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ABSTRACT: Lucas sequence {Ln}n:o is defined by the recurrence relation L, = L,,_; + L,_,; n = 2with initial

condition Ly = 2,L; = 1.0ne of the generalizations of the Lucas sequence is the class of sequences {L,Lq(a‘b)}nio

generated by the recurrence relation

L(a, b L(a, b
L(a,b) _ aLn(fl )+ Ln(fz )
! bLfffib) + Li(féb) ;when n is even

with initial condition Lﬁ(“'b) =2, Lﬁ(“‘b) = land a, b are positive integers. The Lucas sequence is a special case of

these sequences witha = b = 1.

;when nis odd

L (n=2)

In this paper we obtain extended Binet’s formula for {Lfl(a’b)} nZO and derive some interesting properties of this

Generalized Lucas sequence.
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I. INTRODUCTION

In recent years, many interesting properties of classic Fibonacci numbers, classic Lucas number and their generalizations
have been shown by researchers and applied to almost every field of science and art. Cennet, Ahmet, Hasan [1], Kenan,
Adem [7] and Shah, Shah [11] defined new generalizations of Lucas sequence and gave various identities along with
extended Binet formula for the concerned new generalizations. For the rich and related applications of Lucas numbers, one
can refer to the nature and different areas of the science [2, 3, 4, 5, 6, 8, 13, 12, 14]. The classic Lucas sequence {L,} is
defined asLy = 2,L; =1and L, = L,_4 + L,,_, forn = 2.

The first few terms of the Lucas sequence are : 2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, 199, 322, 521, 843,

1364, 2207, 3571... . (Koshy [9])
We define a generalization of the Lucas sequence and call it the generalized Lucas sequence.

Definition: For any two positive numbers a and b, the generalized Lucas sequence{L’ (a,b,1,1)} = {Lfl(“'b)} (={LLt)is

defined by the recurrence relation
Lk = ax®pl=xmpL 4L,

whereLt = 2, L% = 1 and a, b are any two positive integers.

This can be equivalently expressed as

Lo {aLfl_l + 1L, ;ifnisodd n

n

>2 11
bLL_; + LE_,;ifnis even ) (1)
withLs = 2, 1% = 1.
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The Lucas sequence is a special case of these sequences with a = b = 1. In this paper we derive extended Binet’s

formula for {Lﬁ(“'b)}n‘io and some of its interesting properties.

II.LEXTENDED BINET’S FORMULA FOR {Lf}“‘ ”)}

We first note down two results which will be useful for further manipulations.

Lemma 2.1:1%, .« — (ab + 2)15,,5 + 15,4 = 0.

Proof: By using definition (1.1), we get
Lljn+5 - (ab + Z)Lljn+3 + Llin-{-l

= (ab + 1)Llin+3 + aLlin+2 - (ab + Z)L]in+3 + L]in+1
= (aLljn+2 + Lljn+1) - Llin+3 =0.

We now obtain the value of the following series related with Lk .

) L 2i—1 _ _x+(a-1)x3
Lemma 222;)():1 Lzl-_lx = m .

Proof: Let I(x) = ¥, Lk, ;2?1 = Lk + L5x3 + Lkx® + -
wxtl(x) = LsxS + Lsx7 + LEx® + ---and
ab + 2 le(x) = IExS + LEx7 + LEx® + ... .
( 1 3 5
Using lemma 2.1, we get
(x* = (ab + 2)x% + DI(x) = x + (2a — D)x>.

. . RN L 2i—1 _ x+(2a—1)x3
This gives I(x) = X721 L5;_1x = @

We next derive the generating function for {L%}.

Lemma 2.3: The generating function for {L4} is given by
_ (2a—1)x3—Qab+2-b)x?+x+2
LCo) = x*—(ab+2)x2+1

Proof: Define (x) = X2y Lvx! = Ly + Lix + L5x? + L5x3 + --- . Then after the rearrangement of terms, we get
(1—-ax—x)L(x) =2+ (1 - 2a)x + (b — a)x(T2; Ls;_1x*71).

Using Lemma 2.2 and on simplification we get the generating function for {L';l(a'b) as

L(x)=2+(1—2a)x (b —a)x { x + (2a — 1)x3 }
(l—ax—x2) (Q—ax—x?)|x*—(ab+2)x%2+1
(Qa—-1x3—Qab+2-b)x* +x+2)(1 — ax — x?)
- (1—ax—x2)(x*—(ab +2)x2+ 1)

_ (@a-Dx3—(2ab+2—b)x?+x+2)
- (x*—(ab+2)x2+1)

We are now all set to derive the extended Binet’s formula for Li(a' ",

Theorem 2.4:1% = ! (y“n_‘sﬁn), where y = (b — 2ab + 2a),

@)2lpx@ ' a—p
[a2p2 —Ja2p?
abtva zb thab h—Va zb e the roots of equation x? — abx —ab = 0.

