ¥y _
m(2 +1) =Dt

i=1

D=

Wi —D = wWn — n(WZ— 2) _ ”(g”) Therefore m = n,andm is trivial families of

disjoint sets.
Remark5.8. From Proposition5.6. we have _Z””:t_ _p. since minimum value of ¢ for eachfamily of disjoint sets
i=1

equal W+1for wodd orequal W, {for w even,then , (W+D _ _p, for wodd and (W, 1) < wn — p, for weven.
2 2 2 2
Proposition5.9. Suppose we have finite sets with k intersections (these k intersectionshave different degrees of

intersection ), and maximumdegree of intersection equaln, if 5 4, 4.., , any families of disjoint setsany two of

them meet each other at these intersections x , x,, X x . If thedifference in degrees of intersection at intersections

31t

X0 X, X a0 X, €Qual "W=1) for wodd, and equal "(W=2) for weven, thenm is trivial families of disjoint sets.
2 2

Proof: From Remark5.8. andfor w odd we have ,,(W*1) _ o since p_"W=1) = therefore we have
2 2

mW+D (WL sincem <n is impossible, therefore m - n andm is trivial families of disjoint sets.
2 2
For weven we have (W 4y < n(W 1) therefore m — n andm is trivial families of disjoint sets.
2 2
Remark5.10. From the relation Z””:t_ —wn. Where v v vz, 08 M families of disjoint sets, X, X,, X,,..., X,, are

i=1

nonempty different intersections each of degree N, and t, number of times the familyof disjoint sets , appear at these

W intersections, we can write mt<wn, where t is minimum value of t,, 1<i<m, W+1_,_, for W odd, or
2

%+ 1<t < wfor Weven. We known(w-1) < mt < wn, therefore writeg < wn —mt < (n-1).
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VI. DIFFERENCE IN DEGREES OF VERTICES

In this section we introduce results in graph theory analogous to results in section five.

Definition6.1. Suppose in graph G we have finite edges withk vertices, and maximumdegree of vertices equal , these
finite edges coloured by m colour classes 1,2,3,..,m atw vertices v,,v,,v,,..,v,, Where w<k, and w vertices are
maximum degrees among these k vertices, the value nw —[deg(v,) + deg(v,) + deg(Vv,) + ...+ deg(v,, )] is called difference in
degrees of vertices at verticesy,,v, v,,...,v,,.

Remark6.2. FromDefinition6.1.if D is the difference in degrees of vertices at verticesV1,V2,v3,,,,,vw then we can write
D =wn—zw:d(vj).

j=1
Example6.3. Let 1,2,3,4,5 be 5 colour classes to coloured edges and v, v, v,be 3 vertices with maximum degree of

vertices 4. v, = (1,2,3,4), v, = (12,5), v, = (3,4,5), any two colour classes meet each other at these three vertices.If D is
the difference in degrees of vertices at vertices\,ll\,Z,\,3 then D - wn — ZW: d(v,)=3(4)- (4+3+3) =2,
j=1

Remark6.4. From Theorem2.5. andDefinition6.1. if k are finite edges partitioned into m maximum colour classes
labeled by 1,2,3,..., m atw vertices\,1,v2,v3,,,,, v,,, Wherew <k, and D is the difference in degrees of vertices at vertices

w+1

2
Proposition6.5.Let 1,2,3,..,m be M colour classes,v,,v,,v,,...,v, be Wvertices with maximum degree of vertex equal n,

V11V21V3,m,thhen nw — m( ) =D if W is odd, anan — m(ﬂ_i_l) =D if W is even.
2

and t, number of times the colour classiappear at these W vertices,then we have Zm:t. =Zwld(v.) whered(vj) is the
i i
i=1 j=1

degree of the vertex\,]_
Proof: Let the appearance for thecolour class i at W verticesv,, v, ,v,,...,v, équal t, andsummation of all degrees of

w1

. w . .
vertices equal > d(v)) since the appearance for all M colour classes at W vertices v,,v,,v,,...v,, then

j=1
Zti =d(v1)+d(v2)+d(v3)+...+d(vw)=Zd(vj).
i=1 j=1
Proposition6.6.Let 1,2,3,...,m be M colour classes andv,,v,,v,,...,v, be W vertices with maximum degree of vertex
equaln,, and t, number of times the colour classiappear at these W vertices, and D is the difference in degrees of

vertices at verticesvll\,Z,vyml v, then we have _it_ -D.
i=1

Proof: From Remark6.2. we have 5 _ SYd(X), and fromProposition6.5. we St =>d(X,), therefore
i1 i

i=1

wn —iti =D.
i=1

Proposition6.7. Suppose we have finite sets with k vertices (these k verticeshave different degrees of vertices ), and
maximumdegree of vertex equalp if 1,2,3,.... m is maximum number of colour classes any two of thesecolour classes

meet each other at these verticesV1,V2,v3,,,,,vw, If thedifference in degrees of vertices at verticesV1,V2,v3,,,,,vw equal or

greater than "(W—1) for wodd, and equalor greater than "(W—2) for weven, thenm is trivial colour classes.
2 2
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Proof: From Remark6.2. we have y _ . Sd(X), and fromProposition6.5. we havezti _ zd(xj)ltherefore we can
j=1 i=1 j=1
write have p _n —Zm‘,tn and Zm:ti _wn_D, Since we given p _ r1(\/\/2—1)] for w odd, then we can writeand
i=1 i=1

W+ :it_ —wn-D—wn W=D _nw+1) then m=n. Ify, "W=1) then p . impossible m<n, it is not true
2 =i 2 2 2
therefore m = n,andm is trivial colour classes.

