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I. INTRODUCTION

In 1970, Covitz Nadler’s (see [6]) gave the following results “Multi-valued contraction mappings generalized metric
spaces” using this result. H. E. Kunze et, al (see [3]) introduce an iterative method involving projections that guarantees
convergence, from any starting point x, € X to a point x € X7, the set of all fixed points of a multifunction operator T.
The results [3] were generalized by Dubey [16]. Especially, Nadler’s. Jr. [7] gave a generalization of Banach’s
contraction principle to the case of set-valued maps in metric spaces. Recently, Huang and Zhang [1] introduced the
concept of cone metric space by replacing the set of real numbers by an ordered Banach space and obtain some fixed
point theorems for mappings satisfying different contractive conditions. Subsequently, the results [1] were generalized
and studied the existence of common fixed points of a pair of self mappings satisfying a contractive type condition in
the frame work of normal cone metric spaces, see for instance [2], [4], [5],[9] and [11]. The authors [10, 14] introduced
the concept of multi-valued contractions in cone metric spaces and using the notion of normal cones, obtained fixed
point theorems for such mappings. As we know, most of known cones are normal with normal constant K = 1.
Further, the author [12] and [13] proved two results, fixed points and common fixed points of multifunction on cone
metric spaces. These results also generalized by Dubey and Narayan [17].In this paper, we prove common fixed point
theorems for pair of multi-valued maps in cone metric spaces with normal constant K=1, which generalize and extend
the results of [1], [8] and [15].

II. PRELIMINARY NOTES

We recall some definitions of cone metric spaces and some properties of theirs [1] and [8].
Definition 2.1[1]: Let E be a real Banach space and P be a subset of E. P is called a cone if and only if:

@D P is closed, non — empty and P # {0};

In ax + by € P forall x, y € P and non — negative real number a, b,

(11 xePand-xeP =>x=0<=>P n (—P) = {0}.

Given a Cone P ¢ E, we define a partial ordering < on E with respect to P by x < y if and only if y — x € P. We
shall write x < y if y —x € int P, int P denotes the interior of P.
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The cone P is called normal if there is a number K > 0 such that for all x, y € E, 0 < x <y implies Il x || < || yIl. The
least positive number K satisfying the above is called the normal constant of P [1]. It is clear that K > 1.

In following we always suppose E is a Banach space. P is a cone in E with intP # ¢and < is partial ordering with
respect to P.

Definition 2.2[1]: Let X be a non — empty set. Suppose the mapping d: X X X — E satisfies

1)) 0<d(x,y)forall x,y e Xandd (x,) =0 if and only if x =3,

In d(x,y)=d(y,x) forall x, y € X;

(I1I) dx,y)< d(x,z)+d(z,y) for allx, y € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space. It is obvious that cone metric spaces
generalize metric space.

Example 2.3: Let E=R* P = {(x, ) €E: %, >0}, X=Rand d: X X X — E defined by d (x, y) = (1 x -y |, 0 | x, y |
), where o > 0 is a constant. Then (X, d) is a cone metric space.

Example 2.4: Let E= ', P = {{xn}n >1€E:x, =0,forall n} (X,d) a metric space and d: X X X — E, defined
by d(x,y) = {%} n = 1. Then (X, d) is a cone metric space and the normal constant of P is k = 1.

Definition 2.5 [1]: Let (X, d) be a cone metric space, x € X and {x,},>1a sequence in X. Then,

1)) {x,}.>1 converges to x whenever for every c € E with 0 <« ¢, there is a natural number N such that
d (x,, x) <c for all n > N. We denote this by lim ,_,,, x, = x or x,— x, (n — o).
In {x,}.>11s said to be a Cauchy sequence if for every ¢ € E with 0 < c, there is a Natural number
N such thatd (x,, x,) < cforalln,m > N.
(1I0) (X,d) is called a complete cone metric space if every Cauchy sequence in X is convergent.

Most familiar cones are normal with normal constant K = 1. but, for each k > 1 there are cones with normal constant
k > k. Also, there are non-normal cones [11].

Lemma 2.6 [1] Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} be a sequence
in X. Then
(I {x;n} Convergence tox if and only if d(x,,x ) = 0 (n - 0).

(I {xz,} is a Cauchy sequence if and only if d(x,,,X2m ) = 0(n,m - ).

