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ABSTRACT: The radio number problem uses a graph-theoretical model to simulate optimal frequency assignments on
wireless networks. A radio labelling of a connected graph G is an injection f from the vertices of G to the natural
numbers such that d(u,w) + |f(w) — f(w)| = 1 + diam(G) for every pair of vertices u and w of G. The radio
number of fdenoted by rn(f), is the maximum number assigned to any vertex of G. The radio number of G, denoted
rn(G), is the minimum value of rn(f), taken over all labellingsf of G. In this paper we have determined the bounds for
the radio number of anEnhanced mesh. These results have implications in the optimization of radio frequency
assignment in wireless networks.
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I. INTRODUCTION

Radio labeling is a labeling problem which has been studied extensively in the past two decades with many
different approaches, including graph theory and combinatorics, simulated annealing, genetic algorithms, and neural
networks. The general problem that inspired radio labelling is what has been known as the channel assignment problem.
The goal here is to assign radio channels in such a way so as to avoid interference between radio transmitters that are
geometrically close. The use of graph theory to study the Channel Assignment Problem and related problems dates
back at least to 1970. The problem was first put into a graph theoretic context by Hale [5] in 1980. Since then, a
number of graph colourings have been inspired by the Channel Assignment Problem.

For a connected graph G of diameter d and an integer k with /< k <d; a k —radio colouring (sometimes called
a radio k—colouring) of G is an assignment f of colours (positive integers) to the vertices of G such that d(u, w) +
[f(w) — f(w)| = 1+ k for every two distinct vertices u and w of G. When k = d, the k —radio colouring becomes a
radio labelling problem which is used to assign the maximum number of channels by using minimum bandwidth. A
radio labelling of a connected graph G is an injection f from the vertices of G to the natural numbers such that
dlu,w) +|f(w) — f(w)| = 1 + diam(G) for every pair of vertices u and w of G. The radio number of fdenoted by
rn(f), is the maximum number assigned to any vertex of G. The radio number of G, denoted rn(G), is the minimum
value of rn(f), taken over all labellingsf of G. The radio numbers for different families of graphs and networks were
studied by several researchers. Finding the lower bound for the radio labelling is a very difficult task. Using the concept
of eccentricities, Bharati et.al. [2] in 2011, proved the lower bounds for the radio number of any simple connected
graph. S. K. Vaidya et.al. [9] obtained the radio number of total path of graphs.DevsiBantva[4] determined the radio
number for middle graph of paths. Der-Fen Liu [3] investigated the radio number for trees. Kins Yenoke [7] obtained
the upper and lower bounds for the radio number of extended mesh EX (n, n).

In this paper we have determined the upper and lower bounds for the radio number of the mesh derived architecture,
namely the enhanced mesh.

II. ENHANCED MESH AND ITS ECCENTRICITIES

In this section we have given the definition of Mesh and its derived architectures. Also, the different eccentricities
of enhanced mesh were calculated.

Mesh networks are highly interconnected network of computers or communication devices.Mesh networks are a
way of structuring peer nodes (vertices) in such a way that each node (vertex) act as a switch or a router deciding how
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to forward the information they receive. These networks use every node (vertex) to determine the path of the signal in
communication technology.

Definition 3.1: The m X n meshdenoted M (m,n) is defined as the Cartesian product B,, X B, of paths on m and n
vertices respectively. The number of vertices in M(m,n) is mnand the diameter ism + n — 2.

Definition 3.2: The architecture obtained by making each 4-cycle in M(m,n) into a complete graph is called an
extended mesh. 1t is denoted by EX(m, n).

Definition 3.3: We place a vertex in each bounded face of am X n mesh and join it to the vertices of the face, we
obtain a derived architecture called Ernhanced Mesh. 1t is denoted by EN (m,n).The number of vertices in the
enhanced mesh M(m,n) ismn + (m — 1)(n — 1)and the diameter is m + n — 2.

In this paper we name the vertices of EN (m,n) asv;; and u;;, where i = 1,2 ...m, j = 1,2 ..n. SeeFig.1.
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Fig.1: A general naming of vertices in EN(m, n)

Definition 3.4: Let G be a connected graph and let v be a vertex of G. The eccentricity e(v)of v is the farthest vertex
from v. Thus e(v) = max{d(u, v)vVu € V(G).

Definition 3.5: The diameter of G is the maximum eccentricity of the vertices of G. It is denoted by diam (G).
Definition 3.6: The radius of G is the minimum eccentricity of the vertices of G. It is denoted by rad (G).

Remark 1: The eccentricities eg, e, ... €,_; of EN(n,n) are given by diam (EN(n,n)) = e, = 2n—2,e; =2n —3,e, =
2n—4, e;=2n—-5 ...6[21_1 =n—1=rad(EN(n,n). Thatis ¢, =2n— (i +2),0<i < E] - 1.
2

The number of vertices having eccentricities e;is 8(i + 1) — 4,i = 0,1 ... EJ —1land e,_;=8(—1)+ H ,i=0,1.. E] See
Fig.2.
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Fig.2: The eccentricitiese;, 0 < i < 4, for different vertices in EN (5,5) and are highlighted in the figures (ai,), 1<i<h5.
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III. UPPER BOUND FOR ENHANCED MESH

In this section we determined the upper bound for the radio number of enhanced mesh EN (n, n).

