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ABSTRACT: In this paper, the total degree of vertices in the Modular Product of two fuzzy graphs in terms of those in
G, and G, are determined for some particular cases and using them the totally regular property of Modular Product of
two fuzzy graphs is studied. In general, the Modular Product of two totally fuzzy graphs need not be a totally regular
fuzzy graph. The necessary and sufficient conditions for the Modular Product of two totally regular fuzzy graphs to be
totally regular under some restrictions are obtained.
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I. INTRODUCTION

A fuzzy subset of a set V is a mapping ¢ from V to [0,1]. A fuzzy graph G is a pair of functionsG:(c, W)
whereois a fuzzy subset of a non empty set V and p is a symmetric fuzzy relation on o,(i.e.)u(uv) <o (u) Ac (v). The
underlying crisp graph of G : (o, p) is denoted by G*:(V, E)where E €V xV. Fuzzy graph theory was introduced by
Azriel Rosenfeld in 1975. Though it is very young, it has been growing fast and has numerous applications in various
fields. During the same time Yeh and Bang have also introduced various concepts in connectedness in fuzzy graphs.
Mordeson. J. N and Peng. C. S introduced the concept of operations on fuzzy graphs.

The operations of union, join, Cartesian product and composition on two fuzzy graphs were defined by
Mordeson.J.N. and Peng.C.S[2]. Sunitha. M. S and Vijayakumar. A discussed about the complement of the operations
of union, join, Cartesian product and composition on two fuzzy graphs. The degree of a vertex in some fuzzy graphs
and the Regular property of fuzzy graphs which are obtained from two given fuzzy graphs using the operations Union,
Join, Cartesian product, Composition and Conjunction was discussed by Nagoorgani.A and Radha. K. The degree of a
vertex in alpha, beta, gamma product of two fuzzy graphs was discussed by Nagoorgani .A and Fathima kani.B. The
total degree of a vertex in some fuzzy graphs and the totally regular property of fuzzy graphs which are obtained from
two given fuzzy graphs using the operation union, join, Cartesian product, composition, disjunction, alpha, beta and
gamma product was discussed by Radha.K. and Vijaya.M. Different types of product of fuzzy graphs by Shovan Dogra
were studied. Regular property in Modular product of fuzzy graphs was discussed. In this paper we study about the total
degree of a vertex in Modular Product of two fuzzy graphs and the totally regular property of Modular Product of two
fuzzy graphs.

First we go through some preliminaries which can be found in [1]-[15].

Il. PRELIMINARIES

Throughout this paper we assume that p is reflexive and need not consider loops. Also, the underlying set
V is assumed to be finite and ¢ can be chosen in any manner so as to satisfy the definition of a fuzzy graph in
all the examples and all these properties are satisfied for all fuzzy graphs except null graphs.

Definition 2.1[3] : Let G*: (V,E) be a graph. The degree dg-(v) of a vertex v in G* is the number of edges incident
with v. If all the vertices of G* have the same degree r, then G* is called a regular graph of degree r. Here r is an integer.

Definition 2.2[6] : Let G:(o, 1) be a fuzzy graph. The degree of a vertex u in G is defined by
do(@) = ) uwv) = > u(y)

u#v uveE

Definition 2.3[6] : Let G:(o, p) be a fuzzy graph on G*. The total degree of a vertex u € V is defined by
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tdo() = ) u(wv) +o(w) = dg(@) + o(u)

u#v
If each vertex of G has the same total degree k, then G is said to be a totally regular fuzzy graph of total degree k or a k-
totally regular fuzzy graph.

Definition 2.4 [6]: If the underlying graph G* is regular, then G is said to be a partially regular fuzzy graph . If G is
both regular and partially regular , then G is said to be a full regular fuzzy graph.

Lemma 2.5[6]: Let G:(c, n) be a fuzzy graph on G*: (V, E).Then o is a constant function if and only if the following
are equivalent :

(1) Giisaregular fuzzy graph.

(2) G isatotally regular fuzzy graph.

