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Abstract:As population pressure in most of the world's regions increase, the demand for natural resourcesrises.
Countries' strategies to deal with natural resources shortages depend on local conditions, including topography, the
extent of resources scarcity, available financial incomes, and technical and institutional capacity. Overall, developing a
mix of strategies that increase supply, manage demand, and reduce long-term pressures on natural resources is urgent
more than ever before, as world’s population pressures continue to rise.This paper is exploring the relationship between
the supply needs for a number of populations within a timeline frame in order to reach a balanced point that achieves
the sustainable use of natural resources. The study creates an innovative approach that combines and modifies two
well-known mathematical models. The first is Lotka- VolterraModel which is a non-linear, differential equations
regularly used to describe the dynamics of biological systems in which two species interrelate, one a predator and one
its prey. The approach was first created by Alfred J.Lotka, 1925, and modified statistically by Vito Volterra, 1926.The
second Model is known as Supply and Demand Model which has been set by David Ricardo based on the influence of
demand and supply on price.

Keywords:Sustainable Communities, Differential Equations, Biological Monitoring Systems, Supply and Demand,
Mathematical Modeling.

I. INTRODUCTION

Many arguments have been made to investigate the factors that affect urban settlements and their ability to comply with
sustainable development plans. Of these factors, the Natural Resources (NR) is one of the most important elements that
play an essential role in the evolution and continuity of those settlements. The idea of sustainable development is not to
think about the problems and shortages presently, it is how much the community is ready to accomplish future
generation's needs. It is a matter of scientific prediction that this paper is outlining as a benchmarking indicator of
equilibrium state which conserves and sustains a certain (NR) volume against the population increasing demands.

To face the unrestrained population growth and its effect on planet's (NR), a new concept was set to face and control

this problem known as Sustainable Urban Settlements (SUS). With all respect to this concept, it lacks a crucial
indicator which is the determination of population max-size that can sustain the available (NR); or in other words, it
lacks a precise scheme that clearly identified the behaviour between population size (W) and obtainable natural
resource (NR).
The behaviours of such schemes have been viewed in three particularly different ways in literature. The first early
models claimed that such systems obtain a stable equilibrium point. It is conceivable to detect random shocks, but
eventually equilibrium would always be restored. Later models presumed that growth paths are cyclical and any
equilibrium or balance is affected by past indications. Since the commencement of modern statistical techniques, it has
been assumed that random shocks create what can fundamentally be seen as chaotic behaviour.
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II. AIMS AND OBJECTIVES

The main aim of the paper is to find:
a) The relationship between population number W and natural resource R volume in a certain location within
defined time;
b) Define the equilibrium point when the R volume reaches its critical point to support a given number of W.

The study used a system of differential equations to create a mathematical model capable to achieve its goals.

III. CREATING A MODEL

A. Lotka—Volterra Equations

These equations are also known as predator—prey equations, which are a pair of first-order, non-linear, differential
equations frequently used to describe the dynamics of biological systems in which two species interact, one a predator
and one its prey.[1] They develop in time according to a couple of equations:

% =X(@=LY) {1}
D Yy = 6X) o 2}
Where,

o  x is the number of prey (for example, rabbits);

o yis the number of some predator (for example, foxes);
dx dy

o and dt’dt represent the growth rates of the two populations over time;
o trepresents the time; and
o o, f, yand 0 are parameters describing the interaction of the two species.

The Lotka-Volterra method of equations is a statistical application of Kolmogorov model,[1] which is considered a
generic technique that can characterize the interrelationship of ecological systems as predator-prey interactions,
competition, disease, and mutuality.[2][3]

This was effectively the logistic formula,[4] which was originally presented by PierreFrangois Verhulst. In 1920
Lotka lengthened, via Kolmogorov, the formula to "Organic Systems" using a plant species and a herbivorous animal
species as a model[5] and in 1925 he developed the equations to examine predator-prey interactions in his book on
biomathematics [6] inward the equations to the its nowadays well-known shape. Vito Volterra, who made a statistical
analysis of fish catches in the Adriatic Sea [7] independently investigated the equations in 1926.[8][9]

