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I INTRODUCTION
Compactness is one of the most useful and fundamental notions of not only general topology but also for other

advanced branches of Mathematics. Lellis Thivagar et.al [5] recently introduce the class of O -closed sets which form a
topology and properly lies between the class of & -closed sets and that of @ -closed sets. The aim of this paper is to

investigate some characterizations of Q -compact Spaces in terms of nets and filterbase. By introducing the notion of
Q -complete accumulation points, we investigate some characterizations of € -compact Spaces. This paper is to
introduce concepts such as I-lower (resp.upper) € -continuous and Q -multifunctions by which Q -compactness is
studied. Also some characterizations of Q -multifunctions is obtained.

II PRELIMINARIES
Throughout this paper (X,t) (or briefly X ) represent a topological space with no separation axioms assumed unless

otherwise explicitly stated. For a subset A of (X,t), we denote the closure of A , the interior of A and the complement
of A as cl(A),inA) and A°respectively. Some of the following notations which are used in this paper. The family of

all open (resp.d-open,Q-open, O -closed) sets onX are denoted by O(X)(resp.50(X),Q0(X) QC(X)). Also

OX,x)={UeX:xeUecOX)}; s0(X,x)={UecX:xecUecdOX)}; QOX,x)={UeX:xcUecQOX)};

Let us sketch some existing definitions, which are useful in the sequel as follows.

Definition 2.1 [I2] A subsetA ofXis called &-closed in a topological space (X,t)if A=35cl(A),
where 5cl(A) = {x e X:int(cl(U) "A = B, UeO(X,x)}. The complement of 8 -closed set in (X,t) is calledd -open set
in(X,t). From [3] Lemma 3, 5cl(A)={FedC(X):AcF} and from Corollary 4, cl(A) is ad -closed for a subset A in
a topological space (X,7) .

Definition 2.2 A subset A of a topological space (X,7) is called

1) semiopen set in (X,1) [7] if A ccl@int(A)).

2) O -closed set [5] if 8cl(A) = U whenever A U and U is semi open in (X, 1) .

The complement of € -closed (resp. semi open) is said to be Q -open (resp. semi closed).

Definition 2.3 By a multivalued function [2], F on a set X into a set Y, denoted by F: X —>Y , we mean a relation
from X into Y . Thatis FcXxY . Let F: X —>Y be a multifunction. The upper and lower inverse of a subset V of Y
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are denoted by F'(V) and F (V) respectively. They are defined as F'(V)={xeX:F(x)cV} and
F(V)={xeX:Fx)NV=2}.

Definition 2.4 A multifunction F: X —Y is said to be

Iupper continuous (or upper semi-continuous) [2](resp.lower continuous (or lower semi continuous)) if F"(V)

(resp.F (V) )isopenin X forevery openset V in Y.
2) lower (resp.upper) o -continuous at a point x € X [8] if for each open set V in Y containing F(x), there exists a
o -open set in X containing x such that F(x)nV =d (resp. FU)c V) .

3)lower (resp.upper) pre-continuous at a point x € X [9] if for each open set V in Y containing F(x),there exists a
pre open set in X containing x such that F(x) "V =& (resp. FU)c V).
4)lower (resp.upper) B -continuous at a point x € X [10][11] if for each open set V in Y containing F(x), there exists
a p-open setin X containing x such that F(x)n V=3 (resp. FU)c V) .

Definition 2.5 [6] A space (X,1) is called T -space if every o -closed setin X is Q -closed in X .
Theorem 2.6[6] (Theorem 3.14) A space (X,7) is o Tg -space if and only if every closed set is Q -closed in (X,7).

11 Q) -COMPACT SPACES VIA FILTERS
Definition 3.1 Let A be a directed set. A net L={x,:aeA} Q-accumulate at a point x € X if the net is frequently in
every Ue QO(X,x). That is, for each U e O0(X,x) and for each o e A, there exists ol o such that x, €U.
Definition 3.2 A filter base B={B,:0.e]} Q converge to a point x € X if for each UeQO(X,x), there exists an B
in B such that Bc U.

Definition 3.3 A point x e X is said to be Q -adherent point of a filter base B on a space X if x e Qcl(B) for every
BeB .

