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1 INTRODUCTION
Many continuous mappings by utilizing different kinds of generalized closed sets were introduced and investigated.
Recently, R.Balachandran,P.Sundaram and H.Maki in 1991 [1],defined a new class of generalized continuous
mappings. IN 1972,Crosseley and Hildebrand [2] introduced the class of irresolute mappings.In this paper, our

objective is to introduce an operator S -closure and investigate its properties. Also two new notions such as the
classes of mappings S -continuity and S -irresoluteness are introduced and investigated. Some of their

characterizations are studied in terms of 55 -closure.
2 PRELIMINARIES

Throughout this paper, (X,7) (or simply X) represents topological spaces on which no separation axioms are

assumed unless otherwise mentioned.For a subset A of X,cl(A),int(A)and A° denote the closure of A the interior of
A and the complement of A respectively. Let us recall the following definitions, which are useful in the sequel.

Definition 2.1 A subset of (X, 7) is called [(i)]
1. a g -semi closed (briefly § s-closed) set [?] if SCIAc U whenever AcU and U is #gs-open in (X, 7).

2. g —semi closed set (briefly Es—closed )[4] if scl(A) cu whenever AC U and uis gS—open setin
(X, 7). Complement of @]ts —closed (resp. g s-closed) set is known as @]ts —open (resp.  s-open)set in X.

Notations 2.2 The collection of all 65 —closed (resp. 55 —op) sets in X is denoted by éSC(X) (resp.
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GsO(X) . For Xe X , GSO(X, x) ={u e GO(X) | x e u}.

Definition 2.3 A function f : X —Y iscalleda [(i)]

1. contra-continuous [3] if (V) is closed subset of (X ,7) for every open subset \V of (Y,o).

2. semi continuous function [5] if f (V) is semi open set of (X, ) for every opensubset V of (Y,0o).

3. «a -continuous function [6] if f (V) is a -open sub set of (X, 7) for every opensubset V of (Y, o).

4. § -continuous functions [?]if f (V) is § -open sub set of (X,7) for every opensub set V of (Y, o).
5. Sg -continuous functions [7] if f (V) is S -open sub set of (X, 7) for every open sub set V of (Y, o).

3 05_CLOSURES

Definition 3.1 For any subset A of a space X, Es — closure of A is denoted by ESCI (A) and defined by

intersection of all 55 —closed sets containing A. That is, ESCI (AA={F:AcF,Fe éSC(X)}.

Definition 3.2 Let x be a point of X and N be a subset of X N is called a 55 —neighbourhood of x in X if there
exists a Es —openset UinXsuchthat XxeU < N.

Definition 3.3 A point X € X is said to be a 55 — interior point of A if there exists a 55 —open set U containing
x such that U < A. The set of all 55 — interior points of A is known as the ES —interior of A and denoted by
gsint(A).

Definition 3.4 For a subset A of a space X, ESFI’(A) = ESCI (A)— Esint(A) is known as ES — frontier of A.
Theorem 3.5 For any subsets A and B of a space X, the following statements hold.

1. §scl(zﬁ) =
2. Ac gscl(A)  scl(A)
3. If AC B, then gscl(A) < scl(B)

4, Xe Escl (A) if and only if for any ES —open set u containing x such that ANU # ¢ .
Proof.

2. From the definition of 55 —closure, Ac ESCI (A). Suppose that x & scl(A). Then, there exist a semi closed
set Fsuchthat Ac F and X ¢ F . Since every semi-closed set is ES —closed, X ¢ ESCI (A). Thus,

gscl(A)  scl(A).

3. Suppose that A B and X ¢ ESCI (B) . Then, there exists a ES —closed set F such that B F and X ¢ F.
That is, there exists a Es—closed set F such that Ac F and X ¢ F. Again by the def. of {s—closure,

x ¢ gscl(A). Therefore, gscl(A) < gscl(B).
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4. Necessity Suppose that X € §SCI (A) and U is any 65 —open set containing x such that ANU = ¢. Then,
X-=U is a Es—closed set in X containing A. Therefore, ESCI(A) c X—-U. Since xg X-U,
X & §SC| (A), a contradiction.