Lemma 2.7[1], Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} and{y,} be two
sequences a in X;

(D) If {x,,} Convergence tox and {y,} converges to y, then x = y. that is the limit of {x,,} is unique, obviously
limit of {y, } is also unique.

an Ifx, »x, y, = y(n - o). Then d(x,,y,) = d(x,y)(n,m - ).

Definition 2.8[1], Let (X, d) be a cone metric space, P be a normal cone with normal constant K and T: X — X then
1)) T is said to be continuous if lim ,_,,, x,, = x implies that lim ,_,,, Tx,, = Tx for all {x,} in X;
Copyright to IJIRSET www.ijirset.com 6676


http://www.ijirset.com/

- -

(

[JIRS

[y

1 ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 2, Issue 11, November 2013

In T is said to be sub sequentialy convergent, if for every sequence {y,} that {Ty,} is convergent, implies {y,}
has a convergent subsequence.

(Q10)) T is said to be sequentially convergent if for every sequence {y,}, if {Ty,} is convergent, then {y,} is
also convergent.

Definition 2.9 [8] Let (X, d) be a cone metric space and B € X. Then,

1)) A point b in B is called an interior point of B whenever there exist a point 0 < p, such that N(b,p) € B,
where N(b,p) = {y € X : d(y,b) < p}.
an A sub set A € X is called open if each element of A is interior point of A.

The family B = {N(x,e) : x € X, 0 « e}is a sub-basis for a topology on X . We denote this cone topology by 7, is
called Hausdroff and first countable.

Lemma 2.10 [8], Let (X, d) be a cone metric space, P be a normal cone with normal constant K= 1, and A a compact
setin (X, 7.). Then, for every x € Xthere exist a, € A such that
ld(x, ag) |l = infaealld (x, @)l

Lemma 2.11 [8], Let (X, d) be a cone metric space, P be a normal cone with normal constant K= 1, and A, B be two
compact set in (X, 7). Then,

d'supd'yep <
Where d'(x, A) = inf,c4ld(x, a)].

Definition 2.12 [8], Let (X,d) be a cone metric space with normal K = 1, H(X) of all compact subset of (X, 7.)
and A € H.(X). By using Lemma 2.6, we can define
hy: H.(X) - [0, ]and dg: H.(X) - [0,] By
hy(B) = supyes d'(x,B) and dy (A, B) = max {h, (B), hg(A)}, Respectively.

Remark 2.13 [8]. Let (X,d) be a cone metric space with normal K = 1, define p: X X X — [0, 0] by p(x,y)
=[|d(x,y)||. Then implies that for each A, B € H.(X) andx,y € X, we have the following relations

) d'(x, A) < |ld(x, )1+ d' (v, 4),

(ii) d'(x,A) <d'(x,B) + hg(4),

(iii) d'(x,A) < |ldCx, Y+ d'(y, B) + hg(A).

1I1. MAIN RESULTS.

In this section, we shall prove common fixed point theorem for pair of contractive type multi-valued. The following
theorem is extends and improve the theorem 3.1, 3.2 from [8] and theorem 3.1 from [15].
Theorem 3.1: Let (X, d) be a complete cone metric space with normal constant K = 1. Assume that, T is injective map
and let Ry R,: X — X be a pair of multi-valued maps satisfying the relation

dy(TRyx,TR,y) < ad'(Tx,TR,;x) +Bd'(Ty,TR,y) +yd'(Tx,Ty), for all x,y € Xand a,B,y = 0 where
a+ f +y < 1. Then R; and R, have a common fixed point.
Proof: Let x, € X be a given k = 1. By Lemma 2.10, choose x, € R;x, and x, € R,x; such that
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d’'(xo, R1xg) = [|d(xg, x|l and d'(xo, Ryx1) = [|d(xq, x|
If %5541 and x5, have been given, Then choose X, 45 € R1 X541 and X543 € X554, such that
d'(x2k 41, RiXors1)=1d ok 41, X2k 42) || and d'(ppe42, RoXops2 ) =||d(x2k+2,x2k+3)”
Now Consider (T 2k 41, Txzps2)ll = d’(Tx2k+1,TR1x2k+1)
< hTRy Xz, (TRy X2k 41)
<dp(TRyX2k, TRy X2k 41)
< ad' (T TR1xzi) + Bd' (TX k41, TR2Xz1041)
+)/d'(Tx2k,Tx2k+1)
< alld(Txzk, Txaks D + BIA(Txzps1, Txop42)
+y ||d(Tx2k,Tx2k+1)||
1- ﬁ)||d(Tx2k+1,Tx2k+2)” < (a+vy) ||d(Tx2k,Tx2k+1)||