Also forw even we have m(%ﬂ):Zti —WN—D =wn —

i=1

impossible therefore m = n, andm is trivial colour classes.

nW=2) _ W, therefore m=n.If 5, "W=1) then m <,
2 2 7 ‘

Remark6.8.From Proposition6.6. we have,, . —Zm:t. _ p. Since minimum value of ¢_for eachcolour class equal w+1 for
L ’ ' 2
i=1

wodd orequal W , ;for w even, then ,, W+1) 5 for wodd and W , 1< n_p, for weven.
2 2 2

Proposition6.9. Suppose we have finite graph with k vertices (these k verticeshave different degrees of vertices ), and
maximumdegree of vertex equaly, if 1,2,3,..., m is number of colour classes any two of thesecolour classes meet each

other at these verticesy, v,,v,,...,v,. If D thedifference in degrees of vertices at verticesy v, v,,..., v, and nw-1) _ for
2

wodd, and "W=2) _ 5 for weven, then
2

Proof: From Remark6.8. andfor w odd we have ,W+1) _ o p if p_NW-1) therefore we have
2 2

o (WD) Sn(w+1) therefore we havem <n, if o "W=-1) we havem<n it is impossible, therefore y — 5 andm is
2 2 7 2
trivial colour classes.

For weven we have m(Wgz)swn—D, if D=n(W2_2). we havem(ng)Sn(W”)] therefore we have m<n, if

D> n(W-1) we havem<n it is impossible, therefore n = n andm is trivial colour classes.
;o

where1,2,3,...,m be M colour classes,v,,v,,v,,...,v, are different vertices each

Remark6.10. From the relationzm:t_ —wn
i=1

of degree N, and t, number of times the colour classiappear at these W vertices, we can write mt <wn, where t is

minimum value of t;, 1<i < m, ngstsw_lforWodd, or%nstsw_lforWeven. We Known(w-1) < mt < wn,

thereforeg < wn —mt < (n-1).

Proposition 6.11. The number of colour classes used to colour edges of connected graph that is regular of degree two
(cycle graph) with even number of vertices, is trivial colouring.

Proof: Since two distinct edges are adjacent if they have a vertex in common, we can labelededge joining v andv,,, by
colour class1if i is odd, and labelededge joining v,andv,, by colour class?2 if I is even. Any vertex of degree two
and can be labeled by (1,2), therefore thiscolouring istrivial colouring.

Proposition 6.12. The number of colour classes used to colour edges of connected graph that is regular of degree two
(cycle graph) with odd number of vertices, is nontrivial colouring.
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Proof: Suppose colouring of edges is trivial, we have n edges where n is odd, and we labelthe edge €; by colour classl
if i is odd andby colour class2 if i is even, wherel < i < n, then the edge €, labeled bycolour class1 andthe edge

€, labeled bycolour class1, sincethe edge €, adjacent to the edge € , it is a contradiction.

Proposition 6.13. The number of colour classes used to colour vertices of connected graph that is regular of degree two
(cycle graph) witheven number of vertices is trivial colouring, and with odd number of vertices is nontrivial colouring.
Proof: Same proof of Proposition 6.12 andProposition 6.13.

Proposition 6.14. The number of colour classes used to colour the graph wheal W _is trivial colouring forn > 6.

Proof: The graph w_is wheal consists of N vertices, , -1 vertices each of degree 3and one vertex of degreen—1.
Suppose we have M colour classes any twocolour classes of M meet each other atn vertices, and suppose M trivial,
if M is trivial then M equal maximum degree of vertex, means m = n —1. From Proposition6.7. mis trivial if D

thedifference in degrees of vertices at verticesV1,V2,v3,,,,,vw greater than or equal n(w-1) for wodd and greater than or
2

equal "W=-2) for w even, where in this case W =N, D=(n-1)(n-4), therefore we have
2

(n=-D0-1 _n_1)n-4), n-1<2n-8, and we have 7<n for N odd. If N even therefore we have
> < :

(”‘1)(”_2)g(n—1)(n—4) n-2<2n-8, andwehave6<n.

o :

Example6.15. The following table, Table Ill, is an example satisfiesProposition6.14, by n we mean N vertices of the
whealw ,is wheal , m is number of colour classes any two meet each other at vertices (vertices of the whealw )

Vi,Vy Vg e V.

n w M trivial M local minimum M local maximum
4 3 3 4 (non trivial) 4 (non trivial)
4 4 3 4 (non trivial) 4 (non trivial)
5 3 4 5 (non trivial) 5 (non trivial)
5 4 4 4 (trivial) 4 (trivial)

5 5 4 4 (trivial) 5 (non trivial)
6 3 5 5 (trivial) 5 (trivial)

6 4 5 5 (trivial) 5 (trivial)

6 5 5 5 (trivial) 5 (trivial)

6 6 5 5 (trivial) 5 (trivial)

7 3 6 6 (trivial) 6 (trivial)

7 4 6 6 (trivial) 6 (trivial)

7 5 6 6 (trivial) 6 (trivial)

7 6 6 6 (trivial) 6 (trivial)

7 7 6 6 (trivial) 6 (trivial)

Table 111
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