Sufficiency Suppose that every ES —closed set is containing x intersects A. If X & ESCI (A), then there exists a
Es —closed set Fsuchthat Ac F ,and X¢ F.Then, X —F isa 55 —open setin X containing X such that

AN (X —F) = ¢, a contradiction. Therefore, X € ESCI (A).
Remark 3.6 In (2), converse is not true in general from the following example.

Example 3.7 Let X ={a,b,c} and 7 ={¢,{a,b}, X} ESCI({a}) ={a,c} and scl({a}) = X . Therefore,
gscl({a})=scl({a}).

Lemma 3.8 If Ais §S—closed setin X, then A= gscl(A).

Proof.  Suppose that A s ES—cIosed set in X. By def. of Es—closure,

ESCI(A) ={F:AcF,F eGsc (X)}. Then, Ac ESCI(A) and ESCI(A) c F for every Es—closed

set containing A. Since A is ES — closed containing A, ESCI (A) < A.Thus, A= ESCI (A).
Remark 3.9 Converse of the above lemma is not always possible from the following example.

Example 3.10 Let X ={a,b,c,d} and = ={¢,c,{a,d},{a,c,d}, X}. Here gscl({a}) ={a}, but {a} is
not a 53 —closed set in X.

Lemma 3.11 If Ais 55 —open, then A= Esint(A) :

Proof. By the def. always Esint(A) < (A) . Sup. that there exists X € X such that X ¢ Esint(A) and X e A.
By the def of Es—interior of A, every Es—open set containing X intersects (X - A). Since A ES—open set
containing x, AN(X —A)#¢, a contradiction our assumption is wrong and hence X & A. Therefore,

A= gsint(A) .
Remark 3.12 The following example illustrates that the converse of the above theorem is not true in general.
Example 3.13 Let X ={a,b,c,d} and = ={4,{c}.{a,d}.{a,c,d}, X}. Then gsint({b,c,d}) ={b,c,d},

but {b,c,d} isnota Es —open set in x.

Theorerlw 3.14 For any subset A of a space X,

i. X —gsint(A) =gscl(X —A)

ii. X —gscl(A) = gsint(X — A)

Proof. Suppose that X € X — Esint(A) . Then X ¢ Esint(A) . By the def., of ES — interior, every ES — open set
containing X meets (X — A) . By theorem (1)-(4), X € ESCI(X — A) . On the other hand if X € ESCI(X -A),
then every 53 —open set containing X intersects (X - A). Therefore, there is no ES —open set containing x and
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contained in A. By the def, of as—interior, X & Esint(A). Then xe X — gsint(A). Therefore,
X —gsint(A) = gscl (X — A).

2. Replace A by (X—-A) in (1) we get X-— Esint(X -A)= ESCI(A). That s,
gsint(X — A) = X — gscl (A).

Thgorem 3.15 For a subset A of a space X, the following are equivalent.

i. éSO(X) is closed under union.

ii. Ais s —closed if and only if A = gcl(A)

iii. Ais gs —open if and only if A= gsint(A)

Proof. (1) = (2).

Necessity: Suppose that A is Es—closed in X. By hypothesis and by the def. of ES—cIosure, it is known that
ESCI(A) is Es—closed in X and ESCI(A) =A.

Sufficiency: Suppose that ESCI (A)=A.Foreach xe X —A, xe X\A, x¢ ESCI (A) . By theorem (1)-(4),

there exists a set U, ,eGSO(X,X) such that U, N"A=¢. Then, xeU,c X—A and hence

X—-A= U U, . By hypothesis, X —A is ES—open in X. Therefore, X —A is Es—open. Thus, A is
xe(X—-A)

55 —closed.

(2) = (3). _ N

Necessity: Suppose that A is JS—open in X. Then (X —A) is gS—open in X. By hypothesis

ES—CI(X —A) = X — A. By theorem (2), X — Esint(A) = X — A. Therefore, A= Esint(A) .

Sufficiency: Suppose that A= Esint(A) . By theorem (2), X -A=X-— §Sint(A) = ESCI(X —A). By

hypothesis, (X — A) is 55 —closed and hence A is 63 —open in X.