Or (T x5k041,TX242) || < (Tj;) | (T x0T 1) ||
Hence ||d(Tx2k+1‘Tx2k+2)|| <h ||d(Tx2k‘Tx2k+1)|| foralln > 1,where h<l sincea + f +y < 1.
Also Nd(T Xk 42 TXok43) Il < d'(Txgp42 TR2X242)
<hTRix3541,(TR2X2542)

<dy (TR X241, TR2X2k42)
< ad’(Tx2k+1,TR1x2k+1) + Bd' (TXzp42, TR X412)

+yd' (Txgp1,TXok42)
< alld(Txap41, TXop2) | + BIA(T X2k 12, TXop43) |l

+|vd (xps1, o242 ||
(1 = P)||d(Txar2,Txons3)|| < (@ +¥) ||d(Topr1, Txorr2) ||

Or (T x5k42,TXok45) || < (Tf;) | (T x40, Txpe42) |
Hence | d(Txaks2,T%or13)|| < R ||d(Txars1, T2k 42)|| for all k > 1, where h <I.

Since a +f +y < 1.
This implies that

ld(Tx2ms1 Txoms2)|| < ||A(Tx2m, TX2me1)||s for all m > 1.
Then, for k = m, we have
”d(Tka,Tme) || < Zizi(Zm+1”d(Txi' Tox;_qll
SR e P || A (T X0, T X)) |
2m
<2 [|d(Tx x|

This implies that iMoo ||d(T X0, T22m)|| = 0. By [1, Lemma 4] {Tx,;} is a Cauchy sequence in X.Since X is
a complete cone metric space, Then there exists y* € Xsuch that Tx,, — x*,i.e.limy_ o Txy, = y™.
Since T is subsequently convergent {x,,}, has a convergent subsequence{x,,,} such thatlim,,_q X,m;, = x*. As T is
continuous, 0 lim,, s TX2,, = Tx™. by the uniqueness of the limit y* = Tx™. now by using Remark 2.13, we have
d'(Tx*, TR x*) <d'(Tx*, TR X3j41) + hTR X551 (TR, x¥)
<d'(Tx", TRyXzp+1) + Ay (TRyXzp41, TR1X™)
<1d(Tx", Txap42) | + @d'(Txzp11, TR X2k 41)
+Bd' (Tx*, TRx*) +yd' (Txp 41, TX¥)
<ITx", Txgpszll + @ 1 d(T X241, TX2k42) |l
+Bd' (Tx", TRyx") + ¥ ld(Txzk41, TX ).
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Hence d'(Tx*, TRyx) < 75 ITx", Tl + 155 (T gicar, Tozies)
+ 25 AT, T
for all n >1.Therefore, d'(Tx*, TR;x) = 0. By Lemma 2.10, Tx* € TR;x* as T is an injective, sox™ € R;x*.Thus x* is
the fixed point of R,.If y* is another fixed point of R;, then from the injective of T, we get R;x* = R,y ".or which is the
same, the fixed point is unique, if T is sequentially convergent, then limy_,, Ry X5541 = x*.This shows that(R;X5541)
converges to the fixed point of R; . Now we have proved that x* is the fixed point of R,.
On the other hand, we have
d'(Tx*, TR,x*) <d'(Tx*, TRyX2142) + AT R3X5p 42 (TR,x™)
<d'(Tx", TRyXp42) + dy (TRyX3542, TRx™)
<N d(Tx", Txzp43) |l + ad (Txz 42, TR2Xz5042)
+Bd' (Tx*, TR,x™) +yd' (%3442, Tx*) for alln > 1.
Hence
(1=p) d'(Tx", TRyx") <|ld(Tx", Txzp43) |l + @ [|d(Txzp 42, TX2p13)
+¥lld Oz, T
d'(Tx", TRx") < 2 ITx", Txgpeasll + 15 1 (T Xopes2, Topers)

+$I|d(x2k+2,Tx*)|| foralln > 1.