C.S. Holling comprehensively widened this model in two papers in 1959, in which he anticipated the idea of
functional response. [10][11] Both Lotka-Volterra model and Holling's additions have been used to prototype the
moose and wolf populations in Isle Royale National Park, [12] which with over 50 published papers is considered one
of the best studies that analyzed predator-prey relationships. In economics, the Lotka—Volterra equations have a long
history of use in economic theory; their early application is generally credited to Richard Goodwin in 1965[13] or
1967.[14][15] Moreover, links between many if not all industries were proposed to prototype the dynamics of many
businesses by introducing trophic functions between sectors,[16] with disregarding smaller sectors by considering the
collaborations of only two industrial/ businesses sectors. [17] In the original Lotka-Volterra model of opposing kinds of
bio systems, the predator and the prey can be classified by the fact that the predator population breeds faster the higher
the prey population is, though the prey population breeds faster the lesser the predator population is. Goodwin
acknowledged u with workers’ share while /-u is capitalists’ share of output and v is the employment rate.

Vo=[(1/o-(at+B))-U/G]V e {3}
u’=[-(aty)tpvlu {4}
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From equation {3}, the employment rate increases more rapidly the larger the businesspersons’ share, and from
equation {4}, the businesspersons’ share increases more rapidly the smaller the employment rate is. In this model of
Goodwin, employees are the predators and businesspersons are the prey. The economic suggestion of this relationship
is relatively simple. When incomes are high, investment is high, and because all investment needs additional
employment, high investment interprets into a fast employment progression. On the other hand, when employment is
low, salaries are decreasing and, in turn, incomes rise as can be concluded from figure 1.
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Fig.1 Predicted Goodwin cycle in Hungary

Accordingly, and based on the previous interpretation, the similarity is purely proper, but not totally so. It has long
seemed that Volterra’s problem of such interaction of two populations partly complementary, partly hostile, but is
helpful in the understanding of the interaction between two competing variables. From a mathematical standpoint, this
similarity can introduce solutions for such complicated looking system immensely easier.

B. Justifying the proposed model

By considering population as a predator or a demand (consumers); and natural resource as a prey or a supply
(consumed), then, the question that may be derived can be formulated as: “Can a model that take into account the
correlation between population and natural resource in a certain location, take the same form of interaction? "The
Lotka-Volterra model makes a number of rules about the environment and growth of the predator and prey populations.
As differential equations are used, the solution is deterministic and continuous. Consecutively, implies that the groups
of both the predator and prey are repetitively overlapping. [18]
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Fig. 2 Linking the proposed model to previous models
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TABLE 1 Linking the proposed model with Lotka—Volterra Equations

Lotka- Volterra Equations Paper Proposed Model
y y &’_,
Equations 2= X@—By) —f = KR —aRW
dy daw
2 ity - 2 _—
) = y(y — 6x) ) = rW + bRW
{;ﬁgﬁ}gsted Prey / Predators Natural Resource / Population

By considering (Population) as a predator or a demand (Consumers); and Energy Resource as a prey or a supply (Consumed)

1. The Prey are assumed to
have an unlimited food
supply;

2. and to reproduce
exponentially unless
subject to predation;

3. This exponential growth
is represented in the
equation by the term ax.

The prey are assumed to have
an unlimited food supply, and
to reproduce exponentially
unless subject to predation;
this exponential growth is
represented in the equation

1. In Predators' equation, dxy
represents the growth of the
predator population.

2. Note the similarity to the
predation rate;

3. However, a different
constant is used as the rate
at which the predator
population grows is not
necessarily equal to the rate
at which it consumes the
prey.

In this equation, 6xy represents

the growth of the predator

population. (Note the similarity

1. The Resource, is a renewable
source (water, wind,
geothermal energy, ....).
assumed to have an unlimited
supply

2. The proposed model will have
Two Dependent Variables,
and both are Functions Of
Time. (as Lotka equation)

3. By considering “prey” as an
“natural resource” that is
being consumed by the
“predators” that is
“population” , then Let:

