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ABSTRACT: For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean
function graph B(G, L(G), NINC) of G is a graph with vertex set V(G)UE(G) and two vertices in B(G, L(G), NINC)
are adjacent if and only if they correspond to two adjacent vertices of G, two adjacent edges of G or to a vertex and an
edge not incident to it in G. For brevity, this graph is denoted by B1(G). In this paper, edge domination number of
Boolean Function Graph B(G, L(G), NINC) of some standard graphs and its bounds are obtained.
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I. INTRODUCTION

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and E(G) denote its
vertex set and edge set respectively. The graph G is denoted by G = (V, E). A subset D < V is called a dominating set
of G if every vertex not in D is adjacent to some vertex in S. The domination number y(G) of G is the minimum
cardinality taken over all dominating sets of G. The open neighborhood N(v) of v in V is the set of vertices adjacent to
v and the set N[v] = N(v)w{v} is the closed neighborhood of v. An edge e of a graph is said to be incident with the
vertex v if v is an end vertex of e. In this case, we also say that v is incident with e.

A subset F < E is called an edge dominating set of G if every edge not in F is adjacent to some edge in F. The edge
domination number y'(G) of G is the minimum cardinality taken over all edge dominating sets of G. The maximum
order of a partition of E into edge dominating sets of G is called the edge domatic number of G and is denoted by d'(G).
The concept of edge domination was introduced by Mitchell and Hedetniemi [8]. Jayaram [6] studied line (edge)
dominating sets and obtained bounds for the line (edge) domination number and obtaind Nordhaus-Gaddum results for
the line domination number. Arumugam and Velammal [1] discussed edge domination number and edge domatic
number. The complementary edge domination in graphs was studied by Kulli and Soner [7]. Vaidya and Pandit [9]
determined edge domination number of middle graphs, total graphs and shadow graphs of Paths and Cycles. For graph
theoretic notations and terminology, Harary [2] is followed. Janakiraman et al., introduced the concept of Boolean
function graphs [3 - 5]. For areal x, | xJ denotes the greatest integer less than or equal to x.

Theorem 1.1. [6] For any (p, q) graph G, y'< p/2]

Theoreml.2. [6] For any (p, q) graph G, y'’< q - B; + qo, Where B; is the edge independence number and q, is the

number of isolated edges in G.

Theorem 1.3. [6]For any (p, q) graph G, y'< q— A’, where A’ denotes the maximum degree of an edge in G.

Observation [3]

1.4. G and L(G) are induced subgraphs of B4(G).

1.5. Number of vertices in B;(G) is p + q and if d; = degg(vi), vie V(G), then the number of edges in By(G) is
q(p-2)+ Y%Taci<p 0.
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1.6. The degree of a vertex of G in B1(G) is g and the degree of a vertex e’of L(G) in B4(G) is

deg )(e') + p — 2. Also if d*(e") is the degree of a vertex e’of L(G) in By(G), then 0 <d*(e) <p+q-3.
The lower bound is attained, if G = K, and the upper bound is attained, if G = Ky, forn > 2.

Theorem 1.7. [3] B1(G) is disconnected if and only if G is one of the following graphs.

nKy, Ky, 2K, and K,unKy, forn>1.

In this paper, edge domination number of Boolean Function Graph B(G, L(G), NINC) of some standard graphs
and its bounds are obtained.
I1. MAIN RESULTS

In the following edge domination number of B,(Py), B1(Cy), B1(Kp), B1(Ky,5) are found.

Theorem 2.1: For the Path P,on n (n> 3) vertices, y'(B1(Pn)) =n-—1
Proof: Letvy, V,, Vs, ..., v, be the verticesand ey, €3 ... €1, n be the edges in P,, where
€ii+1 = (Vi, Vi+1), i=1,2...,n-1. Then vy, Vo, ..y Vn, €12, €23 ..., €n1n€ Vv (Bl(Pn))
B1(P,) has 2n — 1 vertices and n(n—1) — 1 edges.

Letf; = (Vi, i+, i+2) € E(Bl(Pn)), wherei=1,2,....,n—-2and f,;= (Vn—lx elz).
Let D' ={f, f,, ..., ..} = E(B1(P,)). Since each edge in E(B(P,)) is either in D’ or is adjacent to an edge in D’, it
follows that the set D’ is an edge dominating set of B,(P,).
Therefore, v'(B1(Py)) < | D’ | =n— 1. Also D' is a minimum edge dominating set of B,(P,), since for any edge f,e D’,
the set D' {fi} does not dominate the edge fi. Any edge of the form (v;, ej) (j, k # i), where ej is not incident with v; ,
dominates (n-1) edges. But B;(P,) has n~n—1=n (n — 1) — 1 edges. To dominate all the edges of B;(P,), an edge
dominating set of By(P,) must contain at least (n — 1) edges. That is, any edge dominating set of B;(P,) has at least (n
— 1) edges. Therefore, y'(B1(Pn))> (n-1), Hence, vy'(By(P,)= n-1.