Therefore d'(Tx*,TR,x*) = 0. By Lemma 2.10 Tx* € TR,x* as T is an injective, so x* € R, x*.Thus x* is a fixed
point of R,. Hence x* = R;x* =R,x*. So, x* is a common fixed point of Ryand R,. this completes the proof of the
theorem.

Theorem 3.2: Let (X, d) be a complete cone metric space with normal constant K = 1. Assume that, T is injective map
and let Ry R,: X — X be a pair of multi-valued maps satisfying the relation

dy(TR.x,TR,y) < ad'(Tx,TR,y) +Bd'(Ty,TR,x) +yd' (Tx,Ty), for all x,y € Xand a, B,y = 0 where
a+ B +y < 1. Then R; and R, have a common fixed point.
Proof: A similar argument to that off the proof of theorem 3.1 shows that there exists a Cauchy sequence{Tx,;} in X
such that

Xzx+2 € RiXpp1 and Xapi3 € RypXops
Therefore

d'(Xar+1, Rixarr1) =l (Xapr1, X2p42) || and
d' (X242, RaXop42 ) =||d(x2k+2‘x2k+3)|| for all k = 1. Since X is a complete cone metric space,
Then there exists y* € Xsuch that Tx,, = x*, i. e.limy_ o Txp = y™.

Since T is subsequently convergent {x,;}, has a convergent subsequence{x,,,} such that lim,, ,c, X5, = x*. As T is
continuous, so lim,;, s TX5,, = Tx™. by the uniqueness of the limit y* = Tx". now by using Remark 2.13, we have
d'(Tx*,TRx*) <d'(Tx*, TRy X3541) + RTR X311 (TR x™)
<d'(Tx", TRyXzp+1) + Ay (TRy X241, TR1X™)

<|d(Tx", Txp42) |l + ad' (Txzp 11 TR1X™,)
+Pd' (Tx", TRy Xpp41) + YA (TXpp41, TRy Xp41)

SITx", Txopsall + o [|d(Txap41, T
+Bd (Tx*, TR x*) + Bd'(Tx*, Txzy42)
+¥ld(Txz41, T

(1= B)d'(Tx", TRyx") < (1 + B) ITx", Txaps2 |l + (@ + YA (Txzpes1, Tx )|
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* * @a+p) * (a+y) *
d'(Tx*,TRx") 5(1_12) ITx", Txpp 42 ll+ (T—;) ld(Txzp 41, T for

all n >1.Therefore, d'(Tx*, TR;x) = 0. By Lemma 2.10, Tx* € TRy x* as T is an injective, sox* € R;x*.Thus x* is the
fixed point of R,.If y* is another fixed point of Ry, then from the injective of T, we gets R;x* = R;y".or which is the
same, the fixed point is unique, if T is sequentially convergent, then limy_ o, Ry X3541 = x*.This shows that(R;X,z41)
converges to the fixed point of R; . Now we have proved that x* is the fixed point of R,.

On the other hand, we have

d'(Tx*,TRx*) <d'(Tx*, TRyX3142) + hTRyX55 42 (TR, x™)
<d'(Tx", TRyXzr42) + Ay (TRyXgk 42, TRoX™)

<|d(Tx", Txzp43) | + ad’ (Txzp42, TRX™)
+Bd' (Tx*, TRy X35 42)+ YA (TXxz4 42, Tx™) foralln = 1.

d'(Tx", TRyx™) <|d(Tx", Txzpr3) |l + @ |d(T X442, Tx") |
+ ad'(Tx", TRyx™) + Blld(Tx", Txzx43ll)
+YI1d(Txgp042, Tx7)|

(1 —a) d'(Tx", TRyx") < (1 + ) Ild(Tx", Txz43) I+ (ax + )l d(Tx", Txgp42)l

! * * 1 * ( *
d'(Tx', TRyx") < G|, Ty )+ s (T, T

For alln > 1.Therefore d'(Tx*, TR,x*) = 0. By Lemma 2.10 Tx* € TR,x* as T is injective, so x* € R, x*.Thus x*
is a fixed point of R,. Hence x* = Ryx* =R,x". So, x* is a common fixed point of R; and R,. this completes the proof
of the theorem.