1. The
population,
consuming the
resources in a
certain defined
rate.

2. Different
constants are
used as the rate at
which the
population grows.

Assumptions above by the term ax. The to the predation rate; however,  R(#) be the quantity of resource
rate of predation upon the a different constant is used as and;
prey is assumed to be the rate at which the predator W(r) be the number of
proportional to the rate at population grows is not population at time ¢.
which the predators and the necessarily equal to the rate at
prey meet; this is represented ~ which it consumes the prey). yy
above by Bxy. If either x ory  represents the loss rate of the
is zero then there can be no predators due to either natural
predation.[19] death or emigration; it leads to
With these two terms the an exponential decay in the
equation above can be absence of prey.[19]
interpreted as: the change in Hence the equation expresses
the prey's numbers is given the change in the predator
by its own growth minus the population as growth fueled by
rate at which it is preyed the food supply, minus natural
upon. death.
1. The rate of predation upon 1. yy represents the loss rate of
the prey is assumed to be the predators due to either
proportional to the rate at natural death or emigration; it
which the predators and leads to an exponential decay
the prey meet; in the absence of prey
2. this is represented above
Increase/ by Bxy. If either x or y is 2. Hence the equation expresses
decrease zero then there can be no the change in the predator
rates predation. population as growth fueled
3. With these two terms the by the food supply, minus
equation above can be natural death.
interpreted as: the change
in the prey's numbers is
given by its own growth
minus the rate at which it
is preyed upon.
Constants o, B, y and & k,aandr
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For more validation and to draw some similarity evidences that can link our case with Lotka-Volterra equations and
Supply & Demand Model, the paper proposed model includes:
a. The three Models are dealing with three matching variables; time ¢, consumed entity R and a consumer W.
b. They are using fixed/ flexible constants according to time, number of consumers and rate of consumption
c. The proposed model and the equations of Lotka-Volterra have periodic solutions and do not have asimple
expression in terms of the usual trigonometric functions. However, a linearization of the equations yields a
solution similar to simple harmonic motion with the number of consumers following that of consumed object
by 90°.
d. The proposed model and Supply & Demand Model are following four basic rules
o Demand increases (leads to higher price and quantity).
o Demand decreases (leads to lower price and quantity).
o Supply increases (leads to lower price and higher quantity).
o Supply decreases (leads to higher price and lower quantity).

P
Y b1 D2 S

p=5(q)=cq
p=D(q)=a—bq

) SRR,
P1 +

>
Ql Q2

fol}

Fig. 3 Supply & Demand Model

C. Tapping into creating a new model
The study sets three variable to be tested through its model; Population W, Natural Resources R and Time t.

\"\"}
HM!

= Natural Population #
Resources Size

Figure 4 The interrelated variables of the new proposed model

Copyright to IJIRSET www.ijirset.com 7705



@ ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 2, Issue 12, December 2013

- The first relationship between R and ¢ has the following relationship equation: [20]

R=Ro# (L+ D)™, {5}

Where:

is future value of resources amount

is the initial value of resources amount
is the consumption rate

is numberofcompoundsperyear

is the time issued

-B " 3IX
S}

+ 20000

| 10000

Fig.5 The inverse relationship between R and ¢

As can be concluded, from the previous equation that there is an inverse relationship between those two variables. The
more time passed the fall in resources quantity we have according to the consumption rate.
- The second relationship between W and ¢ has the following relationship equation:[21]

Wim Wo (141) oo (6}
where:

Wt is the population after ¢ time

Wo is the initial population

r is the rate of population growth.

t is the time issued

Fig. 6 The Vice-versa relationship between W and ¢
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From the previous equation; it can be concluded that there is a vice-versa relationship between those two variables. The
more time passed the more population we have according to(r) the population growth rate. (in normal circumstances)

- The final relationship is between (R) and (W). Logically it can be concluded that there is an inverse relationship
between the two variables. The more population you have the more decrease in natural resources amount you
get. But the issue here is different; the study is trying to find out the balance between those two variables; the
equilibrium point in another words that always maintain a sufficient level of R capable to sustain population in
a certain community; now and in the future.