6 = (b —2ab + 2B)anda = B =

(2a-1)x3—(2ab+2—-b)x2+x+2)
(x*—(ab+2)x2+1)

. _ (@a-1)x3—(2ab+2-b)x?+x+2) _  (Ax+B) (Cx+D)

If we write L(x) - x4—(ab+2)x2+1 - x2—(a+1)  x2-(B+1)’

we get

Proof: By lemma 2.3, we have L(x) =

then by using the method of partial fractions,
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1 ((2a-1)(a+1)+1)x+2—((a+1)(2ab+2—b) 1+(2a-1)(B+1)x+2—(2ab+2-b)(B+1)
LG = (a—PB) [{ x2—(a+1) } { x2—(B+1) }]
Then by using Maclaurin’s expansion [10] of P e 2 a8
1; Qx _ Zn_ QR—n 1y2n+1 Z;O:O PR—n—len,
we get
2—(@+1DQRab+2-b)— (1 -2a)(a+1)—1)x
x2—(a+1)
_ (1—2a)(a+1)—1x2n+1 ZZ—(Q+1)(2ab+2—b) o
(a+1)ntt 4 (a + 1)ntt
= n=
and

-2+ (B +1)Q@ab+2-b)—(Qa-1DB+1)+1)x

x2—(B+1)
o (2a-1)(B+1)+1 —(2—=(B+1)(2ab+2-b)
= [Z ai 2n+1 Zn o a )xZn]

n=0 gt B+pn+t
Thus,
L) = 1 Z (1-20)@+1)-1 (1-2a@B+D-1 s
@&\ @D B+D
2—(B+1)(2ab+2-b) _ 2—(a+1)(2ab+2-b) on
(a—ﬁ)zn 0{( B+t (a+1)n+1 )}x
2
Nowusmg—= a + 1and i—b= B + 1 we get
r a (ﬁ)n+1 B _2)n+1
1 2 ab ab
o ( ) a2 n+1 ﬁz n+1
o PRGN
(x) - (0( _ ‘3) 2 n+1 g2\"t1 X
S R (E) B (;
ﬁ)n+1 (ﬁ)n+1
B ab ab -
_ O -GG
a ab ab ab
o (b - Zab - 2) ﬁz n+1 2 n+1
s GO
— 2\n+1 2\n+1
“Pl -6
+ 2 ab ab
(ﬁ)n+1 (ﬁ)n-}-l
L ab ab
(1—2a)(ab)”+1a[>’ (ﬁ2n+1_a2n+1) (ab)n(aﬁ)Z(aZn_ﬁZn)
> (ap)a?ntip2ntl 2n+1 e (b—2ab-2) (aB)2a2np2n 2n
(a ﬂ) n=0 +2a (ab)n+1(a2n+2_ﬁ2n+2) X (a, B) n=0 + Z(ab)n+1(a,2n+2_ﬂ2n+2) X
(ap)?n+2 (ap )2 +2
Using aff = —ab, we get
L (1 _ Za)(ab)n+1(32n+1 _ a2n+1) ) ( 2n+2 '82n+2) -
() = (—ab)2zn+1 +2a (ab)" 1 x
=0
n i (b - 2) (azn _ ﬁZn) o (a2n+2 _ ﬁ2n+2) -
e ﬁ) . ‘ (ab)" @y )*
n=

Copyright to IJIRSET DOI:10.15680/1JIRSET.2015.0412136 12834



ISSN(Online): 2319-8753
ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Vol. 4, Issue 12, December 2015

2n+1
(a -B) {Z b(ab)™ {(b = 2ab + 2a)a** — (b — 2ab + 2ﬂ)ﬁZn+1}}

1 a’ B .
te—s {; by I((b _2ab—2)+2 <%>> ((b —2ab-2)+2 ( )) B ]}

2 2
UsingZ—bz a+1and§—b= ﬁ+1weget

2n+1
L =7 5 [Z b(ab)" [(b —2ab + 2a)a®™*! — (b — 2ab + 2[3)[32"“]}

[e.]

z ((b—2ab—2)+2(a+1))a®™ ]
(a — [)’) (ab)* |—((b — 2ab — 2) + 2(B + 1))p*"

2n+1
(a B) {z b(ab)™ [(b—2ab + 2a)a?"*t — (b — 2ab + 2ﬁ)ﬁ2n+1]}

+ m{Z" 0T " [(b — 2ab + 2a)a® — (b — 2ab + 26)67"1}
Thus if we write y = (b — 2ab + 2a)and § = (b — 2ab + 2f8), then

LG = Bio oy () ™

@)*2lpx@m ' a—p

Hence the required extended Binet formula is

_ 1 ya™ — 66"
B (ab)["/2lpx < a—p )
wherey = (b — 2ab + 2a), § = (b — 2ab + 2p).

