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ABSTRACT: The Cantor like sets S have been constructed in [3], for any sequence { ¢,, } with 0 <€, <1 with the
help of sequence of sets { S,, } of subsets of [ 0, 1] such that S, 2 S,,1,S=NS, and m(S) =[[;=1(1 — €,).Further
Y e, = iff m(S) =0.

In this paper we determine the estimates for the Hausdorff and upper / lower Box dimension of such Cantor

—log 2
(;g ,where y =

> dimy(S) = dimg(S) >

like sets S. In particular it is proved that the Hausdorff dimension of the set S is given by

log 2
— 1
~log [21T5 9522 /i

limy o log[ [16_; @ ]1/k and 1imy, o
log 2

—tog { [Ty U521 /i fegaq 17
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Limy, e, If the above upper and lower limits are equal then dim(S) = dimg(S) .

l. INTRODUCTION

Definition 1.1 Hausdorff measure
If U is any non-empty subset of n-dimensional Euclidean space, R", then diameter of U is defined as |U| =
sup{lx — yl: x,y € U}.If {U;} is a countable (or finite ) collection of sets of diameter at most & that cover F,. i.e.
Fc Uz, U; with 0< |U;| < & for each i, we say that {U;} is a §- cover of F.
Suppose that F is a subset of R™ and s is a non-negative number. For any § > 0 we define
HSs(F) =inf{X2,|U;|° : {U;} is a 6- cover of F }
We define H*(F) =limg_y H®5(F)
This limit exists for any subset F of R™, though the limiting value can be 0 or co.
We call H*(F) the s-dimensional Hausdorff measure of F.
OR HS(F) =inf{X2,|U;|° : {U;} is a countable cover of F }

Definition 1.2 Hausdorff dimension
The Hausdorff dimension of F is defined as
dimy(F)=inf{s: H*(F) =0}.
Itis proved that inf{s: HS(F) =0}=sup{s: HS(F) = }.
Above definitions and properties are taken from [2].
Lemmal3:- (a+b)* < a*+b%,ab=0and0<a<1.
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Proof :-
Letf(c)=1+c*—(1+c),c=0.
We show that f is monotonic increasing. For this we show that its derivative is positive.
f'(c)= ac* ! —a(l+c)*!
=a[c* -1 +c) 1

— 1 ]

(c+1)t-@
Sincec<c+l, ¢ < (c+ 1) *.Thusf'(c) >0,c >0
This shows that f is monotonically increasing for ¢ > 0. But f(0) = 0 and hence f(c) = 0 forall ¢ > 0.
Thusforc:%, b>0weget 1+ (%)"‘ > (1 +%)"‘ ie. (a+h)* < a® + b®.
This proves the result.

Lemma 1.4 : Let S be compact subset of Rand S < U®_,; C,where C,s are intervals. Then for given ¢ > 0 and
0< a < 1, there exists finitely many open intervals D, , D, , D5, ... ... ee. .. ... Dy,

such that U5, C, € U2, D; and X7, |D; |“ < 3@ 1C, 1% +e
Proof : Suppose € > 0 is givenand 0< @ < 1. For § c U%_, C, where C,s are interval ,define F, to be a closed
interval with end points same as that of C,,.Then S < U C,, c U E, where each E, is a closed interval.
Let F, = [a,, b, ].For € > 0and e =e- 2" consider E,= (a, — (ﬁ) by + (
ThenS c Uy_ E, € Uy, E,.
Since S is compact. There is a finite subfamily {E, , E,,, ... ... ..., B, } 0f {E; } such that S < UjL; E,; PutD; =
nj ,j=1,23,....m
a © Yoo 1

S XD < SlE 1 = B (b — @) + 2(555) Ve )
23D " < el [(by — a, )+ 2¢ 2i+1 (+BylLemma1.3)

=i (by — @y )+ 2% B0 o

:Z‘;?=1|Cn|a+ 2% %

C V)