IVv. MODIFYING LOTKA-VOLTERRA EQUATIONS

Lotka-Volterra equations as previously stated are differential equations that can be used to model predator-prey
interactions. The original system consisted of two entities. Vifo Volterra developed these equations in order to model a
situation where one type of entity is the prey for the other type. To implement the model on natural resources as the
first entity while population represents the other; the proposed model was restrained by the following consideration:

A. Consideration
The considerations that should control the proposed model have an influence on the two main variables as;
o The R should be renewable (water, wind, geothermal energy...).
o The population W is consuming R in a certain defined rate.
o The proposed model’s two dependent variables are functions of time. (as Lotka equation)
By considering “prey” as R that is being consumed by the “predators” that is “population” W, then let:
o  R(t) be the quantity of natural resource at time (t) and;
o W (t) be the number of population at time t.
Accordingly, there are two cases can be assumed:

Absence of population “predators”

In the absence of “Population”, the R supply would take the form, that is,

(k) is a positive constant.

Absence of natural resource R “prey”

In the absence of R, it can be assumed that the “Population” W would decline at a rate proportional to itself, that is,
aw
—=—rW
dt

(r)is a positive constant.

B.  Assumptions
With both variables present, the assumption will be:
o The principal cause of resource declination is being consumed by a population of a certain location.
o The birth and survival rates of the population in a certain location depend on their available life support—
namely, the resource.
o Also by assuming that the two variables encounter each other at a constant rate that is proportional to both
population and resource quantity, therefore, proportional to RW.

A system of two differential equations that incorporates these assumptions will be:

dR
— = kR — aRW
dt
aw
— = —rW + bRW
dt

Where k, r, a, and b are positive constants. Noting that the equations have slightly modified using “Chain Rule” based
on the nature of the relationship between Population/Resource and Predator/Prey.
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Noticing that
= The term —aRWdecreases the natural growth rate of the resource quantity.
= The term bR Wincreases the natural growth rate of the population.

C. Solutions to the equations
A solution of this system of equations is a pair of functions R(#) and W(r) that describe the R amount and population of
a certain community as functions of time. Thus:
= Asthe system is coupled (R and W occur in both equations), equations can’t be solved separately.
= They have to be solved simultaneously.

Unfortunately, it is usually impossible to find explicit formulas for R and W as functions of ¢. However, so graphical
methods can be used to analyze these types of equations. By using the same principles of Lotka-Volterra equations,
with the application of “Chain Rule”, the constants of the new equations will be:

k=0.08, a =0.001, r=0.02, b = 0.00002
The time ¢ is measured in months.

One can also plot solutions without representing time, but with one axis representing the quantity of R and the other
axis representing the number of population.

V.  POPULATION/RESOURCE EQUATIONS

Supposing that, at some point in time,there are 1000 units (m3, liters, watt, ...) of the energy resource and 40 units of
population (40X10, 100, 1000, ...... ). With the given values of k, a, r, and b,the proposed “Population-Resource”
equations become:

dR
— = 0.08R — 0.001RW
dt

aw

T —0.02W + 0.00002RW

A. Equations’ Probabilities

Probability 1
Both R and W will be constant if both derivatives are 0.
That is,
R’=R(0.08-0.001W)=0
W= W(-0.02 + 0.00002R) =0

One solution is given by:
R=0and W=0

Interpretation
If there is no R or W, the population is certainly not going to increase.

Probability 2 (Equilibrium State)
The other constant solution is:

0.08 0.02
W=——=280

R=———=1
0.001 0.0000z 1000

Interpretation
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So, the equilibrium point happened when we have 80 population units and 1000 energy resource quantity units; that
means 1000 R units are just enough to support a constant population of 80 P units.
B.  Applying Chain rule

By using the Chain Rule and eliminate ¢:

dw _dw  dR
dt ~ dR " dt

Hence,

aw
aw - —0.02W + 0.00002RW

dR ~ 9~ 0.08R — 0.001RW
dt

C. Applying graphical methods and the expected findings
By applying graphical methods and sketching the relationship, the expected findings would be:
a. Finding the constant solutions (called the equilibrium solutions) and its interpretation.
b. Using the system of differential equations to find an expression for dW/dR. (the relationship between
population and energy resource in a certain location within defined time).
c. Draw a direction field for the resulting differential equation in the RW-plane. Then, use that direction field
to sketch some solution curves