Definition 3.4 A point x € X is said to be Q -complete accumulation point of a subset S of a space X if ISAUI=SI
for each U eQO(X,x). Where 1S| denotes the cardinality of S.

Example 3.5 Let X={a,b,c},t={J,{a,b},X}. Then QO(X) = {D,{a},{bl.{a,b},X}. If S={b}, then the points b and ¢
are O -complete accumulation points whereas a is not.

Definition 3.6 A family {U,:U, ef)O(X),oc el} (wherelis an indexed set) is said to be Q -open cover of a
subset A of X if Ac U JUa . If there exists a finite setJ,of ] such that Ac U ; U, ,then it is known that < -open
oe. oe.
o
cover of a subset A has a finite sub cover.
Definition 3.7 A space X is a Q -compact if every Q -open cover of X has a finite sub cover.

Characterization of Q -compact spaces.

Theorem 3.8 A space X is said to be a Q -compact if and only if each infinite subset of X has a Q -complete
accumulation point.

Proof. Necessity- Suppose that X is Q -compact and S is any infinite subset of X . If F is the set of all points x € X

which are not Q -complete accumulation points of S. Then, for each point x e F, there exists U, € QO(X,x) such that

ISAU, I4SI. If F=X, then the collection U={U, :x X} is a Q -open cover of X . By hypothesis, there exists finite
. . i=n i=n
number of points  X;,Xp,X3,...X, 1n X such that Xc U 1U"‘ . Then, Sc U | (U,. nS). Therefore,
1= 1 1= 1
ISl=maxi {IU, mnSti=1.2,.n.} acontradiction tolSNU, S| for any x € F. Therefore, there exists x € X\F which is
1

Q -complete accumulation points of S .
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Sufficiency- Assume that every infinite subset of X has an ) -complete accumulation point in X and Suppose that X
is not Q-compact. Then there exists a Q-open cover U of X which has no finite sub cover. If we define,
S=mn{|®L®c U, where ® isan Q -open cover of X },then we have a Q -open cover I' of X such that T < U
and §=ITI.

By hypothesis, 811N |,where N is the set of all natural numbers. By well ordering of T', by some minimal well
ordering say : suppose that U is any member of I' . By minimal well ordering : , I{G:Gel',G: U}I{G:GeT}l.

Since I' can not have any sub cover with cardinality less than &, we have for each Uel',X = U{G :Gel,G: U}.Itis
always possible that for each Uel', choose x(U)eX\U{Gux(G):GeF,G: U}, if not,one can choose a cover of

smaller cardinality from T . If H={x(U):Uel}, then it is enough to show that H has no Q -complete accumulation
pointin X .Let zeX. Sincel is a cover of X, there exist W eI such that ze W . Since U: W,x(U)e W . It follows
that T={U:Uel' andx(U)eW}c{G:Gel',G: W}.ButlTIl< 3. Therefore, HNWI<&. ButlHI|=580INI,since for any
two distinct members U,V in T,x(U)=x(W) .This means that H has no Q -complete accumulation point in X, a
contradiction to our assumption.Therefore, X is Q -compact.

Theorem 3.9 A space X is Q -compact if and only if every net in X with a well ordered directed set as it’s domain
Q -accumulates to some point of X .

Proof. Necessity- Suppose that X is Q-compact and A ={x,:c €A} is a net with well ordered directed set A as

domain. Assume that A never O -accumulates at any point of X . By the definition of a net Q) -accumulation,for each
xeX, there exists U, eQO(X,x) and a, € A such that U, n{x,:alla,}=@. Therefore, {x,:ol o, }<X\U, .Now

the collection C={U, :x e X} is a Q -open cover of X . By hypothesis, there exists a finite set of points x;,x5,Xo,... X,
i=n
in X suchthat X=| | 1U"‘ . Since A is a well ordered set,every finite set has the largest element. Therefore, denote
i= i
the largest element of the subset {a, :i=1.2,.,n} of A as a,,lI0jOn. Then for yJa, , we have
i j i
i—n

i 1U"' =@ which is not possible. Therefore, A has at least one Q -accumulation
1

i=

(s [ ) (X\Ug ) =X\
= 1

pointin X .