2n+1

=TnalCl®+ e (ve=2°3)
DS < TeLlc, 1 v e
Il. MAIN RESULTS

2.1 Construction of Cantor like sets
In the construction of Cantor like set S at first stage from | = [ 0,1 ] we remove middle open interval I; ; =
(1-e€1) (1+ €1)
(S5, £
the set 51 ]1_1 U J1, with measure (1 — €;) i.em(S;) = (1 — €). In second stage from J1,1 and J1, we remove two

of length €; . We get two closed intervals denoted by J; ; =[0,—— 4-e) 51) land J,= [(Hel) 1].We get
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( (1—61)4(1—62) , (1—61)4(1+ €2) ) and 12’2 - ( 4—(1- E41)(1+ €2) ’ 4— (1—61)(1—62) )The
remaining four closed intervals are denoted by

a- e)(l €2) (1-€e1)(A+€2) (1—€1) _r(1+e1) 4-(A-€1)A+e€p)
J21=100, - 21 )2z =1 14 Z, 21],123—[ 21, i =1,

middle open intervals I, , =

Joa= [P j)“ D11,
= Length of removed intervals = m(I1 ;) + m(I;2) = (1 — €1)e; < (1 — €)
We get the set S, union of remaining four closed intervalsi.e. S, =J,, U J,5 U J,3 U J, 4 with measure (1 —
e)(1— e)iem(S)= (1- e)(1 - &)

Continuing in this way we can construct Cantor like set S = N,;2; S, with m(S) = lim,,_,.,, m(S,) =
[I-:(1 — €,). Thisis from [3].

Theorem 2.2 : Hausdorff Dimension of Cantor like set S defined above is “log2 e % Zifthe
lim o log [Ty 150 1 /i v

(1-€n)

required limit exists and inf{2/ []‘[JT'L=1 ]a [€j41]* :j= 1} > 0.

Proof : Leta = —2 = limy ., log[ Hﬁzl(l_z—E”)]l/k
We first show that if 8 > « then Hf (S) = 0.
Take k> 1and let Jy ., Jo k. J3 J 2k be the family of 2% intervals remaining at k" step whose union is S,.
|]]- x| = Length of each J; , = T¢_, (1_5") a el = [Hﬁ:l(l_z—en)]ﬁ
2 Vil B z gL zk[nk LEyp (1)
NOWa = - = limy,_,., log[ anl(lz—en)]l/k
y Slimeglogl (5417 (v (1- &) <1Vn=123,.....k)
y < limy e log(%) = log(%) = — log2
y <—log2.Thusy <0
Now, since 8 > a = %
By <—log2 (vy<0)
= log2+fy <0
= log2+flim_glog[[lie, =221 <0 (2)
Now,

zk[nﬁzl(l‘z_fn)]ﬁ = olos CFIME S50
= gllog 2K +1og [Hj;:l(l—z_fn)],;}
_ pliklog 2+ 5 log[ M=, S5 |3
e llog 2+%l°g[nk— (1—_6,1)]}
_ k{log2+ﬁ10g[nn =en) en)]/k

Putting in equation (1)
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etV
S o=k tor e[ M2 0 3)

1
-en)] /k
We claim that lim,_,, e* (8 2+ Blog[ M1 =52 ] ™) _ g

Since log 2 + By is negative by equation (2), we can put log2 + By = — 61, §; > 0.

_ 1
If y,=log [ Hﬁzl(lz—en)] k, then lim y;, = ¥ and hence 3 K; such that k > K;
8

§
= |(log2+ )+ 81 < 2 = (log2+ Byi) —(~ )] < 2
= -5 - 2 <(log2+ fy )< -6 + 2
361

5
- S <(log2+ By )< -

k&
=k(log2+ Byr) < — kzﬁ wekIog 2487 < 073 K> 1.

k&
0 < ek1082+B7i) < o™ . lim,,,, eX(10B2+B 74D =

1
=en) 7 7k
This proves that lim;_, e*t'°62*# e[ =] ) g (4)

Now, for § > 0, choose k > 1 such that |J; ;| =TI, Qo) o5 i=1,2,...., 2%

2
ME_1(1-€y)
2k

This is possible if lim,_., [T¢_;(1 — €,) exists and then []=_, =limy e [1F2,(1 — €,)

k—o00

(1-€n) =1i
2

limy 0, zik =0.Then{J;x:j=1,2,...., 2%} isa & — cover of S, and therefore of S.
Now H? 5(S) = inf{ ¥2,|U;|P : {U;} isa - cover of S}. Since S= NF_; S, ,Sc S, and S, = U]Ziljj,k ,

1
_ /
k k {log 2+ B log | T =, E=En2 | 7*
S HP5(S) < B2 || P = et Coszrpres[Miar5e]
Asd—->0,k-> o

1
(—en)17k
Now HE (S) = lim_o HP 5(S) < limy .., e* 008 2+ Flog[Ili-i===]

~HF(S)=0
Thus (@, ) c {B > 0: HF(S) = 0}
~inf{g > 0: HF(S) = 0}< «

e ( By equation (4))

dimy(S) < a s (5)
Now to show that dimy (S) = «a
suppose further that n = inf{2/ [H£l=1 (1_25")] [€j41]°:j=1}>0 (6)

We prove that H*(S) > 0.