D. Creating field of direction
By thinking of “W “as a function of “R ", the differential equation becomes as:

dw _ —0.02W + 0.00002RW
dR ~  0.08R — 0.001RW

Based on the previous, the direction field for the differential equation can be illustrated as:

Wa

150+ 1 / #/ = = == — = ——m—m ==~ N~~~ a~
!} & 7 - _——— = -~~~ S
I o 7 — — -~ =~ S T e e e
! 7 /S s - — — —_~ .~ e N N NS N NSNS NN
! / /7 7 - — -~ N N N NN NN NNNSN
]00__» P /S s = = — ~ T me Mo SIS W NN NN N
I B A e T T T U N U O W U S O N
[ Y -~ N\ \ LU Y T Y VA WO O W |
| N N XS =z= g h Lt oEA
V VANNS —— — — - -~ Pl A T Sl S Y S
VN N S e = L3 e 5T o im o mEv s o )
50+ v NN T
A i i i
e B e o
S B W W T W S TS e B o S e R S

i t } >

0 1000 2000 3000 R

Fig.7 Proposed Model direction field
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E. Sketching solutions
Then, it is easy to use the field to sketch several solution curves.

ISO__ WP e e e e e e e S e e T e WG WG e S

e e M S AR ST SeR RS RGN R

100+

R S o ol R
YN S L LS
X\ s gt gk W S0

T g Ss s e e L s e S R

Fig.8 Sketching solutions' curves

By tracking points along the solution curve, it can be detected how the correlation between R and W changes as time
passes. Noting that the curves seem to be closed in the sense that moving along the curve, will always return to the
initial starting point. Noting also, that the point (1000, 80) is inside all the solution curves as it signifies an equilibrium
point. It recounts the equilibrium solution R = 1000, W = 80

When representing solutions of a system of differential equations as here, it is referred to the RW-plane as the phase
plane. Accordingly, the solution curves are called phase trajectories. A phase trajectory is a path traced out by solutions
(R, W) as time goes by. A phase portrait, as shown, consists of:

= Equilibrium points
= Typical phase trajectories

For example, starting with 1000 energy resource units and 40 population units (multible corresponds to drawing the
solution curve through the point P, (1000, 40).
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P,
140+

1201
100
801 P,
60 1

40+
P, (1000, 40)

0 500 1000 1500 2000 2500 3000 R

Fig.9: The phase trajectory with the direction field removed.

F. Interpreting Curve Turning Points
As can be seen, the concluded curve has four turning points that represent four phases need to be explained:

1 AtP,, the resource R units are sufficient to support w
more than the given population. Consequently, the 140
Renewable Natural Resource increases (R). That
results in more population attraction. Eventually,
there will be population growth that the (R) will
hardly support.Hence, the quantity of energy
resource begins to decline. 60

40+

P, Py (1000, 40)

120 1
100+

80

20+

0 500 1000 1500 2000 2500 3000 R

2 This is at P;, where R reaches its maximum v P,_ (2800, ~80)
critical point of about 2800. - -

P:
This means that, at some later time, the population ., <—\‘,\\
starts to fall cause of the renewable natural - o)
resource lack. 1001
80 1 P
\\7\—0—’1’—/—/‘

60

.
40
P, (1000, 40)
201

0 500 1000 1500 2000 2500 3000 R

P,_ (1000, ~ 140)
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3 Thisis at P2, where R = 1000 and W = 140.
However, this benefits the energy resource. W

So, its quantity- later- starts to increase. 140

P,
——
1201
100+
80+ 4P; \p,
60 /
== il
40 S

P, (1000, 40)
20

0 500 1000 1500 2000 2500 3000 R

4 This is at P3,
where W =80 and R = 210.
Consequently, the population eventually starts to
increase according to the continuously increasing
resource. This happens when the populations
return to their initial values (R = 1000, W = 40),
and the entire cycle beginsagain.

P, (1000, 40)

0 500 1000 1500 2000 2500 3000 R

Suppose the points P1, P2, and P3 are reached at times tl, t2, and t3 and from the previous description of how
R and population rise and fall, the following sketch graphs of R(t) and W(t) can be drawn

R
25001

20001
15001
1000

5001

-~
[=]

hh 1 Lt 1 t
Fig. 11 Graphing the oscillation movement of R Fig. 12Graphing the oscillation movement of W

To make the graphs easier to compare, they can be drawn on the same axes, but with different scales for R and W.
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Fig. 13 Comparing R & W Oscillation curves

It can be noticed from the previous chart that the energy “R” resource units reach its maximum quantity about a quarter
of a cycle before the “W” population.