Theorem 2.2: For the cycle C,on n (n>4) vertices, y'(B1(C,)) =n-1.

Proof: Letvy, vy, Vs, ..., v, bethe vertices and ey, €, ..., en1, n D€ the edges in C,, where € .1 = (Vj,Vis),
i=1,2,...,n—1 Then vy, V,, ..., vy, €12, €23,..., €ran€ V(B1(Cy)). B1(Cy) has 2n vertices and n? edges. Let f; = (v,
eiri+2) EE(B1(Cp)) where i =1, 2, ..., n—-2, f,1 = (Vq1, €12).

Let D' = {f,, f), ..., 1} = E(B1(C,)). Since each edge in E(B+(C,)) is either in D’ (or) is adjacent to an edge in D', it
follows that set D’ is an edge dominating set of B;(C,).

Therefore, y'(B1(C,)) < |D’| =n— 1. Also D' is an minimum edge dominating set of B,(C,), since for any edge fie
D', the set D '— {f;} does not dominate the edge f;. Any edge of the form (vi, ej) (j, k # i), where ej is not incident with
v;, dominates (n-1) edges. But B; (C,) has n® edges. To dominate all the edges of B, (C,) an edge dominate set of
B1(C,) must contain at least (n—1) edges.

Therefore, y'(B1(C,)) > n—1and hence y'(By(C,)) = n— 1.

Theorem 2.3: For the complete graph K, onp (p > 4) vertices, v'(B1(Kp)) = (p(p — 1))/2.

Proof: Let vy, vy, Vs, ..., v, be the vertices and  e;, €3, ..., enq, n  be the edges in Ky, where €; j11 = (Vi, Vis1)

1= 1, 2, N n—1. Then Vi, Vo, ..., Vi, €12, €23 ..., €n1n€ V(Bl(Kp))

B1(Kp) has (p(p + 1))/2 and (p(p — 1)(2p — 3))/2 edges. Let f; = (v;, €41,i+2) € E(B1(Kp)), wherei=1,2, ..., n—2 and

fo1 = (Vi1 €12).

Let D' = {f}, o, ..., fna} < E (B1(K})). Since each edge in E(B.(Kp)) is either in D’ (or) is adjacent to an edge in D', it
follows that the set D’ is an edge dominating set of B;(Kp).

Therefore, y'(B1(Ky) < | D' | = (p (p-1))/2.

Also D' is an minimum edge dominating set of B4(Ky), since for any edge fie D’ the set D’- {f;} does not dominate
the edge fi. Any edge of the form (vi, ej) (j, k # 1), where ey is not incident with v;, dominates (p(p — 1))/2 edges.
But B,(K;) has (p(p-1) (2p-3))/2 edges. To dominate all the edges of B,(K) an edge dominate set of B;(K,) must
contain atleast (p(p — 1))/2 edges.
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Therefore, y'(B1(Kp)) > (p(p — 1))/2 and hence y'(B1(Ky)) = (p(p — 1))/2.

Theorem 2.4: For the star Ky, on  (n + 1) vertices, y'(By (Kyn) = (n+4)/3, where n > 2.

Proof: Let vy, Vo, Vs, ..., v, be the vertices with v, as the central vertex and ey, €3, ..., e;n  be the edges in Ky,
where €1, i+1 = (Vi, Vis1), i=2,3,...,nand. Then vy, Vo, ..., Vs, €12, €13 ..., €1n€E V(Bl(Kln)) Bl(Kl,n) has 2n + 1
vertices and 2n+1 and (n(3n — 1))/2 edges.

Let fi = (Vi, el,m) € E(Bl(Kl,n))o where i = 1, 2, o and fn-l = (Vn_]_, elz).

Let D' = {fy, Ty, ..., fi1} < E(B1(Kyy)). Since each edge in E(B1(Ky,)) is either in D’ (or) is adjacent to an edge in D’,
it follows that the set D’ is an edge dominating set of By (Ky,, ).

Therefore, y'(Bi(Kip)) < |D'| = (n+4)/3.