This will imply that dimy(S) = « as by property of Hausdorff Dimension

dimy(S) =sup{y =0:HY(S) >0}

Now we claim that H* (S) =7

Suppose {C;} is any countable cover of S by nonempty intervals.

We show that Y| C;|* = 7.

For any e > 0 we choose {D;} a finite collection of open or closed intervals covering S such that

D ® < XZqICG|* +€e (ByLemmal.d) e (7)
By taking intersection of D; with [0,1] we may assume that D; c [0,1], Vi =1,2,3,............,m
For each D; choose k;, i = 1,2,3, ... ... ... ..., m such that
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ki (1_ n) k -1 (1 n)
(ML S e s < [MSS2]e, e (8)
Then D; can intersect at most one basic mterval of Sy, . If D; intersects two intervals each of length ]'[',‘l"=1

Sk, then |D;| = []‘[ 1Q- 6") €, Which is distance between consecutive intervals of S, which is false.

_ j 7 _
Ifj > k; then the basic intervals of S; are [o, 1'[’ a 26") | [C A ¥ [zr[’lz#

These are 2/ basic intervals.
Choose j = k4, k3 ,....., k,,, SO that |D;| = [an a- 6") €41 foralli =1,2,3,.
Fori=12,3,.... ,m, if Ny, is the number of sets D which intersect the basic mtervals of §;. Then {D;} intersects

all 2/ basic intervals of length Hj (1_2—6") inS; and XLy Ny, = 2
From equation (8) |D;| = [l'[’n a- 6")
D1 = {[ T, -,
e
D% = [ T, & ”] [€111°
(1—€n)
S, 1D:1% = [ Ty ° ] (611 Ny,
XD = [T f"’ 1“ SN
S =11V = n= j+1 i=11Vk;
j 1 n) i —
7D 1 = [ T,y ; | 11« 2 (= TPy Ny, = 2)

. a
SID e 22 [ THe 522 (g4
But X724 1G |“ + € > XL Di|” .
S2ACI +e> 2 [ Moy S22 (g4l 27 (From equation(6))
211C;|1* + € = n. Since € > 0 is arbitrary, >.724|C;|* +e =1
i.e. inf{372,|C;|* + € : {C;} is countable cover of S}>17

SHYS)=Zn>0 e (9)
By property of Hausdorff Dimension
dimy(S) =sup{y =0:H"(S) >0}
Since H*(S) > 0 ( By equation (9))
~a€{y =20:H"(S) >0}
~sup{y =20:H"(S) >0}=«a
sdimy(S) = a e
From equations (5) and (10), we get,
dimy(S)=«a

We consider now several particular cases of { €,} where the condition in equation (6) is satisfied so that the
result in Theorem 2.2 holds.
Case | : Cantor ternary set. It is obtained by taking ¢, = % forall n> 1.

»1]

]+l
(1 En)

]+1}

Thus [T, 4= E”)—Hnl( J- ="
1) %]% =2
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1
A-e 1k . 1

wlog [TE_ =2 | ™ = log3)
o= —log 2

lim k—oo 103[“’&:1@]1/"
_—log2

log &)
_log2

_log3
~39=2

i [ A=e)]” — o) (N /1
Now 2/ [T, 5522 | [g411% =2/ GV )

2
:21'2—}'% (w3%=2)
1

2
: i i (1-e]® . _1
2inf2) [ ey S22 | (g0l 12 13 =5
Case Il : Consider the case €, = e foralln=1, e <1.