Sufficiency- Suppose that S is any infinite subset X . By Zorn’s Lemma, S is a well ordered subset of X . Then we

can assume that S to be a net with a domain which is well ordered index set. By hypothesis, it has an O -accumulation

point say z in X . Therefore, z is an Q -complete accumulation point of S.By Theorem 3.9, X is Q -compact.

Theorem 3.10 A space X is Q-compact if and only if for every collection of Q -closed sets in X with the finite

intersection property has a non empty intersection.

Proof. Necessity- Suppose that Y ={F:FeQC(X)} be a collection which satisfies finite intersection property and

suppose that ~{F:FeY}=@. By De-Morgan’s Law, X =U{X\F:X\FeQO(X)} .By hypothesis, there exists a finite
i=n

number of Q-closed sets K,B,F,.,F, such that X= LJ{X\F1 :X\E €QO(X)}. Again by De-Morgan’s Law,

i=l1

1=n

nF‘ =, a contradiction.

i=1

Sufficiency- If a space X is not compact then there exists a Q -open cover I' of X which has no finite sub cover.It
i=n i=n

follows that for any n, X = U{Gi :G; e Y} and hence &= ﬂ{X\Gi :X\Gj e QC(X)}. Therefore, there exists a family

i=1 i=l
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B={X\G:GeQOX)} of Q-closed sets in X with finite intersection property. By hypothesis, n{(X\G):GeB}=J
and hence X = U{G:G e QO(X)}, a contradiction.

Theorem 3.11 A space X is Q -compact if and only if each filter base in X has at least one <) -adherent point in X .
Proof. Necessity- Suppose that X is Q -compact and ® ={F, :a ]} is a filter base in it. Since in a filter ® , every
finite intersection of sets of ® belongs to ® and the empty set is not in ® ,® has finite intersection property and
hence {f)cl(Fa) :aeJ} has finite intersection property. By Theorem 3.10, Wcl(Fa) # @ . Therefore, ® has at least one

ael
Q -adherent point in X .
Sufficiency- Suppose that @ is any family of Q -closed sets and each finite intersection is non-empty. The sets F,

with their finite intersection provide a filter base B. By hypothesis, B has at least one Q -adherent point x in X .
Then, x e ﬂczcl(Fa) = ﬂFa . Therefore, ﬂFa # @ and by Theorem 3.10, X is Q -compact.

ael ael ael
Theorem 3.12 A space X is Q -compact if and only if each filter base ® on X with at most one Q -adherent point in
X is O -convergent.
Proof. Necessity- Suppose that X is Q-compact and x € X is any point and ® is any filter base on X . The Q-

adherence of @ is a subset of {x}. By Theorem 3.11, Q -adherence of ® is equal to {x} and hence ﬂf)cl(F) ={x}.
Fed

Assume the contrary that, there exists Ue QO(X,x) such that for all Fe®,FAX\U)=J. Then X={F\U:Fe®} is a
filter base on X. By Theorem 3.11, Q-adherence of X is non-empty. However,

r]flcl(F\U) c ﬂiol(mm(X\U) ={x}n(X\U)=0, a contradiction. Therefore, assumption is wrong and hence for
FeX FeX

each UeQO(X,x), there exist Fe ® with Fc V. Therefore, @ is Q -convergent to a point x .
Sufficiency- It is enough to show that each filter base in X has at least one € -accumulation point. Suppose that there

exist a filter base ® on X with no Q -adherent point. By hypothesis, ® € -converges to a point x € X.Let F, be an

arbitrary element of ® . Then, for each Ue QO(X,x), Fed such that FcU. Since @ is a filter base, there exists a

v such that @#F, cF, "F cF, nU. Therefore, E, "nU=@ for any UeQO(X,x) and hence x € Qcl(F,,) for each

o and hence x e r]ﬁcl(Fa). Therefore, x is a Q -adherent point of @ , a contradiction. Therefore, our assumption is

a
wrong and hence X is Q -compact.

Definition 3.13 A mapping f:(X,t) >P is said to be 1-lower (resp.1-upper) Q -continuous at the point x € X if for
each real number r>0, there exists a Q -open set Ue QO(X,x), f(u)>f(x)—r (resp. f(u) >f(x)+r )for every ueU.
The function f is 1-lower (resp.1-upper) Q -continuous in X if f is 1-lower (resp.1-upper) Q -continuous at every
point of X.