Theorem 3.3: Let (X, d) be a complete cone metric space with normal constant K = 1. Assume that, T is injective map
and let R; R,: X — X be a pair of multi-valued maps satisfying the relation
dy(TR.x,TR,y) < ayd'(Tx, TR x)+a,d' (Ty, TR,y)+aszd' (Tx, TR,y)
+ a,d'(Ty, TRy x)+asd (Tx, Ty)forallx,y € X anda,, a5, a3, @4, @50 wherea; +
a, + a3 + a, + as < 1. Then Ry and R, have a common fixed point.

Proof: Let x, € X be a given k = 1. By Lemma 2.10, choose x, € Ryx, and x, € R,x; such that
d’'(xo, R1xg) = [|d(xg, x|l and d'(xo, Ryx1) = [ld(xq, x|
If %5541 and x5, have been given, Then choose x5, 45 € RiX,41 and X, 13 € X,p4, such that
d' (Xap+1, RiXope1)=Ild (Xap41, X2p42) |l and d' (X242, RaXope42 ) =||d(x2k+2,x2k+3)”
Now Consider ld(Tx2k41, TXzp42)l = d’(Tx2k+1,TR1x2k+1)
< hTR Xz, (TRy X2k 41)
<dy(TRyxzk, TRy X2p41)

< oy d'(Txpu, TR X5k ) +d (T g1, TR  Xppe41)
+ a3d,(szk,TR1x2k+1)+a4d,(Tx2k+1TR1x2k)
+asd' (Txpp, TXzp41)

< oy d'(Txou, TXppes1) +0od' (TXopes1,TX2142)
+ a3d,(Tx2k,Tx2k+2) + a4d’(Tx2k+1,Tx2k+1)
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+asd' (Txzp, TXzp41)

< ayd' (T, Txpie41) +2d (TXpjes, TXok42)
+ “3d’(Tx2k,Tx2k+2) +asd' (Txox, TXzx41)

< ”d(Tka,szkH)”‘*' o, ||d(Tx2k+1,Tx2k+2)”

+as ||d(Tx2k+1,Tx2k+2)” + a3 ||d(Tx2k,Tx2k+1)”
+ as||d(Txop, Txok4 )l

<(a; +as+ a5)||d(Tx2k_Tx2k+1)||
+(ay + a3)||d(Tx2k+1,Tx2k+2)”

= 1-(a; + a3)”d(Tx2k+1,Tx2k+2)” <(a; +az+ a5)||d(Tx2k,Tx2k+1)”

|d(Txzk41,T2ok42) || 5% (T 20, Tx 1044 |
d(T2zk01,T2ok42)|| <h || d(Tox2 Txok4) ||

@atastas) _ p < 1, since @y + @y + @z + @y + ag < 1.

where
1-(az+as)

Also we have Nd(Txzp42 Txois3)ll = ' (Txgp42, TRoXok42)
< hTR1x2k+1_(TR2x2k+2)
<dy (TR X241, TR X2k 42)

Nd(Txz42 Txopsa) |l < @yd'(Txzgss TR1X k1) 2 (T 42 TR Xgk042)

+ a3 (Tx41, TR X gk 42)+ 2 d' (TX g 42, TRy Xgp41)
+asd' (Txzp41, TXok42)

< oy d'(Txgu01,TXok42) +@d (TXok42,TXo1e43)
+ a3d,(szk+1,Tx2k+3)+a4d’(Tx2k+2' TXk42)
+asd' (Tx 41, TX2k42)

< a1d'(Txop11,TXoser2) +02d' (Txpies2,TX21043)
+ a3d’(Tx2k+1,Tx2k+3) +asd' (Txzp41, TXk42)

< a1”d(Tx2k+1,Tx2k+2)”+ a, ”d ((Tx2k+2,Tx2k+3)) ||

+as ||d(Tx2k+1,Tx2k+2)” +as ”d(Tx2k+2,Tx2k+3)”

+ as||d(Txzp41, Txzpe42) |l
<(ay + az + as)ld(Txzp41, TX2p42)l

+(a; + a3) ||d(Tx2k+2,Tx2k+3) ”

= 1-(a; + a3)”de2k+2,Tx2k+3|| <(a; + az + as)|d(Txzp41, TX2p42)l

(ag+az+as) |
1-(az+az)

||d(Tx2k+2‘Tx2k+3)|| < |d(Tx2k+1t Tx2k+2)”

||d(Tx2k+2,Tx2k+3) || <h |ld(Txzx41, Txzp42)l
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For all > 1, where @1te3¥9s) _ p < 1. Since ata, tazt+a,+as; <1
1-(az+az)