Definition 2.7[2]: The Cartesian product of two fuzzy graphs G, and G, is defined as a fuzzy graph
G= Gy X Gy:(0; X 0y, 1y X w)on G*:(V,E) wherevV=V, x V,and
E= {(( ul,Vl)(uZ ,Vz))/ U; = Vg, Uyv, S E2 or u, = vp,uqvy € El}With
(0, X 03) (uq,vy) = o5 (u) Aoy(vy), forall (u;,v;) € V; X V, and
o1 () Az (viv2), ifuy = uy,vivy € Ey
X u;,u Vi,V = .
Gy Hz)(( 1)V 2)) {02 v Ay (uuyp), ifvy = vy,ugu, € Eg

Definition 2.8 [ 21]: Let G;: (04, ;) and G,: (05, 1) be two fuzzy graphs with underlying vertex sets

V; and V, and edge sets E; and E, respectively.. Then tensor product of G, and G, is a pair of

functions (o; ® 0,1, ® p,) with underlying vertex set V; ® V, = { (u;,vy):uy € V3, v, € V,} and underlying
edge set

E; ®E, ={((uy,vy)(uyz,vy)):ugu, € Eq,vqv, € E, orugu, € Eq,vyv, € E, } with

(0; ® 6;) = 0,(uy )Ao,(vy), where u, € V;,v; €V,

(M1 ® 1z)((ug,uz)(ve,v2)) = py(ug,ve) App(ug,vy),ifugvy € Eqyupv; € E,

Definition 2.9[21]: Let G;: (o, 1y) and G,:(o,,u,) be two fuzzy graphs with underlying vertex sets
V; and V, and edge sets E; and E, respectively. Then normal product of s G; and G, is defined as a fuzzy graph
Gy o Gy =((01 ©0,), (1 °py))on G :(V,E) where V=V, V,and

E={((uy,v1)(uz,v2)):uy = Uy, viv, € E; (0r) v = vy, uiu; € Ey (or)uyu, € Eq,viv, € By}

witho; co, = 0,(u;) Aoy (vy) V (uy,vy) EVy X, V,

o1 (u) App (upvy) if u; =uy,vqv, EE,
_ Ay (ugvy), ifv, = v,,uyu, € E;
(g o P—z)(((umuz ), (V1,3 )) =402 (u;) 1A .
HCug,vy) App(ug,vy), ifuju, € Eq,viv, € B

Definition 2.10[11]: The a — product of two fuzzy graphs G; and G, is defined as a fuzzy graph

Gy Xo Gy = ((07 X¢03), (Mg XqHz)) 0N G*: (V,E) where V =V, X, V, and

E={((uy,v1)(uz,v2)): uy =uy,vyv, € E; (or) vy = vy, uqu, € Ey (or)ugu, € Eq,vqv, € Ex(or) ugu, € Eq,viv, € Ey }
with oy X, 0, = 0;(uy) Aoy (vi) V(ug,vy) €V XV,

o1 (ug) Apg (vyva) if w =uyviv, €E;
oy (vi) Apg(uguy), ifv; = vyuyu,; €E;
X us,u, ), (v, v = .
(. e HZ)((( 1), (Vi v )) 0, (Uz) Aoy (Vo) Apy (ugvy), if wyu, € E;,vyv, € E,
o; (uy) Aoy (vi) Apy (upvy), if uju, € Eq,vyv, €E,

Definition 2.11[11]: The B — product of two fuzzy graphs G; and G, is defined as a fuzzy graph
Gy Xp Gy = ((cs1 Xp62), (1, Xp Hz)) on G*: (V,E) where V = V;X V, and
E={((uy,v1)(uz,v2)): ugu, € Eq,vyv, € Er(0r)ugu, € Eq,vqv, € E; (or)uyu, € Ef,vqv, € Ey}

with (61 Xg 02)(u1,u2) = 01(u) Aoy (vi) V(u,vi) €V XV,
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By (ugvy) Ap, (ugvy), if u;u; € Ey,vivy; €Ey
(1, Xp ) (((ug,uz)(vy,vp)) =4 02 (W) Aoy (V) Ap (wvy),  if wuy € Ey,vyv, € By
o1 (u) Aoy (vi) Ap, (upvy),  if ugup € Eq,vqvp € E;