Theorem 3.1:Let G be an enhanced mesh EN (n,n),n = 4. Then the radio number of G satisfies
LG <Mm-2)dn -9m+8)+2(n—-12+ (n+1).

Proof:First we partition the vertex set V(E N(n, n)) into 3 disjoint sets V;,V, andV;. Let V; = {vn, Vyg . v(n_l)n}Vz =

{u11,u1z--- Uypoqg, Upg "'u(n—l)(n—l)} and V; = {vm‘vnz ...v,m}.

Define a mapping f: EN(n,n) — N as follows:

foi)=Cn-2)-D+An?-9m+8)(-D+1,i=12..n,j=12..n—1,
fluj)=@n-2)n-D+@n*-m+8)(i-D+1+n+(2n-3)G-Vij=12..n—1,

flr;))=Bn—-2)+(G-1D@2n-2), i=12..n—1 and f(vy,) = 2.

Next we show f'is a valid radio labelling by verifying the radio labelling condition, d(u,w) + |f(u) — f(w)| =1 +

diam(G) = 1+ 2n — 2 = 2n — 1, holds for all pair of verticesu,w € V(EN(n,n)).

Case 1: If u,weV;thenu = vy, w=v,;,1 <s,k<n-—1land1<t,l<n. Therefore d(u,w) =1 and f(u) =
Cn-2)t-1D+@ln*-9In+8) -D+1L,fW)=Cn-2)0-1D+U@Un?>-9n+8)(k—1) + 1.
Since both u and ware distinct vertices, either s # k or t # [ or both.

11 12 Vi3 Vi4 V5 2 17 25 33
w“ . w o 38 a5 52 59
64
V21 7 8 8
¢ Y, v V24 Vas ¢ 6
02 - 2 N 101 08 115 122,
V32 V33 V34 V3s 127¢ 135 143 157 159
V31 3:
us) us2 Uu33 us. 164, 17 78 85,
V. ). V.
Var 42 V43 4 ” 190 ¢ 198 206 214 200
27 g2 U3 Uad, 227 234, 4 248,
13 2
Vs V52 V53 V54 Vss i 21 29 3

Fig. 3: The enhanced mesh EN(5,5)and a radio labelling which attains the upper bound.
Subcase 1.1: If s = tandt # [, then d(u,w) + |f(wW) —fW)| =1+ |2n—-2)(t -] =2n— 1.
Subcase 1.2: If s # tandt = [, then d(u,w) + |f(w) — f(W)| =1 + |4n? —9n + 8| > 2n — 1.
Subcase 1.3:If s = tandt # I thend(u,w) + |f(w) = fW)| =1+ |2n—-2)t -1 +4n> - 9n+8| > 2n— 1.
Case 2: Suppose v and ware vertices of V,where u andware distinct, then v = uy,w =ug 1 < I,s,t,<n—1.
Therefore d(u,w) = 1land f(v) = 2n—-2)(n— D+ @4n>-Im+8)(U -1+ m+ 1D+ 2n—-3)(k—1),
fWM=Cn-2)n—-1D+@n? -9n+8)Gs—-D+m+1D+2n-3)t-1).
Subcase 2.1: If s = tandt # [, then d(u,w) + [f(w) —fW)| =1+ |2n—-3)(k—t)|=2n—-1.
Subcase 2.2: If s # tandt = [, then d(u,w) + |f(w) — f(w)| =1+ |(4n? —9n+8)(l —s)| > 2n — 1.

Subcase 2.3:If s # tandt # | then d(u,w) + [f(w) —fW)| =1+ |2n—-3)(k—t) + (I —5)(4n? — 9n + 8)| >
2n—1.

Case 3: Suppose u and w are in Vs thenu = v, v =v,, 1 < Lk <n—1,then f(u) = Bn—-2)+2n—-2)(I - 1)
and f(w) = 3n —2) + 2n — 2)(k — 1).Therefored(u,w) + |f(w) — f(W)| = 1|2n - 2)(I — k)| > 2n — 1.
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Case 4: Suppose u € V;andw €V, ,thenv =uy,w=uy 1 <[st,<n—1Also f(u) = 2n—-2)(k—1) +
(An?—-9m+8)(—-1D+1landfw)=2n—-2)n—1D+@Un?—-9In+8) (-1 +n+1)2n—-3)(t—
1).Hence, d(u,w) + |[f(wW) — fW)| =21+ |2n—2)(k—n)+ (4n> —9n+8)(s—D+n+ 2n-3)(t—1)|.

Subcase 4.1: If s = landt # k, then d(u,w) + |[f(w) — fW)| =1+ |2n—2)(k—n) + (4n? —9In+8)(0) + n +
@2n-3)(t-1|=2n-1. .