Theorem 3.14 A function f:(X,t) > P is 1-lower Q -continuous in X if and only if for each reP , {x e X:f(x)r} is
Q -closed.

Proof. The collection c={(r,©):reP}UP is atopology on P . Then, function f:(X,7) >P is 1-lower Q -continuous
in X if and only if f:(X,t) > (P,o) is Q -continuous. Then, inverse image of every closed set in (P,oc) is Q —closed in
X . Since for each reP,(—oo,r] is closed in (P,o), f’l((—oo,r]) ={xeX:f(x)Ur} is Q -closed in X .

Corollary 3.15 A subset A of a space X is compact if and only if the characteristic function vy, is 1-lower Q -

continuous map.
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Theorem 3.16 A function f:(X,t) —>P is 1-upper Q -continuous in X if and only if for each reP , {x e X:f(x) 1}
is Q -closed.

Proof. 1t is similar to that of Theorem 3.15.

Corollary 3.17 A subset A of a space X is compact if and only if the characteristic function v, is 1-upper Q-
continuous map.

Theorem 3.18 If F(x)=sup{fj(x)} exists where each f; : (X,1)—>P is a 1-lower Q -continuous, then F(x) is 1-

lower Q -continuous.
Proof. Suppose that reP be arbitrary and suppose that F(x)<r. Then for each ielJ, f;(x)<r. Then

{x e X:Fx)r} = ﬂej{x e X:f;(x)r}. Since each f; is a 1-lower Q-continuous, reP ,{xeX:f;(x)r} is Q -closed.

By [5] Theorem 4.16, ﬂ{x e X:fi(x)r} is O -closed. Thus, F(x) is 1-lower Q -continuous.
ieJ

Theorem 3.19 If a function f:(X,1)—>P is 1-lower Q -continuous in a ) -compact space X, then f assumes the

value p = inf f(x).
xeX

Proof. Suppose that f:(X,t)—P is 1-upper Q-continuous in a Q -compact space X and suppose 7 > p.By the
infimum property, A, ={x e X:f(x)'r} is a non-empty O -closed set in X . Then the collection {A,:r>p} is a family
of non-empty Q -closed sets in X with finite intersection property. By Theorem 3.11, there exist x € X such that
X e ﬂ{Ar} . Therefore, p=1f(x) and hence the result.

r>p

Theorem 3.20 If G(x)=inf J{fi(x)} exists where each f;:(X,t1)—>P is a 1-upper Q -continuous, then G(x) is 1-
1€.

upper Q -continuous.

Proof. Similar to that of Theorem 3.18.

Theorem 3.21 If a function f:(X,t)—>P is 1-upper Q -continuous in a Q -compact space X, then f assumes the

value q = supf(x).
xeX

Proof. Similar to that of 3.19.
Remark 3.22 If a function f on a space X satisfy the conditions of Theorems 3.18 and 3.20, then f is bounded and
attains its bounds.

IV Q-MULTIFUNCTIONS
Definition 4.1 A multifunction F : X —Y is said to be upper Q -continuous at x € X if for each open subset V
of Y with F(x) CV, there exists a ¢} -open set U in X containing X such that F(U) V.
Definition 4.2 A multifunction F:X —Y is said to be lower Q -continuous at x € X if for each open subset V. of Y
with F(x)NV =@, there exists a Q -open set U in X containing X such that Fu)nV =D for each ueU.
Example 4.3 Let X=Y={abcd}, 1={J,{b,c},{a,b,c},{b,c,d},X}and o={D,{b,c},Y}. Define the multifunction
F:X—>Y by F(a)={a,d},F(b)={b,c}, F(c)={c,d} and Fd)=d. Then F is upper Q -continuous and lower Q -
continuous mappings.
Theorem 4.4 In a topological space (X,t),every upper (resp.lower) C -continuous is upper (resp.lower) pre-
continuous upper (resp.lower) f -continuous.