(1-€ep) _ (1-e) _ -
Thus T8, TE =1k, TE = (Tf)k

(A—ep)ql/, _1-€
a Mo 2] /e ===

1
e 1 /k _y 1=
s 1og [T, =22 | ™ = log(55)

. 1-€,) 41 1-
2 limy o log{ TSy S5221 "k = log(55)
—log 2

Also a = (I—en) 1/k
1

lim g 500 log[]'[fl:
— —log 2
log (5)
a log(I;—E)= -log2
log(lg—e)“ =log27!
(1;_5)0: =21
. . _ a . 1—eo s
Now 2/ [ [T 52| [e40]% =2 (557 €

=2/ 27 €* (+ (1;—5)“ =27")

=e?
H i j (1_ n) @ : —_
-~ inf{2/ [H{lzl 26 ] [€j41]7 1 j= 1} =€
Case 111 : Consider the case €, = nljfor alln>1
1

- =)
Thus [T5—; o) Zen) =Ti= —(;H)

Tk [(n+1)-1]
=i 2(n+1)
— Tk n

T =104

Ly _n
_Zan=1n+1
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_ 11234 k

T2k2345 7 (k+D)
k (l_en) —_ ii
Mt (I z ]§+11 1.1 1 1,141
ko Ut/ o lk = =1 1N
[Mh-1 =] [zk(k+1)] 20k+1) e 2 G

tog [ T 2522 < gt (22)
—log 2

— 1
1(1 an)] /k

a= ’
lim oo log [ TT% =
—log 2
T
) 101\
lim .0 log [5 (m) ]
_ —log2
-1
log (3)
_ —log2 _
—log 2
Lsa=1

j i A-e) 1 . a = oj 1 1o_ 1
Now 2 [Hn=1 2 ] l€j+1]% =2 [zf(j+1)](j+2) G+1)G+2)

~inf{2) | e, “‘;")] [€,41]% :j= 13=0

a=1butinf(2 [T, <=2 ] [€;41]% : j= 1} = 0 i.e. condition is not satisfied.

2
forall n> 1.

Case IV : Consider the case €, = —

2(n+1)

_ -5l
Thus H51=1 a zen) = H51=1 72;“1)

Mk [2(n+1)—n]
=Iln=1 4(n+1)
— 17k n+2

=1 4(m+1)
_1 Kk nt2
_4_"H"=1 n+1
13456 (k+2)

T4k 2345 7 (k+D)
[, (o) - 1 642
n=1" 4k 2

1
ok (el G2l k) e 1 kY
ek = g === L+ )
1 k (1—€p) 1/k_1 1 1 k 1/k
8 Og[anlﬁ] = logly (1+3) ]
2

1 (1_an) ]1/k

a= .
lim 00 log [ [Ty =
—log 2

T
. 1, ey /k
lim o0 log [ (1+7) ]
_ —log2
N
log ()
_log2 _1
Tlog4 2
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ra=l
Now 2/ [ T, 522 | ey a1 = 2 [ (2)) 2 L2
-2 () e
- ()"
= % G+ 1)
b2 | Ty 52| ) iz 13 =2 = L

Definition 2.3 Box counting dimension
Let F be any nonempty bounded subset of R™ and let Ns(F) be the smallest number of sets of diameter at
most & which can cover F. The lower and upper box dimensions of F are defined respectively as dimy(F) =

. log Ns(F) T e log Ns(F)
lims_ “log 6 and dimp (F) = lims_g “ogo
If the lower and upper box-counting dimensions of F are equal then the common value is called box-counting
dimension of F or box- dimension of F and dimg (F) = limg_,, %. Above definitions are taken from [2].

Theorem 2.4: Lower and upper box-dimensions of Cantor like set S associated with { €,, } of positive numbers less

. . i . log 2 i
than 1 with } € = « satisfy dimg(S) = limy_ and dimg(S) <
26 W iy () = Mo = e T T 5

log 2
—log 2T, t522) e
Proof : We know that in the construction of Cantor like set S, at k" stage the set S, consists of union of 2¥

(1_26“) .For0< 6 <1, letU be an interval with |U| < 6. Choose k = 1 such
that 2 ]'[ﬁzl(l_TE”) >§>2 Hﬁi%@ This is possible since lim,_., [1¥_;(1 — €,) exists. Then U can cover at

(1—e€n)
2 .

limk_,oo

disjoint intervals each of length []%_;

most one interval among 2* intervals of length [1%_,

(1—€n)
2 .