Subcase 4.2: If s # landt = k, then d(u,w) + |[f(w) — fW)| =1+ |2n—-2)(k—n) + (4n* —9n+8)(s — ) +
n+@2n-3)(k—1)| =2n-1.

Subcase 4.3:If s # tandt =1 then d(u,w) + |f(w) —fW)| =1+ |2n-3)(t—-1)+ (I —5)(4n®> —9n + 8)| >
2n—1.

Case 5: Suppose u€Viandw eV, , then v=ugpw=ugl<lLst,<n—-1.fw)=0C2n-2)(k—-1)+
An?—-m+8)(I-1D+1, fW=0GBn-2)+C2n-2)(t-1) and d(u,w) =1 . Therefore d(u,w)+
fw)—fw)|=1+|2n—-2)(k—-t)+ (1 —1)(4n*—9n+8)—1| >2n— 1.

Subcase 5.1: If t # k, then d(u,w) + |[f(wW) —fW)| =1+ |2n—-2)(k—t) + (4n? —9n+8)(1—-1)—1| = 2n—
1.

Sub case 5.2: If t = k, thend(u,w) + |f(u) — fW)| =1+ |2n—2)(0) + (4n> —-9In+8)(1—-1)—1|=2n—1.

Case 6:Suppose u € V,andw € V; , then u = uy,w = v, 1 < I,s,t,<n—1. In this case d(u,w) =1, f(w) =
Cn-2)n—-1D+¢@ln? -9n+8)k-1D+m+1D+2n—-3)(—1) and f(w)=GBn-2)+2n—-2)(t—1).
Hence du,w)+|[f(w)—fwW)|=1+|Cn-2)n—-t)+*k —-1DAn>-9m+8)+(n+1)+2n-3)(1—-1) -
Bn-2)|>2n-1.

Sub case 6.1:If t =nand l #k #1 then d(uw)+|f(w)—fw)|=1+|2n—-2)0)+ (k—1)(4n?—-9n +
B +m+1)+2n=3)(1-1)—Bn-2)|>2n-1.

Sub case 6.2:Ift #nand =1, k=1, then duw)+|fw)—fW)|=1+[Cn—-2)(n—1t)+ (0)(4n? —9n +
8)+n+1)+@2n-3)(l-1)—-Bn-2)|=2n—-1.

Sub case 6.3:Ift #nand k # 1,1l =1, then d(u,w) +|f(w) —fWwW)|=1+|2n—-2)(n—1t) + (k — 1)(4n? -
M+8)+n+1)+@2n—-3)(0)—-Bn-2)|=2n-1.

Thus d(u,w) + [f(w) — f(w)| =2n — 1 for allu,w € V(EN(n, n)),n > 4. Since the vertex V(;_1)(n-1) receives the
maximum label, the radio number of the enhanced (EN (n,n)) satisfies, 7,,(G) < (n — 2)(4n? —9n + 8) +
2n—1D*+(n+1), n>4.

IV.LOWER BOUND FOR ENHANCED MESH

In [2], Bharati Rajan et.al. proved the following result which we are using to find the lower bound of enhanced
mesh EN(n,n).

Theorem 4.1: (As Theorem 2 in [2]): Let G be a simple connected graph of order n. Let ngy,n, ...n; be the number of

vertices having eccentricitiesey, e; ... ex, wherediam(G) = ey, > e; > -+ > e, = rad(G).Then

k
2(d —epny, ifn,>1

n—2(d—e,)+
i=1

1,(G) = : X .
n—(d—ek)—(d—ek_l)+22(d—ei)ni, ifn,=1

Theorem 4.2: Let ey, e; ...e,,_; be the eccentricities of the vertices of the enhanced mesh EN(n,n) withd = e, >

e, > >e, ; =pThenr, () =3 —n+ zEJO'l 2i(8i +4) + 2[5]021(81 -8)+[3]:

i=
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Proof: From Remark 1, we havee; =2n— (i + 2),0 < i < E] — 1 and the number of vertices having eccentricities e;’s are
8(i+1)—4,i=01.. Bj —1land e, ;=8(i—1) + [ﬂl =01.. [g]
Since n; = 1, we apply second part of Theorem 4.2, we get

k
R(6) Zn—(d=-e) - (d—er)+ ) 2d=e)n,

i=1

k
=n—(2n—2—(n—1))—(2n—2—n)+22(2n—2—(2n—(i+2))ni

i=1

i=1 i=1
Therefore, 7;,(G) = 3 — n + EEJO‘ 2i(8i + 4) + z[ilo 2i(8i — 8) + [3].

i
Combining Theorem 3.1 and Theorem 4.2, we have the following theorem.

Theorem 4.3: Let EN (n,n) be an enhanced mesh of order n X n. If n > 4, then

2

3—n+ zLO 2i(8i +4) + 2@021’(81' —-8)+ [%] <r (@) <(m-2)4n? —m+8) +2n—1%+n+1).

V. CONCLUSION

In this paper we have obtained the upper and lower bounds for the radio number of enhanced mesh. The radio
number problem for Silicate network, Oxide network, Rhombic honey comb etc., are under investigation.
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