These graphs clearly illustrate a serious problem with this as a proposed model: in each cycle, the R is reduced to
extremely low numbers yet recovers (while the W population remains sizeable at the lowest R density). With chance of
oscillations, distinct numbers of individuals, and the family structure and lifecycle of W, the R actually go fade and
consequently the W as well. This phenomenon appeared in previous similar studies that used Lotka-Volterraequations
as a modeling system to describe the relationship between two or more biological systems and has been called the
"atto-fox problem". [22]

VI. THE BALANCE

In this model system, the W population thrive when there are plentiful R but, ultimately, outstrip their need supply and
decline. As the W population is low the R amounts will increase again. These dynamics continue in a cycle of growth
and decline. Population equilibrium or balance occurs in the model when neither of W population number nor the R
amounts is changing, i.e. when both of the derivatives are equal to 0.

R'=R(k—aW)=0
W=W(=r+bW)=0
When solved for R and W the above system of equations yields to
{(W=0,R=0}
And

Hence, there are two equilibrium points;

1. The first effectually signifies the extinction of W and the fade of R. If both variables are at 0, then they will
continue to be so indefinitely.

2. The second solution signifies a fixed point at which both W and R sustain their current, non-zero numbers,
and, in the simplified model, do so indefinitely. The number of W population at which this equilibrium is
achieved depends on the chosen values of the parameters, k, a, b, and r.

The stability of the fixed point at the origin can be determined by performing a linearization using partial derivatives,
while the other fixed point requires a slightly more sophisticated method. In the study of dynamical systems,
linearization is a method for assessing the local stability of an equilibrium point of a system of nonlinear differential
equations or discrete dynamical systems.[23]
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In the model (k and r) are always greater than zero, and as such the sign of the two variables W and R above will
always vary. Therefore the fixed point at the origin is a saddle point.

The stability of this fixed point is of importance. If it were stable, non-zero populations might be attracted towards it,
and as such the dynamics of the system might lead towards the extinction of both variables for many cases of initial
population levels.[24] However, as the fixed point at the origin is a saddle point, and hence unstable, the study finds
that the extinction of both variables is difficult in the model. In fact, this can only occur if the R is artificially totally
eliminated, causing the W population to fade of R scarcity. According to paper assumption of the renewable resource
applied in the equations, so this case is almost impossible. If W is eradicated, the R amounts grow without bound in
this simple model.

Evaluating W and R at the second fixed point we get purely imaginary values for both of them. This fixed point is not
hyperbolic, so no conclusions can be drawn from the linear analysis. However, the system admits a constant of motion
and the level curves, where k is constant, are closed trajectories surrounding the fixed point. Consequently, the levels of
the population size W and renewable natural resource R cycle, and oscillate around this fixed point.

VIL CONCLUSION

Natural resource management became an important focal point of modern sustainability concepts. Therefore measuring
how social and economic systems are evolving to sustainability is a significant require. This paper claimed that this
evolving or interaction is dependent on the improvement of analytical, methodological and mathematical models to
measure and control progress, particularly, for sustainable communities. Achieving sustainability on the scale of
maintaining natural resources is a key for social and ecological performance that are mostly closely linked to
population size and type. Accordingly, the paper proposed a new mathematical model that is considered a modification
of two well-known models; Lotka-Volterra Equations and Supply and Demand model. The paper developed and
theoretically tested this new model for assessing the sustainability of natural resource by finding the equilibrium points
that achieve balance between the population size and the available natural resources. The study believes that this model
is applicable at the micro and regional scale. The proposed model evaluates and controls the interaction between human
activities as a population size by considering them as predators consuming natural resources as preys which increase
the pressures on regional ecosystems. The theoretical test applied signified its potential to be an effective method for
monitoring the sustainability of natural resources. It also has potential ability to be employed as a community warning
or for decision makers to guide them setting their strategic plans for sustainability improvement.
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