Proof. Tt follows from the fact [5] every Q -open set is pre-open as well as B -open.
Remark 4.5 From the following example,the converse of Theorem 4.4 is not always true.
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Example 4.6 Let X=Y={abcd}, t={@,{a}.{b}.{a,b}.{abc}{abd},X} and o={D{abc}.Y}. Define the
multifunction F: X —Y byF(a)={a,c}, F(b)={b,c}, F(c)={a,b} and F(d)={a,d}. Then F is upper pre-continuous and
upper P -continuous but not a F is upper C -continuous.

Remark 4.7 From Examples 4.3 and 4.6 it is known that the notion of upper Q -continuous and upper a. -continuous,

upper Q -continuous and upper continuity are independent.
Theorem 4.8 In a topological space (X,t), every upper (resp.lower) super continuous function is upper (resp.lower)

Q -continuous.
Proof. It follows from the fact [5] every & -open set is Q -open set and [1], Theorem 1 and Theorem 2.

The following theorem states some characterizations of upper O -continuous mappings.
Theorem 4.9 The following statements are equivalent for a multifunction F: X —Y .

i)F is upper Q -continuous.
i) F*(V) e QO(X) for any openset V of Y.
iii) F~(C) e QC(X) for any closed set C of Y .
iv) For any subset B of Y ,Qcl(F '(B)) c F ! (cl(B)).
Proof. (i)= (i) Suppose that V is any open set in Y and x e F*(V). Then F(x)c V. By hypothesis, there exists a a
Q -open set U in X containing x such that F(U)c V. Then, F"(V)=U{U: U e Q0O(X,x),F(U)c V] . By [5] Theorem
4.16, F*(V) is O -openin X .

(ii) = (iii) Since F* (Y \B) = X\ F (B) for any subset B of Y and since complement of Q -open set is Q -closed, (ii) holds.
(ii)) = (iv) Suppose that B is any subset of Y .Since cI(B) is a closed setin Y and by hypothesis, F (B) is Q -closed
set in X . Also Bccl(B) and so F (B)cF (cI(B)) .By [5] Remark 5.2, Qcl(F~(B)) is the smallest O -closed set
containing F (B) . Therefore, Qcl(F(B)) c F (cI(B)) .

(iv)= (iii) Suppose that C is any closed subset of Y . By hypothesis, Qcl(F(C)) c F (cl(C)) =F (C). Therefore,
F(C) is O -closed subset of X .

(ii)) = (ii) Suppose that V is any open subset of Y . Then Y\V is a closed subset of Y . By hypothesis, F (Y\V) is
Q -closed subset of X . Thatis, X\F"(V) is Q -closed subset of X and hence F'(V) is Q -open subset of X .

(ii) = (i) Suppose that x e X and V be any open subset of Y such that F(x) =V . Then, x e F*(V) and by hypothesis,
F'(V) is Q -open subset of X . Therefore, there exists UeQO(X,x) such that xe U< F'(V). Thus, FU)c V.

Characterizations of lower Q -continuous mappings.
Theorem 4.10 The following statements are equivalent for a multifunction F: X —>Y .

1) F islower Q -continuous.

2QD)F (V) e QO(X) for any open set V of Y.

3) F'(C) e QC(X) for any closed set C of Y .
4)For any subset B of Y , Qcl(F"(B)) = F*(cl(B)) .
5)For any subset A of X , F(Qcl(A)) < cl(F(A)).

proof. It is similar to that of Theorem 4.3.
Theorem 4.11 The following statements are equivalent for a multifunction F: X —>Y .

) F is lower Q -continuous.
i)If U is any open subset of Y and x € F (U), then there exists V e QO(X,x) such that V< F (U).

iii) If D is any closed subset of Y and x ¢ F*(D), then there exists Q -closed set Cin X such that xgC F'(D)cC.
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Proof. (i) = (i) Suppose that U is any open subset of Y and x e F (U). By Theorem 4.10 (ii), F (U) is a Q -open
subset of X . By letting V=F (U), Ve QO(X,x) such that VcF (U).

(ii) = (iii) Suppose that D is any closed subset of Y and x ¢ F'(D). Then, x e X\F"(D) =F (Y\D). Therefore, Y\D
is open in Y and xeF (Y\D). By hypothesis, there exists Ve QO(X,x) such that VcF (Y\D). Then,
F'(D)=X\F (Y\D)c X\V. By letting C=X\V, it is shown that there exists Q -closed set C in X such that x ¢ C
and FF(D)cC.