This implies that ||d(Tx2m+1_Tx2m+2)|| < ||d(Tx2m‘Tx2m+1)|| forallm > 1.
Therefore k > m, we have
(T 221 Txom) || < ZiEomsalld (T, Tyl
SRt 4 o+ R2™)|| A (T X, TX o ms 1) ||

2m
< [|d(Tx Txy)|

This implies that lim,, k00 ||d (Tka,Tme) =0. By [1, Lemma 4] {Tx,,} is a Cauchy sequence in X.Since X is
a complete cone metric space, Then there exists y* € Xsuch that Tx,, — x*, i. e.limy_ o, Txy, = y*.

Since T is subsequently convergent {x,;}, has a convergent subsequence{x,,,} such that lim,, ,,, X2, = x*. As T is
continuous, so lim,, s TX2,, = Tx™. by the uniqueness of the limit y* = Tx™. now by using Remark 2.13, we have

d'(Tx*,TRx*) <d'(Tx*, TRy X354+1) + RTR %31 (TR x¥)
<d'(Tx", TRyXzp+1) + Ay (TRy X241, TR1X™)
<|1d(Tx", Txzp42) Il + ald,(Tx2k+1,TR1x2k+1)

+a,d' (Tx*, TR x*) + azd' (Tx*, TR X2541)
+4d"(Txgp41, TR1X™) + @sd' (T 41, TX™)
<d(Tx", Txzps2)|l + ald’(Tx2k+1,Tx2k+2)

+a,d' (Tx*, TR x*) + azd' (Tx", Txp42)
+a,d (Txyppq, Tx™) + ad' (Tx*, TR x™)
+asd'(Txgp41, TX")

< ||d(Tx*,Tx2k+2)||+a1| d(Tx2k+1,Tx2k+2)”
+(ay + a)d' (Tx", TRy x ") +a3||d(Tx", Txzp42) |l
+(ay + as) [[d(Txgesr, TX)
1-(ay + ay)d' (Tx*, TRyx") < a1||d(Tx2k+1,Tx2k+2)|| + (1 + ax)|d(Tx", Txzps2)|l
+(ay + ag) |[d(Txzp41, Tx™)|| forallk > 1.
d'(Tx",TRyx") < — ||d(Tx2k+1,Tx2k+2)|| +(1L3)) ld(Tx", Txzp 42l

1-(az+ay) 1—(az+ay
(agtas) ¥
+71_(a2+a4) |d(Txyp 41, Tx*)|| forallk = 1.

Therefore, d'(Tx*,TRyx) = 0. By Lemma 2.10, Tx* € TR, x" as T is an injective.

So x* € Ryx*.Thus x* is the fixed point of R;.If y* is another fixed point of Ry, then from the injective of T, we gets
Rix* = Ryy™.or which is the same, the fixed point is unique, if T is sequentially convergent, then limy_, Ry X35411 =
x*.This shows that(R,x,,4,) converges to the fixed point of R, . Now we have proved that x* is the fixed point of R,.

On the other hand, we have
d'(Tx*, TR,x*) <d'(Tx*, TRyX3142) + AT RyX54 2 (TR,x™)

<d'(Tx", TRyXzr42) + Ay (TRyX21 42, TRyX™)

<|d(Tx", Txzp43)l + ald,(Tx2k+2,TR2x2k+2)
+a,d (Tx*, TRyx*) + azd' (Tx*, TR,X5542)
+4d' (Txpp41, TR2X™) + asd (TXpp42, TX)

< d(Tx", Txk43)l + ald’(Tx2k+2,Tx2k+3)
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+a,d (Tx*, TRyx*) + azd' (Tx*, Txzp43)

+a,d (Txyp 2, Tx*) + a,d' (Tx*, TR,x™)
+asd (Txape2, TX")

< ||d(Tx*,Tx2k+3)||+a1| d(Tx2k+2,Tx2k+3)||
+(ay + ay)d (Tx", TRyx")+as3||d(Tx", Txzp43)l
+(ay + as) [d(Txgp4q, TxT)||

1-(ay + ay)d'(Tx", TRyx™) < a1||d(Tx2k+2,Tx2k+3)|| + (1 + ax)lld(Tx", Txap3)l
+ (g + as)|[d(Txyp42, Tx*)|| for all k = 1.
Hence
aq (1+a3)
= Tagtay) ||d(Tx2k+2,Tx2k+3)” +71_(a2+a4)
+—GtE) (T xysg, T forallk = 1.