@) = Q). _

Sup, that {G,, : @ € J} be any family of gs —open setsin X. Let G = UGa. If XeG, then XxeG, for some
X

ael

o, €J . Since G, is open in X. there exist a SS—open set U, such that XeU, gGax c G for every
X € G. Therefore X € Esint(G) and hence G = Esint(G). By hypothesis, G is 55 —open in X.

Definition 3.16 A mapping f : X —Y is said to be 55 — continuous if the inverse image of every closed set in

Y, is ES —closed in X.

Example 3.17 X =Y ={a,b,c}, = ={4,{a,b}, X}, o ={¢4,{a},Y}. Define f :(X,7) > (y,0) by
f(a)=b, f(b)=cand f(c)=c.Then f is 55 —continuous from X into Y .

Theorem 3.18 In a topological space (X, 7), the following statements hold:
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i. Every continuous function is S — continuous.
ii. Every semi continuous function is §s — continuous.
iii. Every « -continuous function is S — continuous.

iv. Every { —continuous function is S — continuous.

Proof. By [4] proposition 3.2 (1) holds, proposition 3.4, (2) holds, proposition 3.6, (3) holds, proposition 3.8, (4)
holds.
Remark 3.19 Converse of the above theorem not holds always from the following examples.

Example 3.20 X =Y ={a,b,c}, r ={g.,{a,b}, X}, o ={¢,{a},Y}. Define f :(X,7) > (Y,o) by

f(a)=b, f(b)=aand f(c)=c.Thenfis gs— continuous but not continuous, semi-continuous, or
o —continuous.

Example 3.21 X =Y ={a,b,c}, = ={¢,{a} .{a,b}, X} and o ={¢,{a,b},Y}. Define
f:(X,7)>(Y,o) by f(a)=Db, f(b)=c,and f(c)=a.Thenfis Es—continuous but not
gs — continuous.

We state the necessary conditions under which the converse of theorem 3.8 hold.
Theorem 3.22 [(i)]

i.In TE — space every S — continuous function is continuous.
ii. In Tgf —space, every §S — continuous function is @ — continuous.
iii. In ETS space every §s — continuous function is semi-continuous.

iv. In #Tg: — space every §S — continuous functions is g — continuous.
Proof. By [4] def. 6.1, 6.7, 6.16 and 6.22, it holds.
Theorem 3.23 In a topological space (X, 7), every gs — continuous functions is sg-continuous.

Proof. By [4] proposition 3.14, every (js —closed set is sg-closed set. Therefore, it holds.

Remark 3.24 Converse is not true in general from the following example.

Example 3.25 Let X =Y ={a,b,c,d} and 7 ={¢,{c} {a,d} {a,c,d}, X} and o ={¢,{a,b,c},Y}.
Define f:(X,7)—>(Y,o) by f(a)=d, f(b)=a, f(c)=Db, f(d)=c.Then f issg-continuous but

not gS — continuous.

Theorem 3.26 Assume that ésO(X) is closed under any union. Then the following are equivalent for a function
f: X->Y.

i. fis ES — continuous;
ii. For every open set V of Y, f (V) e GsO(Y);

iii. For each X € X and each open set V of Y containing f (X), there exits U € GSO(X, X) such that
f(ucv;
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iv. f(gscl(A) < cl(f(A)) forany subset A of X;
v. gscl(f(B)) < f *(cl(B)) for any subset B of y;
vi. f(@int(B)) < gsint(f (B)) for any subset B of Y.
Proof. (1) = (2) It follows from f (Y =V) = X — f (V) for any subset VV of Y and def., of 55 — open set.
(2) = (3) Let Xe X and V be any open set in Y containing f(X) . Since f is ES — continuous,
f (V) eéSO(Y) and xe f (V). Ifwetake U = f (V) then U eC:SSO(X,X) and f(U)cV.
(3) = (4) Let A be any subset of X and X € ESCI (A) and V be any open set in Y containing f(x). By hypothesis,
there exists U e ésO(X,X) such that f(U) <V . Since X e ESCI(A), by theorem 3.5 (4), U " A# ¢ and
hence pxTUNAcTU)NT(AVnT(A). Therefore, f(x)ecl(f(A)). Thus,
f (gscl(A) < cl(f (A).
(4) = (5) Let B be any subset of Y. By hypothesis, f (ESCI (f (B))) ccl(f(f*(B))) ccl(B) and hence
gscl (f(B)) = f(cl(B)).
(5) = (6) Let B be any subset in Y. By hypothesis, Escl(f’l(Y \B)) < f *(cl(Y —=B)). Then,
X —gsint(f ~(B)) < X — f (int(B)) . Therefore, f *(int(B))  gsint(f *(B)).
(6) = 1) Let F _ be any closed set in Y. By hypothesis,
f Y —F)=f(int(Y =F)) < gsint(f (Y =F)) =X — gscl(f‘l(F)) :
Then, Escl(f (F)) < f*(F). Therefore, Escl(f’l(F) =F*(F). By theorem (3), f *(F) is
65 —closed in X and hence f is 65 — continuous.