(iii) = (i) Suppose that D is any closed subset of Y and x ¢ F*(D) . By hypothesis, there exists Q -closed set C in X
such that xC and F'(D)cC. Then, QcIF"(D)cQcl(C)=C and so x ¢ Qcl(F (D)) . Thus, Qcl(F* (D)) =F" (D) and
hence F'(D) is Q -closed subset of x .By Theorem 4.10 (ii), F is lower Q -continuous.

Definition 4.12The graph Gg:X —>Y of a multifunction F: X —>Y is given by Gp(x) ={x}xF(x) for each point x eX.
Lemma 4.13 [?] The following statements are true for any multifunction F: X — Y for any subsets A of X and B of Y
DG_.(AxB)=ANF'(B) 2)G,_(AxB)=ANF (B).

Theorem 4.14 Let F:X — Y is a multifunction such that F(x) is compact for each point x € X. Then F is upper Q -
continuous if and only if Gg:X —XxY is upper Q -continuous.

Proof. Necessity- Suppose that F:X —Y is a upper Q-continuous and xeX, W is any open subset of XxY
containing Gg(x) . Then for each yeF(x), there exists open subsets U, in X and V, in Y respectively such that

(x,y)eUyxVy, cW. The collection {Vy 1y e F(x)} is an open cover of F(x). Since F(x) is compact, there exists a finite

number of points yj,y,,..y, in F(x) such that F(X)QUTTV},_ .Put UzﬂfTUY‘ and V= ?TV},A . Then U and V
1= 1 = 1 i

i=
are open subsets of X and Y respectively such that (x,y)e UxV < W .Since F is upper Q -continuous, there exists
GeQO(X,x) such that FG)cV. By Lemma 4.6, UUuGcUNF (V)= GF+ (UxV)c GFJr (W) . Therefore,
UNG eQO(X,x) and G(UNG)c W and hence Gy is upper Q -continuous.

Sufficiency- Suppose that Gg: X —XxY is upper Q -continuous, x X and V is any open subset of Y containing
F(x). Since XxV is an open set in XxY and Gg(x) c X%V, there exists U eQO(X,x) such that Gp(U)cXxV. By
Lemma 4.6, Uc GF+ (XxV)=F"(V) and F(U)c V. Thus, F is upper Q -continuous.

Theorem 4.15 A multifunction F:X —Y is lower Q -continuous if and only if Gg:X —>XxY is lower O -continuous.

Proof. Necessity- Suppose that F: X —Y is a lower Q -continuous and x X, W is any open subset of XxY such
that x eGF_ (W).Then W n({x}xF(x)) =& .Therefore,there exists yeF(x) such that (x,y)eW and hence

x,y)cUxVcW for some open subsets U and V of X and Y respectively.Since F(x)NV =&, there exists

G e QO(X,x) such that G F (V). Then ,UNGEUNF (V)=G_(UxV)cG_(W).

Thus, UnG e QO(X,x) and hence Gp is lower Q -continuous.
Sufficiency- Assume Gp:X—>XxY 1is lower Q -continuous, xe X ,V s any open subset of Y such that

xeF (V) .NowXxV isopenin XxY,and Gr(x) N(XxV)=({x}xFx)NXxV={x}xFX)NV)=J .
.Since F is lower Q -continuous,there exists Ue QO(X,x) such that U gGF_ (XxV). By Lemma 4.6, UcF (V) and

hence F is lower Q -continuous.
Definition 4.16 A subset A of a topological space X is said to be
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1) o - para compact [13], if every cover of A by open sets of X is refined by a cover of A which consists of open sets
of X and is locally finite in X .

2) o -regular [4] if for each ae A and each open set U of X containing @, there exists an open set G of X such that
aeGcocl(G)cU.

Lemma 4.17 [4], If A is o -para compact and o -regular in a topological space X and U is an open neighbourhood
of A, then there exists an open set G of X such that AcGccl(G)cU.

Definition 4.18 Let F: X — Y is a multifunction. (QelP): X > Y is defined as (QclF)(x) = Qcl(F(x)) foreach xeX.
Lemma 4.19 If a multifunction F:X — Y is such that F(x) is o -para compact and o -regular at each xeX and Y
is ,Tg, , then QIR (V) =F*(V) for every open setV in Y .