For if U contains more than one interval from J; , then § > |U| = 2 [k,

~8>2 Hfz:l (1-€n) (1_2571)

- At most 2¥ intervals of diameter less than & are required to cover S.
= Ng(S) < 2k
Now & < 2T¢_, @

which is not possible because § < 2 [_,;

log & < log[2 [T~ ]

~log& > —log[2 [T~ “™]
1 < 1

" —log s __10g[21'[17§=1(1_2_5n)]

(+ —logd >0)
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By definition dimg(S) = lims_,, % .Since § - 0 ifand only if k — oo, we have

dimg(S) < lim log 2"
B = k—o0 1-
7% g 211 S5
T log 2k
< limyeseo PECErSRT]
—log[Z H"ZIT] k
T klog 2
< llmk T
—00 Klog [2 Hﬁ=1u}—erﬂ] /k
log 2

dimg(S) < limy .
5(5) 2% g2 _, =)y Vi

log 2

PR CEr Y, e consider an interval U of length less than §, §
—log {[[T=1——"=1"% [exk+11 7k}

Now to show that dimg(S) = limy, .

> 0 and choose k such that
[TIE_, a- E”) — 2 eps <O <[IIE2 - E”)]ek then U intersects at most one of the basic intervals of length

k-, (12—6") used in the construction of S.
For if U intersects more than one interval of S, then |U| = distance between two disjoint intervals of S,

ie Ul >[Izt E")]ek ies >[Izt E")]ek which is false because

§ <[kt E”)]ek These are 2% such intervals.
= Atleast 2% intervals of length & are required to cover S, > S.
“ Ng(§) = 2*

(1-€,)

Now & =[5 o 1€k

(1- en)
log & = log{ [ TTn-1—— " 1€+1}
(1 €n)
—log & < —log{ [ TT—; =2 ]y, )
1 1
<
_103{[1_[5[ a- E")]ek 1} —logé
1 1
>
—log & = _jog([1k_, & z D s}
By definition dimg(S) = lims_, %
k
Zli_rnk—mo 10g(12 =)
—tog { [T 1= ey 41}
: log 2k
> limy, e
T log (1T 2 95 ey} i
7 klog 2
> limy 00 -
7 og ([T 5 ey} /i
7 log 2
> limy, -
77 Cog (1T = S5 ey 44 ) /i
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log 2
e 1 T
—1og ([T =152 1 /i eger 31 7k 3

dimg (S) = limy

Weierstrass theorem :

If Rez >0 andy denotes Euler’s constant then %Z) =ze" [y, (1 + %) e “/n_This is theorem, §

4.41,p. 148 of [6].
Lemma?25:

If a; and b; are complex numbers such that }; a;= > b, and Re (1 — a;) > 0, Re (1 — b;) > 0 then

e (n—ap(m-az)...(n=ap) _ rre [A-by)
=1 (n—b1)(n—b3)....(n—b;) =lrq-qp’
Proof : Consider

Since Y a;=Xb;,i=1,2,3,...... Jk

-'-Zai-Zbl—=0,i=1,2,3, ...... ,k

sata;+--+a — bl —bz—"'—bk =0
ai+ap+-+ap—b1—bp—-—by

se n ) = eO =1

~ Equation (1) can be written as

(n—a)(n=az).(n=ay) _ (1-5)(1-F)--(1—5 (@rraz+tay—brzba—by,

(n=b1)(n=b2)(n=bi)  (1-21)(1-22)_(1-2k) !

,_.
|
iS}
12
N—
]
2
-
|
&N
N~—
)
o
L/~
[
|
5
N~—
o
3|

By Weierstrass theorem

r(l_z) =ze" [[7-, (1 + 72_1) e /n
=ze" [I, (”:Z) e */n
T@ = x i () =7
'@ = o e () ¢
Forz=1-p;