Notations 3.27 Let f :(X,7) — (Y,o) beany function. NGC(f)={xe X : f isnot ES —continuous } at
XxeX.

Theorem 3.28 Assume that ésO(X) is closed under any union. Then NGC( f) is identical with the union of
the §s — frontiers of the inverse images of S —open sets containing  (X) .

Proof. Suppose that f is not gS—continuous at X € X . Then, there exists an open set VV in Y containing f (X)

such that f (U) is not a subset of V for every U e ESO(X,X). Hence U N (X — f (V) # ¢ for every
U eGO(X,X). It follows that xegscl(X —f(V)) and hence Xe X —gsint(f “(V)). Then
X & gSInt(f '(V)). Since xe f (V) c gSCI(f V), xe gsFr(f’l(\/)) On the other hand, let f be
gs —continuous at X € X and V be any open set in Y containing f(X). Then xe f (V) isa gS — open set
in X. Thus X € gSInt(f '(V)) and hence X ¢ gsFr(f Y(V)) for any open set V containing f (X).

Definition 3.29 Let A be asubset of Xand f : X — A bea 65 — continuous retraction if f is ES — continuous
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and the f | A is the identity mapping on A.

Theorem 3.30 Assume that ESO(X) is closed under any union. Let A be a subset of Xand f : X — A bea

ES — continuous retraction. If X is Hausdorff, then A is a ES —closed in X.

Proof. Suppose that A is not 53 —closed. A# ﬁscl (A) . Therefore, there exists X € X such that X € ESCI (A)
and X ¢ A.Then f(X)# X because f is ES — continuous retraction. Since X is Hausdorff, there exists disjoint
open set u and v in x such that X € U and f(x)eV .Let W be any 58 — neighbourhood of X. By ..., theorem

46,WNU isa 53 — neighbourhood of x. Since X € ESCI (A), by theorem (1)-(4), W mnU) N A# ¢. Choose
yeWnUnNA. Since yeA, f(y)=yeU and hence f(y)gV . Therefore f(W)zV because

y €W , a contradiction to S — continuous retraction. Thus A is S — closed in X.

Remark 3.31 Composition of two 'S — continuous functions is nota §s— continuous in general from the
following example.

Example3.32 x =y =z ={a,b,c}, r ={p,{a,b}, X}, o ={4.{a},y} and 1 ={¢,{a},{a,b},z}.
Define f :(X,7) > (Y,o) by f(a)=c, f(b)=a, f(c)=Db anddefine g:(Y,o) = (Z,n) identity

function. Then f and g are Es — continuous function but gof : (X,7) — (Y, o) defined by

(gof)(x) = g(f(x)) forall xe X isnota ES — continuous.
Theorems on Compositions:

Theorem 3.33If f :(X,7) > (Y,0) is Es—continuous and g:(Y,o) — (z,7) is continuous, then
(gof):(X,7) > (z,n) is Es—continuous.

Proof. Suppose that V be any open set in Z. Since g is continuous, g_l(\/) is open in Y. Since f is
Es—continuous, fHg™(V) is Es—open in X. That (gof)™(V) is ES—open in X. Therefore, gof is
65 — continuous.

Theorem 3.34 Suppose that (Yy,o) is TE space. If f(X,7)—>(Y,o) is Es—continuous and
g:(Y,o)>(Z,n) is Es—continuous then gof : (X,7) > (Z,n) is Es—continuous.