Proof. Let V be any open set in Y and x e (QclP* (V) .Then (QclF)(x)c V and hence F(x)c Qcl(F(x)) <V . Thus,
x e F(V) . Therefore, (QcIF)* (V) = F(V) . On the other hand, if x e F*(V) then F(x)<V .By lemma 4.10, there exists

an open set G of Y such that Fx)cGccl(G)cV. Since in a space Ts, every closed set is Q closed

é 5
set, Qcl(F(x)) = Qcl(G) c cl(G) = V . Thus, x e (QclP* (V) . Therefore, (QclBH™ (V) =F(V)
Theorem 4.20 Suppose that F: X —>Y is a multifunction such that F(x) is o -para compact and o -regular at each

xeX and Y is Ty . If F is upper Q -continuous if and only if (QclF): X — Y is upper Q -continuous.

Proof. Necessity- Suppose that F is upper Q -continuous and x € X,V is any open subset of Y containing Qcl(F(x)) .
Then x e (QclP*(V). By Lemma 4.13, x e(QclF)* (V) =F"(V) and hence F(x)cV . Since F is upper Q -continuous,
there exists UeQO(X,x) such that F(U)c V. Then there exists an open set W in Y such that Flu)c W ccl(W)cV
and hence Qcl(F(u)) < Qcl(W)  cl(W) <V for each u e U. Therefore, (QclF)(U)c V for each ue Uand hence (QclP) is

upper Q -continuous.
Sufficiency- Suppose that (QclF) is upper Q -continuous x € X,V is any open subset of Y containing F(x). Then

x eF* (V). By Lemma 4.13, x (QcIP™ (V) and hence Qcl(F(x)) = (QclF)(x) = V . Since (QclF) is upper Q -continuous,
there exists U e QO(X,x) such that Qcl(F(U)) = (QclF)(U) c V. Therefore, U< (QclBH* (V) =F(V) and hence FU)c V.

Thus, F is upper Q -continuous.
Lemma 4.21 If a multifunction F:X —Y is such that F(x) is o -para compact and o -regular at each x € X, then

(chF)_(V) =F (V) foreveryopenset V in Y .

Proof. suppose that V is any open subset of Y and x e (QclF)~(V).Then (QcIP(x) "V =& . Then Qcl(F(x))NV = .
Since V is a open set in Y, Fx)nV=Z and so xeF (V). Then, (QclBH (V) F (V). On the other hand, if
xeF (V), then Fx)nV=@ and hence Qcl(F(x))nV=@. That is (QclF(x)~V =@ . Thus, F (V)< (QclF) (V).
Therefore, F~ (V) = (QclF)~ (V) .

Theorem 4.22 A multifunction F:X —Y is lower Q -continuous if and only if (QclF): X —Y is lower Q -continuous.
Proof. Similar to that of previous Theorem.

Theorem 4.23 Let O be a both open and preclosed subset of X . If F:X—Y is upper (resp.lower) < -continuous,
then Fl\:A—Y is upper (resp.lower) Q -continuous.

Proof. Suppose that F is upper Q-continuous, xe A and V is any open subset of Y such that (Fl\)(x)cV.
Therefore, for each x € A,F(x)=(Fl,)(x)c V. Since F is upper Q -continuous, there exists U, ef)O(X,x) such that
F(U))c V. By [5] Theorem 6.10, U; nA is Q-open in (A,tly) containing x.If U=U;nA then U is Q-open in
(A,tly) containing x such that (Fl,)(U)=FU)c V. Thus, Fl, is upper Q -continuous.
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Theorem 4.24 Let {A, :he A} be a cover of X by sets both & -open and preclosed in X . If the multifunction FIAl is

upper Q -continuous for each Le A, then F:X —Y is upper Q -continuous.

Proof. Suppose that Fl A, is upper Q -continuous for each LeA, xeX and V is any open subset of Y such that
F(x)c V .Then x € A; for some LeA. Then, F(x)=Fl A, (x) < V. By hypothesis, there exists a O -open set U in the
subspace (A,tl,) containing X such that FI A, (U)c V. By [5] Theorem 6.9, U e 00X, x) and F(U)=FI A, U)cVv.