_ 1 © n =
F@ - b)= (1 -be?d=b) [Tt (n+1 —bi) e
For z =1 - a; Equation (3) =
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1—a;
— 1 oo n —L
M- a)sgmrm T (me)e s 5)
Equation (4) =+ Equation (5)
1-b;
ra-by _ “‘“f)ey(lfa")“’?ﬂ(ﬁ)e §
_a. T—-a;
r(t-a;) 1= bpe?=b) e 1(n+1 a)" n
/ 1-b;
_(L—ay)e 7% n+1—b;
T (A —bpe i [Tr= 1[(n/ _a) T*a]
i e n
_(-a) oY (bi—a) n+l-gq; _{(ai—bi)
“a-m € I 1(n+1—b)e
K razb e~ (bi=a)] T n+l=ai) - i(ai=b)
i=lr(1_ [Hll(l b) T TR 1(n+1 b)e ]
= 7 (Bi=a)] T nHl=ai) - iai=b)
= [ 1(1 ) I i (n+l—bi)e ]
1
— (1-ay)(1-az)...(1—ag) —yzl 1(a;— b)Hn 1[(n+1_al)(n+1_a2)--"-(n+1_ak)] e_EZ{';l(ai_bi)
(1-b1)(1-b2)....(1-by) (n+1-by)(n+1-b3)....(n+1-by)
- (1-a1)(1=az)..(1— ak)l-[ [(n+1—a1)(n+1—a2).....(n+1—ak)]
(1=b)A=b2)-(1=by) “ =t 1-b )M +1-b2)...(n+1-by)

(rai=by,i=1,2,3, ... k= eZiz1@—b) = g0 = 1)
Putn+1=n’ in second product
_ (=ap)(=az)...(1-ay) H [(n —ap)(n —ay)...(n —ak)]
(1=b1)(1=b2)e(1=bg) = Z2E( ~b1) (0 ~b2)....(n ~by)
= 1I® [(" —a1)(n ~az)...(n’ )
n =1 —b)(n ~b2)...(n —by)
k r'(1—b;) _ H (n—ay)(n—ay)....(n—ay)
=1r—a) N (b (—by)....(n—by)
I (n—a))(n-az)..(n—a) _ (k[ —bi)
=1 (4 _p)(n—b3)....(n—by) =1p(1 —q,)
. w @M+1DP—-1 _ 1
Corollary 2.6 : TIy— M+1)P T T @2-BIr2—B3)..T(2-Bp)
Proof : Here (x + 1) — 1 is a polynomial in x of degree p. This polynomial has p solutions say a; , a;, a5 ,...... ,
a,. a; isasolutionof (x+1)? —1=0iffq; +1= (1)1/p
ie. (@ +1)P=1iffa; +1= (1) "/
iff a; + 1is p'" root of unity
iff ¢; =-1+ p; , where g;is the p*" root of unity
S+ —1=(X-aq) (X-ay) ... (X-ap)
=(Xx+1-B)X+1-B)....(x+1 -Bp)
. m+1)P—-1 _ (n+1-F1)(n+1-F2)..(n+1 —[i’p)
T+ 41N +1)... (n+1)
_ n=(B1-D] =B =D)]...[n=(8p ~1)] 1
T, [n ol
Herea, =8, —1land b, =-1,i=1,2,3,......p

,where By, B, , ....., B, are p*" root of unity with g;= 1

Since By, B, , ....., B, are pt" root of unity = B, + B, + ... +g,=0 2)
Nowl-aq;=1-(8;—1)=1-B,+1=2-5
~Re(l-a)>0,i=1,2,3,.....p . 3)
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Nowl-b;=1—(-1)=2,i=1,2,3,.....,p

“Re(1-b)>0,i=1,2,3,.ccp

Now ¥ a; = X7, (B — 1) = Z i Bi-X_1=0-p=-p (From equation (2))
Also 31, b= 5, (1) = p

P —yP
l=1 al - l=1 bl ........

From equations (3), (4), (5) and by Corollary 2.5 we get,

S COPYURE i -e) o @ 1 1
n=l e T L= r(1-(ﬁi—1)) =1Tp)  i=1TGg) ~ T@p0r@p2)T26y)

T Ta—pore- 63) r(z ~6p) (+p1=1)