Proof. Suppose that V be any open set in Z. Since g is ES — continuous. g_l(\/) is 55 —openiny. Since Y is T: -

space, g (V) is open in y. Since f is ES—continuous f (g (\/)) is §s—open in X. (gof)™(V) is
gs —open in X. Therefore composition of two gs continuous funiton is gS continuous.

Theorem 3.35If f :(X,7) > (Y,o) and g:(Y,o) — (Z,7) are continuous, then gof : (X,7) > (Z,7n)

is S — continuous.
Proof. Since composition of two continuous functions is continuous, and since every continuous function is
§'s — continuous gof is §s — continuous.
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Theorem 3.36 Composition of two contra continuous function is always 65 — continuous function.

Proof. Since every open set is 58 —open, it follows.

Definition 3.37 A mapping f : X —Y issaid to be 55 —irresolute if the inverse image of each 55 —open set in
Y is ES —openin X.

Example 3.38 Let X =Y ={a,b,c}, r ={4,{a}.{b}.{a,b} {a,c}, X} and o ={p,{a},Y}. Define

f :(X,7) > (Y,o) asanidentity function. Then f is 58 — irresolute function.
Theorem 3.39 A function f: X =Y is ES —irresolute if and only if (V) is as —closed in X for every

55 —closedsetVin'Y.

Proof. Necessity Suppose that V is any Es—closed set in Y. Then (Y =V) is Es—open in X and hence
X—f*V)is Es —openinX. Thatis T (V) is 55 —closed in X.

Sufficiency: Let V be 55 —open in Y. Then Y =V s 55 —closed in Y. By hypothesis, f (Y =V) is
55 —closed in X. Thatis X — f (V) is Es —closed in X and hence (V) is 55 —open in X. Therefore, f is
65 —irresolute.
Theorem 3.40 Every 58 —irresolute function is Es — continuous.

Proof. If follows from the fact that every open set is S — open.

Remark 3.41 Converse not holds in general from the following example.
Example 3.42 X =Y ={a,b,c}, r—{¢ {a}, X} =o . Define f:(X,7) > (Y,o) by f(a)=Dh,

f(b) cand f(c)=c.Then f is gS continuous but not gs—lrresolute because f *({a,c}) ={b,c}is
not a gS open in X whereas {a, c} is gS openinY.

Theorem 3.43 Composition of two gs —irresolute function is 65 —irresolute.

Proof. Let f:(X,7)—>(Y,o) and g:(Y,o)—>(Z,n7) be any two Es —irresolute function. Define
gof : (X,7) —> (Z,n) by (gof)(x) = g(f(x)) forall Xxe X . Suppose that G be any ES—open in Z. Since
gis ES—irresqute, g (G) is ES—open inY.Since f is Q:S—irresolute, f(g7(G)) is Es—open in X.
Therefore (gof)™(G) is 65 —open in X. Thus, gof is 63 —irresolute.

Theorem 344 If f :(X,7) > (Y,0) is ES — irresolute and g : (Y,o) > (Z,n) is ES — continuous, then
gof : (X,7) > (Z,n) is ES — continuous function.

Proof. Suppose that G is any open set in Z. Since g is ES — continuous function, gfl(\/) is ES —open in Y. Since
fis Es—irresolute, f (g7 (V)) is Es—open in X and hence (gof)™(V) is Es—open in X. Thus, gof is

gds — continuous.
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Theorem 3.45 Assume that ESO(X) is closed under any union. A function f:(X,7)—>(Y,o) is
63 —irresolute if and only if for each point x of X and each 65 —open set V of Y containing f (X), there exists a
Es—open setisin X containing X suchthat f(u)cV .

Proof. Necessity Suppose that f is 53 —irresolute and X € X , V is any 53 —open set in Y containing f(X) .
Then f (V) is 53 —opensetin X. IFU = f *(V), thenuis 65 —open set in X containing X such that
fU)=f(fH V) cV.

Sufficiency Suppose that G is any ES —opensetin Y and Xe f (G). Then f(X)eG. By hypothesis, there
exists a Es—open set U suchthat xeU, and f(U )<V .Then xeU < f (V) forevery xe f (V).
Then, f*(V)={U, :xe f*(V)}. By our assumption, f*(V) is Es—open in X and hence f is
55 —irresolute.
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