Definition 2.12[11]: The y — product of two fuzzy graphs G; and G, is defined as a fuzzy graph G; X, G, =
((01 Xy 05), (1 Xy Mz)) on G*: (V,E) where V =V, x,, V, and
E={((uy,v1)(uz,vz)): uy =uyvyv, € E; (or) vy =vy,uyu; € Ey (or)

uu, € E;,vqv, € E;(or) uyu, € E;,vyv, € E; (or) uguy € Eq,vyvy € Ej}

with (O8] Xy 0, = 0'1(111) A (] (Vl) v (ul,Vl) € Vl XY Vz

(01 (u) App (upvy), if ug =up,vivy EE;
o; (uz) Apyg(ugvy), ifvy = vp,uju; € Eq
(W Xy ) ((Cug,uz ), (v, v2)) = { iy (uyvy) A g, (upvy), if uju; € Eq,vivp €E;

o, (up) Aoy (V) Ay (ugvy), ifuquy € Eq,vivy € Ep
o1 () Aoy (vi) Ay (upvy), if ugup € Eq,vqvy €Ep

Notations :
The relation p; < p, means that y,(e) < p,(e),ve € E;andV e € E, where y, is a fuzzy subset of E; and y, is a
fuzzy subset of E,.

Lemma 2.13 [6]:
) If G; : (o, 1y ) and G, : (o, , ) are two fuzzy graphs such that o, < p,, then o, = b, .
(2) The relation o; = o, means that o, (u) = o,(v), for every u € V; and for every v € V,, where o; is a

fuzzy subset of V;, i=1, 2.

Note : Throughout this paper G; : (o;, 14 ) and G, : (o5, ;) denote two fuzzy graphs with underlying crisps
G;*:(Vy, Eq) and G, *:(Va, Ez) with [V = p;, i = 1.2. Also dg,~(u;) denotes the degree of u; in G;.

Definition 2.14[21] : Let G;: (04, 1y) and G,: (o5, 1, ) denote two fuzzy graphs with underlying vertex sets
V; and V, and edge sets E; and E, respectively. Then modular product of G; and G, is a pair of functions
(0, ® 0y, 1y ® py) with underlying vertex set
Vi ®©V, ={(uy,vy):uy €Vy,v; € V,} and underlying edge set
E; @E;, ={((uy,u;)(uy,vy):uyu, € E;,vyv, €E, oruyu, € E;,vyv, € E; } with
(01 ® 0,) = 0,(uy )Ao,(vy), whereu, € V;,v; €V,
(h1 © uz)((ug,uz)(ve,v2)) = py(uy,ve) App(ug,vy),ifugvy € Eqyupv; € E,
= 01(uy)Ao1(uz)Aoz(vi) Ao, (v2), ifusu, € Eq,viv, € E,

Definition 2.15[21] :Let Gj;: (o1, 1y) and Gy: (o, ;) denote two fuzzy graphs with underlying vertex sets
V; and V, and edge sets E; and E, respectively. Then degree of a vertex (u;,v;) in their modular fuzzy graph
product is
dg, @6, (U, uz) = Z g (ug ve ) Ay (uy ,vp)
u1v1€E;,uvy€E,
+ Z 01(ug)Ao (uz)Aoy (VAR (vy) — ——— — — - (3.1
uquy€Eq ,vivyo€E,

= Z Wy (ugvy ) ifpg < g

uyvy€E,

= dg, (uy ), if both fuzzy graphs are complete
dcl@Gz(umuz) = Z Hp (ug ,vp),if pp <y

upvo€E,
= dg, (v1),if both fuzzy graphs are complete
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1. TOTAL DEGREE OF AVERTEX IN MODULAR PRODUCT OF TWO FUZZY GRAPHS

Let Gq:(oy,1y) and Gy: (o, p,) denote two fuzzy graphs with underlying vertex sets
V; and V, and edge sets E; and E, respectively. Then total degree of a vertex (u;,v; ) in their modular fuzzy graph
product is

tdg, @ 6, (U1, uz) = Z (U vy ) App (up,vy)
uyV1€E;,uzv,€E,
Y 0 (u)AG (1)AGEDAGY,) + 01 (1) AG(v) — = = == (3.1)

ujuz&Eq ,v1V€E;

= Z ty (uy vy ) Ay (uy,vy) +0q(uy) Aoy(vy),if both fuzzy graphs are complete.

uyv1€E 1, upvy€E,
=dg, (uy) +o0y(uy) =tdg, (uy), Wy Sy -

In the following theorems, we find the total degree of vertices in G; ® G, in terms of those in G,and G, in
some particular cases.