(n+1)P—1 _
(n+1)P r(Z—ﬁz)r(Z—ﬁg)...-F(Z—ﬁp)

o | iy

Corollary 2.7: If €, is constant sequence ore, = —(n+11)p where p is a positive integer then
. log 2 T log 2
limy, 0 — =1limy — .
7% g (1T U521k [ega 1) —tog (211 o 2521 Vi
Proof : Let €, be constant. Let €,=€eVn
lim log 2 lim log 2
Uik >0 —en Wik >0 e
—tog { [T 2y U521 ik (] k) —og ([T 521k [e1/k)
= lim log 2
T g (155 e €1
, log 2
=lmy e —— 17—
7 _tog ((E51eT iy
_ log2
m ..................
Now,
T log 2 - log 2
limy_o =limy e
k —log [2 ]'[fl a- E") 1/k k —log [2 Hﬁzl(lg—e)]l/k
=lim L
7% Ctog 255y 1
= Timy e, L/
—log[(159) 2) 7k ]
_ log 2
m .............................
From equations (1) and (2) we get,
- lim log 2 ll log 2
e LT 500 —€n - k en
—tog ([T =y S50 /i fepyq 1763 ” —tog (2112 S5 ik
Let ¢, = ﬁ V nand p is a positive integer
l-e =1- 1 _ (n+1)P-1
- = -t -

(+DP — (n+1)P
ko (O—e) ok @+DP—1 _ (+1)P -1
=17 = = 2m+1yp 2K H" L 1y

r A=ep)ly _ r1 4 (4+1)P-1.1
M- =22k = e == g
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A (A-ep)ly, _1 (m+1)P-1.1
M= =51 /i —E[Hﬁﬂw] g

}

R
(n+1)P

1
(n+1)P— 1] k
(n+1)P

(1_ n) 1 — 1
log[IT&—, =21 /i = log | Ty

}

Y,
(n+1)P — 1] k
(n+1)P

, €)1/ . 1
- lim log{TT5—, 524 /& = lim log(; | IT5-,
=-log2 + lim log{[ k-,

k (+1)P-1
10g[1‘[n:1 (a+DP ]

= -log2+ I

1
o8 [r (2*132)1“(2*#’3)----1"(2*[)’;;)]

[oe]

=-log2 + (By Corollary 2.6)

=-log2+0
= lim log[[1% —(1_6")]1/k =lim log{l[]_[k
k—o0 n=1 2 k—o0 2 n=1
log 2
og ([T o1 5221 /i [eqn 1/}

NS R

(n+1)P }=-log2 3)

log 2

Now limk_,w = limk_,oo

k (1_(n+11)10)1/ 1Yy
—log { [[Tn=1 2 ] k[(k+z)p] k}

log 2

TP 1 T T
—og ([T —1(Glir )17k L] )

log 2

T
1k W+DP-1 /k
—log {E[ [lh=1 (m+1)P ]

log 2

= limk_,oo

= limk_,oo

Heagr] 6

=Ucn 1 mip—1] 7k 1y
k n+ -
~tog G| 1M - S 2| - tog L)

_ log 2
T —(=log 2)-0

_log2 _
__logz_l wrvrreeenennnn(4)

(From equation (3))

log 2
— 1
~log (211} =451 /i

log 2

Now, limk_,oo = limk_m (1 T )
I,
—log [2[15_—EF )k
log 2
NP—1.1
~log (2 T -1 g 1 /¢

= limk_,oo

log 2

= limk_,oo

il
1 D_ /k
—log (2) /k —log {%[ Hi(;=1(n(::_)1)p 1]

log 2
T 0—(-log2)
log 2 _
log 2 -

(From equation(3))

log 2
1— 1
—log (211515221 /k

B limk_,oo

From equations (4) and (5) we get,

log 2 log 2

e =ﬁk—>oo — €
tog ([T 2y S22 1 /i [egar 175} —tog 21T, I | /i

limk_,oo

n=
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log 2 _
T =
~1og ([T =1 95221/ g1 17k )

Remark 2.8 : According to Corollary 2.7 we observe that lim,, .,

Limy oo o H’,iligl(zl‘z—f“]l/k for €, = constant sequence or €,= (n+11)7’ for p is positive integer. dimg(S) =
dimy (S).
111 CONCLUSION
We have obtained Hausdorff dimension of Cantor like set S constructed in [3] as dimy (S) = “log2 , Where

Y = limy o, log[ [TF_, % ]1/k . Also we have estimated the upper / lower Box dimensions of such Cantor like

82 > dimy(S) = dim(S) = limy,_.,

— 1
~log [21T% 52 /i

log 2

set S. It is proved that lim,_, —
—tog ([T -y 85221 i [0y 17k

, T 1 .- .
. Also we conclude that dimg (S) = dimg(S) fore, =e,n=>1o0r¢,= ey n > 1, positive integer p.
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