Also D' is a minimum edge dominating set of B,(K ), since for any edge fieD' the set D'— {f;} does not dominate
the edge fi. Any edge of the form (vi, ey) (j, k # 1), where ej is not incident with v;, dominates n + 4 edges. But
B1(Kyn) has (n(3n-1))/2 edges. To dominate all the edges of By(Ky,,) an edge dominating set of B;(Ky,) must contain
atleast (n + 4)/3 edges.

Therefore, y'(B1(Kyn)) > (n+4)/3 and hence v'(B; (Kyp)) = (n+4)/3.

A Wheel W, on n vertices is defined as W,, = C,.1 + Ky, where n > 4.
In the following, edge domination number of B,(W,) is found.
Theorem 2.5: For the Wheel W, on n (n >7) vertices, y'(B; (W,)) = n—1.
Proof: Let vy, vy, V3 ..., v, be the vertices with v; as the central vertex and ey, €y3, ..., €1n  be the edges in W,
where e i1 = (Vi, Visr), 1=2,3,...,n. Thenvy, vy, ..., vy, €1, €13, ..., e;ne V(By(Wp)).
B1(W,) has 2n — 1 vertices and ((n — 1) (3n — 4))/2.
Let fi = (Vi, elvi+1) € E(Bl(Wn)), where i = 1, 2, R 1§ and fn_]_ = (Vn—lv elz).
LetD'={f;,f, ..., fia} < E(B1 (W)
Since each edge in E (By(W,)) is either in D’ (or) is adjacent to an edge in D’, it follows that the set D’ is an edge
dominating set of B;(W, ). Therefore y'(ByW,))< |D'| = n—1.
Also D' is an minimum edge dominating set of B;(W,), since for any edge fie D' the set D' {f;} does not dominate the
edge f;. Any edge of the form (vj, ej) (J, k #1 ), where ej is not incident with v;, dominates n -1 edges. But By(W,)
has ((n — 1)(3n — 4)/2 edges.
To dominate all the edges of B;(P,), an edge dominating set of B;(W,) must contain atleast (n —1) edges.
Therefore, y'(By(W,) >n-1andhence y'(By(W,)) =n-1.

Theorem 2.6: If G = nK,, n>2, then y'(By(nKy)) =n.

Proof: Let D' be a minimum edge dominating set of nK,. Then |D’| = n. Since L(nK,) is totally disconnected, D' is
also an edge dominating set of B,(G). Also any edge dominating set of B;(G) having less than n edges of B,(G) is not
an edge dominating set of B1(G). Therefore, y'(B1(nK3)) =n.

Remark 2.1: Since G and L(G) are induced subgraphs of B1(G),y'(B1(G)) >y'(G) and y'(B1(G)) >y'(L(G)). But any edge
dominating set of G or L(G) is not an edge dominating set of B1(G), y'(B1(G)) >y'(G) and y'(B.(G)) >y'(L(G)).

In the following, upper bounds of y'(B1(G)) are obtained.
Theorem 2.7: For any graph G, y'(Bi(G)) <y'(G) + y'(L(G)), where L(G) is the line graph of G.
Proof: Let D be a dominating set of G and let D’ be a dominating set of L(G). Then the set DU D’ is an edge
dominating set of B;(G). Hence y'(B1(G)) < y'(G) + y' (L(G) ).
This bound is attained if G = P;, C; or C,.

Theorem 2.8.: For any graph G with p vertices, v (B1(G)) < p + ' (L(G))

Proof: Let D' be a dominating set of L(G). Then VV(G) u D’ is an edge dominating set of B;(G) and hence
Y(ByG)) < [V(G)u D'[=p +7y'(L(G))

Theorem 2.9: For any graph G with g edges, v'(B1(G)) < q+7'(G)
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Proof: Let D be a dominating set of G . Then V(L(G))u D is an edge dominating set of B1(G) and hence
Y(By(G) = |VILG)w D[=q+v(G).

Theorem 2.10: For any graph G, v'(B1(G)) >Y'(G), if P is a subgraph of G.

Proof: Assume Pj;is a subgraph of G. Then L(G) has atleast one edge. Let D’ be a minimum edge dominating set of
G. Since G is an induced subgraph of B4(G), D’ dominates edges of B1(G) corresponding to the edges in G. To
dominate the edges in E(L(G)) E(B1(G)), atleast one edge in B4(G) is to be included with D’.

Hence y'(B1(G)) >y'(G), if P3 is a subgraph of G.

Theorem 2.11: y'(By(G)) = 1 ifand only if G = K,

Proof: Let D’ be a dominating set of B;(G) such that | D’ | =1. Let D' = (X1, X5) € E(B1(G))

Case i Lete;=(Xq, X). Then e; € E(G) and if there exists an e, E(G) such that e, is adjacent to e; then the edge

(e1, €2) € E(B1(G)) is adjacent ey in B4(G).