Thus, F is upper Q -continuous.
Characterization of Q -compactness.

Theorem 4.25 A space X is Q -compact space if and only if every lower Q -continuous multifunction from X into the
closed sets of a space assumes a minimal value with respect to set inclusion relation.

Proof. Necessity- Suppose that X is a Q -compact space and F is a lower Q -continuous multifunction from X into
the closed sets of space Y . Let the poset of all closed subsets of space Y with the set inclusion < be labeled by v . It

is enough to show that F:X —y is lower Q -continuous function. That is, to show that for every closed set D in
X,F({{ScY:Sey,ScD)) is Q -closed in X .Put C= F ({ScY:Sevy,ScD}) and take x € X such that x ¢ C. Claim
that x ¢ Qcl(C) . Since x¢C, F(x)N{ScY:Sey,ScD}= and so F(x)=S for any closed set S of Y. Moreover,
Y\D is a open subset of Y such that xeF (Y\D). By theorem 4.11 (ii), there exists W eQO(X,x) such that

W c F (Y\D).Therefore, Akw)nY\D=& for each weW. Thereforefor each weW, Fw\D=Jd.
Hence, F(w)\S= & for any closed subset S of Y such that Sc D. Therefore, WNC= . It is shown that there exists

W e QO(X,x) such that WNC=¢ . By [5] Theorem 5.11, x ¢ Qcl(C) . Therefore, C=Qcl(C) and so C is Q -closed set
in X . It is known that F assumes a minimal value.

Sufficiency- Suppose that X is not a Q -compact space. By Theorem 3.9, for a well ordered set A, {x; eX:ieA} isa
net with no Q -accumulation point. We give A the order topology. Let M; = Qcl({x; :ilj}) for every jeA . Define a
multifunction F:X — A by F(x)={ieA:iljj,}, where j is the first element of all those j's for which x ¢ M;. Since A
has the order topology, F(x) is closed. By the fact that {j, :x € X} has no greatest element in A, F does not assume
any minimal value with respect to set inclusion.Next claim that for every open set U in A,F (U)eQO(X).If U=A,
then F(U)=X which is O -open in X . Suppose that Uc A and zeF (U).Then F(z)ynU=&. Choose jeF(z)nU.
That is, jeU and jeF(z)={ieA:iJj}.Therefore, MJHMJ-x . Since z gMic,z&M;. There exists W e QO(X) such that
Wn{xj:ieA}=. Then, WnM; = ,and hence w¢M; and since j,, is the first element for which w ¢ M;, then
jwlij. Therefore, jefieA:ilj,}=Fw). Since jeU and jeF(w) ,Fw)nU=@ .Then,weF (U) and hence
ze W F (U). It is shown that there exists W e QO(X) such that ze W c F (U) . Therefore, F (U) is Q -open set in

X and hence the multifunction F is lower Q -continuous,a contradiction to hypothesis. Thus, X is € -compact.

Theorem 4.26 A space X is Q -compact space if and only if every upper € -continuous multifunction from X into the
subsets of a T| space Y attains a maximal value with respect to set inclusion relation.

Proof. Tt is similar to that of Theorem 4.25.

The next theorem concerns the existence of a fixed point for multifunction on ) -compact.

Theorem 4.27 Let F:X —Y be a multifunction from a Q -compact space X into itself and FS) be Q -closed set in
X for being a O -closed set S in X . If F(x)=Q for every pointxe X , then there exists a non-empty Q -closed
subset C of X such that F(C)=C.
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Proof. Suppose that A ={Sc X:S=@,SeQC(X),F(S)cS}.Since XeA,A is non-empty and also a partially ordered set

by set inclusion.Suppose that {S,} is a chain in A then FS,)cS, for each vy. Since domain space is Q -compact,

S= ﬂ S, #@. By [5] Theorem 4.16, arbitrary intersection of Q -closed set is € -closed and so SeQC(X) . It follows
Y

that F(S) FS,)cS, for each  and hence Se A and S= inf{S,}. By Zorn’s Lemma, A has a minimal element C.
Therefore, C e QC(X) and F(C)cC . Since C is the minimal element of A ,F(C)=C.
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