Theorem 3.1: Let Gy :(0o;, ;) andG, : (o,,u, ) be two fuzzy graphs. If p; <p, and o; < oy, then
tdcl@c.2 (ug,up) = tdcl(u1) +[p—1- dG§ (v)]or(uyg).

Proof :
Since yy; <y, and oy < o,.
From (3.1), tdg, @ g, (U1, uz) =dg, (uy) + dc_;(V1)01( u;) +o,(u)
= tdg, (uy) + dc_;(Vl)Gl( ug) [+ dc._;(Vl) =p; —1—dg;(vy)]
=tdg, (uy) + [p2 — 1 —dgz(v)]oy(uy ) —— — —— (3.2)

Corollary 3.2: Let G; : (0o, ;) andG, : (o,,u,) be two fuzzy graphs. If p; <p, and o, < oy, then
tdg, @ 6, (U1, uz) = dg, (uy ) + [p2 — dgz (vi)]oy (uy) = ———— (3.3)

Proof : Proof follows from theorem 3.1.

Theorem 3.3: Let G; :(oy, 1) andG, : (o,,u, ) be two fuzzy graphs. If p, <p, and o, <oy, then
tdg, @ 6, (U1, uz) = tdg, (vi) + [py — 1 — dgz (uy)]oz(vy).
Proof :
Since p, <y and o, < 05 .
From (3.1), th1 ® Gy (uy,up) = dG2 (vi) + d(;_;(lh)cz( vi) +0,(vy)
= d02 (vi)H)[p1—1- dG*l(u1]02(V1) +0,(vy)
=tdg, (v{) +[p1—1- de(u1]0'2(V1) -———— (34

Corollary 3.4: Let G; :(o;, ;) andG, : (o,,u,) be two fuzzy graphs. If p, <y, and o, < o,, then
tdcl@Gz(uuuz) = dG2 (vi)+[ps — dG}(ul)]Gz(Vﬂ -—=——(35)

Proof : Proof follows from theorem 3.3.

Example 3.3: Consider the fuzzy graphs G; : (o, , u; ) and G, : (o, , ;) in Fig 3.1.
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Gy G2
v,(0.6)

u,(0.3) 0.2 u,(0.4)
0.2 0.2

v,1(0.5) v3(0.5)

u,v,(0.4)

Here p; <y, and 0, < 0,. tdg, @ Gz(ul Vi) = tdg, (u) +[p2 — dG’g(Vl)](ﬁ( u )
=05+[2-1]03=054+03=0.8

IV.TOTALLY REGULAR PROPERTY IN THE MODULAR PRODUCT OF TWO FUZZY GRAPHS

In general, there does not exist any relationship between the totally regular property of G; and
G, and the totally regular property of G; ® G,. In this section, we obtain Characterizations for
G; ® G, to be totally regular in some particular cases.

Gy G
u, (0.4) 0.1 w,(03) 01 uy(0.4) v, (0.5) 0.2 v, (0.5)
- —o— -@ @ @
u,v,(0.4) u,v,(0.3) uzv,(0.4)

Fig. 4.1
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Here G, is 0.5 — totally regular and G,is 0.7 — totally regular. But G; ® G, is not a regular fuzzy graph.

Gy G
v,(0.3)
u,(0.3) 0.2 u,(0.3)
0.2 0.2
[ L J
v,(0.4) 0.2 v4(0.4)
u,;v,(0.3) u,v,(0.3) u,v3(0.3)
G; © G :
0.2 u,v3(0.3)
u,v,(0.3) u,v,(0.3) Fig. 4.2

If G; ® G, is atotally regular fuzzy graph , then G; or G, need not be a totally regular .
Infig. 4.2. G; ® G, is atotally regular fuzzy graph, but G, is not a totally regular fuzzy graph.