Case ii: x, €V(G), x, €E(G).

Let x ,=(u, ,v,) where u, ,v, € V(B1(G)) and the edge

(X1, X2) € E(B1(G)) and the edge x, € E(G) is not incident with x; in G.

Thatisu, ,v, # X; in G. Then the edge (u, ,v,) € E(B4(G)) is not adjacent to both x; and X,

Case iii:xq, X, eE(G).

Let x; =(uy, V1), X2 =(Uz , Vo) where uy, vy U, Vo€ V(G).Then Xy, X, are adjacent edges in G. Let v; = u,. Then the edge

(uy, v1) € E(B4(G)) is not adjacent to the edge (X1, X») in B1(G).Therefore, G has exactly one edge G = K,
Conversely, if G = Ky, then y'(B4(G)) = 1.

Theorem 2.12: Let e; and e, be two edges in G. Then {ey, e,} is a edge dominating set of B(G) if and only if G = 2K,.
Proof: Let e; = (X3, Xo) and e, = (X3, X4) Where X, Xo X3, X4€ V(G).
Case i:D’ = {ey, e,} < E(B4(G)).
Then they are adjacent in B;(G). Let e; = (X1, X») and e, =(X,, X4).Then the edge (e1, €,) € E(B1(G)) is not adjacent to
both e; and e,
Case iize; and e, are nonadjacent edges in G.
Then they are nonadjacent in B1(G). Let e; = (X1, Xo) and e, =(X3, X4) then the edge (ey, e;) € E(B1(G)) and D'is a edge
dominating set of B;(G) if G = 2K..

Conversely, if G = 2K, then the vertices in B;(G) corresponding to two edges in 2K, forms a minimum edge
dominating set of B4(G).

Remark 2.2: Let vy, v,e V(G) and e;eE(G) (i =1, 2) be the edges in G not incident with v; and let ej; =(vy, €1),
e12 =(Vy, €,). Then {ey1, e1, }< E(B1(G)) is an edge dominating set of B,(G) if and only if G = P;.

Remark 2.3: For any connected graph G, let D’ be an edge dominating set of G and let v be a vertex in G not incident
with any of the edges in D'. Let D" be the set of edges in G corresponding to the saturated vertices of maximum
matching in L(G). If the edges of G not incident with v are elements of D", then D'UD"" is an edge dominating set of
B1(G) and hence y'(B1(G)) < v'(G) + B1'(L(G)), where B," is the independence number of L(G).

Theorem 2.13: Let G be a graph having Psas an induced subgraph and let H be the set of all edges joining vertices of
the subgraph G — P; of G and P3. Then v'(By(G)) <y'(<H>) + 3.

Proof: Let V(P3) = (Vl, Vs, Vg) and E(Pg) = {elz, ezg}, where €1 = (Vl, Vz), €3 = (Vz, V3).

Then (vy, V3), (V2, V3), (€12, €23)€E(B1(G)). Let D be a minimum edge dominating set of <H>. Therefore, |D| = y'(<H>)
Then the set D’ = {(vy, V), (V2, V3), (12, €23) }uD < E(B4(G)) is an edge dominating set of B;(G) and hence

Y'(By(G)) < D'| =3 +y'(<H>).
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Remark 2.3: (1) In general, if P, is an induced subgraph of G and if H be the set of edges joining vertices of the

subgraph G — P, of G to vertices of Py, then y'(B1(G)) < [E(Py)| + |[E(L(Pn-1))] + v'(<H>)
=n-1=n-2+y'(<H>)=2n-3 +y'(<H>)

(2)If C, (n = 3) is the smallest cycle in G and if H is the set of all edges joining vertices of the subgraph G — C,, of G to

vertices of C,, then Y'(By(G)) < 2n+7Y'(<H>).

Theorem 2.14: Let G be a unicyclic graph with p vertices. Then y'(By(G)) <p,p = 3.
Proof: Since G is unicyclic, the number of edges in G is p. Let vy, vy, ..., v, be the vertices of G and let degg(v;) = di.
Then there are t; = p — d; edges in G not incident with v;. For each v; in G, choose an edge g; not incident v;, such that e;
are distinct. Let D = {(v;, &):1=1, 2, ..., p}. Then D is an edge dominating set of B(G).
Hence y'(B1(G)) <|D|=p.

I11. CONCLUSION

In this paper, edge domination numbers of Boolean Function Graph B(G, L(G), NINC) of paths, cycles, complete
graphs, stars, wheels and union of K, are found and bounds are obtained.
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