1-(az+aq)

d'(Tx*, TR,x") ld(Tx", Txar43)l

Therefore d'(Tx*, TR,x*) =0. By Lemma 2.10, Tx* € TR,x* as T is injective.

Sox* € R, x*.Thus x* is a fixed point of R,. Hence x* = R;x* =R,x*. So, x* is a common fixed point of R; and R,.
this completes the proof of the theorem.

REFERENCES

[1] Huang, L.G and Zhang, X. “Cone metric spaces and fixed point theorems of contractive Mappings”, J. Math. Anal. Appl., 332 (2007), 1468-
1476.
[2] Abbas, M. and Jungck, G. “Common fixed point results for non-commuting mapping without continuity in Cone metric spaces”, J. Math.
Anal. Appl., 341 (2008), 416-420.
[3] Kunze, H. E., Torre, D. La. and Vrscay, E. R. “Contraction multifunction, fixed point Inclusions Iterated multifunction systems”, J.
Math.Anal. Appl. 330 (2007), 159- 173.
[4] Abbas, M. and Rhoades, B. E. “Fixed and periodic point results in cone metric spaces Appl. Math. Lett, 22 (2009), 511-515.
[5] Abbas, M., Rhoades, B. E. and Nazir, T. “Common fixed points of generalized Contractive Multi-valued Mappings in cone metric spaces”,
Math. Commun. 14(2) (2009) 365-378.
[6] Covitz, H. and Nadler, S. B. “Multi-valued contraction mapping in generalized metric Spaces”, Isarael J.Math., 8(1970), 5-11.
[7]1 Nadler, S.B. Jr. “Multi-valued contraction mappings” Pacific J. Math., 30(2) (1969), 475-488.
[8] Dimri, R. C. Singh A. and Bhatt, S. “Common fixed point theorems for multivalued maps in cone metric spaces”, Int. Math. Forum, 5 (46)
(2010), 2271-2278.
[9] Radanovich, S. and Rhoades, B. E. “Fixed point theorem for two non-self mappings in cone metric spaces”, Compute. Math. Appl., 57 (2009),
1701-1707.
[10] Ray, B. “On simultaneous fixed point of multi-valued maps”. Monatshefte. Fur Mathematic, 76 (1972),
448 - 454.
[11] Rezapour, S. and Hamlbarani, R. “Some notes on the paper cone metric spaces and fixed point theorems of Contractive mapping”, J. Math.
Anal. Appl., 345 (2008), 719-724.
[12] Rezapour, S. and Hamlbarani, R. Fixed point of multifunction’s on cone metric spaces, Numerical function-al Analysis and Optimization,
30(7) (2009), 825-832.
[13] Rezapour, S.“Two result about common fixed points of multifunction’s on cone metric spaces”, Mathematical proceedings of the Royal Irish
Academy, 109 A (2) (2009), 155- 161.
[14] Wardowski, D. “End points and fixed point of set valued contractions on cone metric Spaces”, NonlinearAnalysis: Theory, Methods
Applications, 71 (2009), 512-516.
[15] Krishnakumar, R. and Marudai, M. “Generalization of fixed point theorem in cone Metric spaces”, Int. J.Of Math. Analysis, 5(2011) 507-512.
[16] Dubey, A.K. and Narayan, A. “Common fixed point theorems for contractive Multifunction’s”, Int. J. OfPure and Appl. Math., 82(2) (2013)
213 -220.
[17] Dubey, A.K., Narayan, A. and Dubey, R. P. “Common fixed point of multifunction Theorems in coneMetric spaces”, Int. J. Of Appl
Mathematical Research, 2(1) (2013), 128-133.

[18] Amini-Harandi, A. “A fixed point results in strictly convex Banach spaces”, Acta Mathematica. Hungerica,15 (1-2) (2004), 139-143.

Copyright to IJIRSET www.ijirset.com 6683


http://www.ijirset.com/