Theorem 4.1 : Let G;: (o4, 1y) and G,: (o5, 1) be two fuzzy graphs such that o, is a constant function with p; <y, ,
o0, < o, and let G5 is a regular graph , then G; ® G, is a totally regular fuzzy graph if and only if G, is a totally
regular fuzzy graph.

Proof :
Let 6;(u;) = c;forall u € V;,where c; is a constant,i = 1,2.
Let G3 be r, —regular graph.
Assume that G; @ G, is a regular fuzzy graph.
Then for any two vertices (u;,u,),(vy,v,)inG; ©® Gy,
td01 ® Gy (uy,vq) = th1 ® Gy (uz,v3)
From (3.2) tdg, (uy) + [p, — 1 — dg;(vi)]o1(uy) = tdg, (uz) + [p2 — 1 —dgs(v2)]o1(uy)
tdg, () +[p—1-r]e; = tdg, (up) + [pz — 1 - rp]cy
= tdg, (uy) = tdg, (up) — ——— (4.1)
Thus G, is a totally regular fuzzy graph.
Conversely, Let G, be a k, — totally regular fuzzy graph and G; be a r, — regular graph
Then for any vertex (uy,u;)of G; ® G, , from (1),
th1®G2(u1’u2) =ky+[p;—1— 1]
=[ky —c ]+ [p2 — r2]c
Hence G, ® G is a totally regular fuzzy graph.

Theorem 4.2 : Let G;: (04, 1) and G,: (o4, 1) be two fuzzy graphs such that o, is a constant function with p; < p, ,

o; < 0, and let G5 is a regular graph , then G; ® G, is a totally regular fuzzy graph if and only if G; is a regular
fuzzy graph.
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Proof : The proof of the theorem is similar to that of theorem 4.1.

Theorem 4.3 : Let G;: (04, 1y) and G,: (o5, u,) be two fuzzy graphs such that o, is a constant function with p, <y, ,
0, < o, and let G} is a regular graph , then G; ® G, is a totally regular fuzzy graph if and only if G, is a totally
regular fuzzy graph.

Proof :

Let 0;(u;) = ¢;forall u € V;, where ¢; is a constant,i = 1,2.
Let Gj be r; —regular graph.
Assume that G; © G, is a totally regular fuzzy graph.
Then for any two vertices (u;,u, ), (vy,v,)iIn G, @ Gy,

tde, ® 6,(U1,v1) = tdg, @ 6, (U2, V2)

From (3.4), tdg, (v1) + [p1 — 1 — dg:(wy)]ox(vy) = tdg, (v2) + [Py — 1 — dgz (uz)]02(v7)
tdcz W) +[pr—1- e, = tdcz )+ [p1—1- nlc,
= tdg, (v1) = tdg, (v;) — ——— (4.2)

Thus G, is a totally regular fuzzy graph.
Conversely, Let G, be a k, — totally regular fuzzy graph and G; be a r; — regular graph
Then for any vertex (u;,u,) of G; ® G, , from (1),

thl@Gz(ul:uz) =k, +[p1 —1— 1rq]c,

= [k, —c; ]+ [p1 — n1]c,
Hence G; ® G, is a totally regular fuzzy graph.

Theorem 4.4 : Let G;: (04, 11y) and G,: (o5, p,) be two fuzzy graphs such that o, is a constant function with p, <y, ,
0, < o, and let G is a regular graph , then G; ® G, is a totally regular fuzzy graph if and only if G, is a regular
fuzzy graph.

Proof :
The proof of the theorem is similar to that of theorem 4.3.

V.CONCLUSION

In this paper, we have found the total degree of vertices in modular product of two fuzzy graphs in some particular
cases and we have shown that the modular product of two totally regular fuzzy graphs need not be a totally regular
fuzzy graph. We have obtained necessary and sufficient condition for the modular product of two fuzzy graphs to be
totally regular under some restrictions. The formulae obtained for total degree and the properties of totally regular
fuzzy graph will be helpful in studying various properties of operations of two fuzzy graphs.
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