I11.SOME INTERESTING PROPERTIES OF Lk

Here we derive some interesting properties for LL from its extended Binet formula. We first find
expressions which characterizes L% in terms of L% _; and powers of aor S.

a L ﬁnl

gL — Y
Theorem 3.1:Ly. = Zr=tyyrtn bn-1 + STy S 2

2.
Proof: By theorem 2.4 we have Lt = C(ya™ — §p"),
where C = ! = (b - 2ab + 2a),8 = (b — 2ab + 28).

bx @) (ap)In/2)(q—p)’ 14
Now consider the cases n = 2kand n = 2k + 1.

L 1 yak—sp2ky 1 rya?k_sp2k L ! ya2k+l_gp2k+1

Lo = (ab)[Zk/z]( a—p ) - (ab)k( a—p )andL2k+1 - b(ab)k( a—p ) :
. L 7L 2k+1 _ op2k+1 _ 2k+1 2ky — 2k (a—p)
“ blin —aly = (ab)k(a o e oF yatt o5t = SN
. 7L aqL 5Bk
o L2k+l _;LZk b(a_b)k.Thus

Lo 3p2k
Lakra =5 Law + 5 - 3.1)

Again considering n = 2k + 1 and n = 2k + 2 in theorem 2.4, we get

L _ 1 ya2k+1_5ﬁ2k+1 _ 1 ya2k+1_5ﬁ2k+1 L _ 1 ya2k+2_5ﬁ2k+2
Ligs1 = b(ab)[2k+1/2]( Py ) = bk ( poy )andL2k+2 = @)l ( o )

Using these two results, we get
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2k+1,,_
abls, ., — balk, ., = (abya®**? — §abB?**? — yaba?**? + Sabaf?*+1) = 8~ " (@f)

1
(ab)*+1(a—p)

ab)’ (ab)k(a—p)
o Ly = = Lhiyr = fa’;)ﬁ . This gives
Powe =2lhn + 2. @2)
Finally, combining (3.1) and (3.2), we get .
Lh = oy Lhoy + W .

-1

B L at .
al-x(M)px (@) Ln_l + (ab)[n/zlb)((n) in 2

Proof: From theorem 2.4 we have, L; = C(ya™ — §™), where C =

y=(b—2ab+2a),§ = (b—2ab + 2pB).
Now consider the cases when n = 2korn = 2k + 1.
gL 1 yazk_(;ﬁzk _ 1 yazk_évﬁzk L _ 1 ya2k+1—6ﬁ2k+1
b= @) 2/2] ( a—p ) T (ab)k ( a—p )and Lo = G ( a=p )
Using these two results we get

1

2k
L il 2k+1 _ sp2k+l _ o2k 2k+1y _ Ye~"@=p)
bL2k+1 ﬂLZk - (ab)k(a—ﬁ) ('}/Of 6ﬁ ya ﬁ + 5ﬁ ) - (ab)k(a—ﬁ) )

Theorem 3.2 : 1% = 2.

1
bx ) (ap)In/2l(a—p)’

2k
gL B _ va
.. L2k+1 _;sz - . ThUS

b(ab)k
B yazk
Lysr =5 Lk + 50t - (3.3)
Again considering n = 2k + 1 and n = 2k + 2 in theorem 2.4, we get
L _ 1 ya2k+1_552k+1 _ 1 ya2k+1—6[?2k+1 L _ 1 ya2k+2—5ﬁ2k+2
Lik+1 = b(ab)[2k+1/2]( a—p ) = bk ( a—p )andL2k+2 = (ab)k+1( ap )

“ @by = bBLsk4
(abya2k+2 _ 6ab,82k+2 _ yaba2k+lﬁ + 5abaﬂ2k+2) —

=—1 ya?k*a—p)
T (ab)Hl(a—p)

- (ab)k(a=B)
) B ya?t
KA Llék+2 _ZLljk+l = W . Hence
B ya2k+1
Liiva =5 Login + a4
Combining (3.3) and (3.4) we get
LL _ B LL yan—l
n T gl MWpx @) “n-1 (@) 2lpx@)
a+p L yarlyspnt

7L —
Corollary 3.3:2Ly, = ——ay Gy Ln—1 + S TARTOR

Proof: Adding the results of theorems 3.1and 3.2, we get
L _ a+p L ya" lyspn—1
2Ly = al=xMpx () Ln (ab)["/z]bx(n)

IV.CONCLUSION

, as required.

In this paper we derived extended Binet’s formula for {Lfl(“‘ b)} njoin theorem 2.4 and derive some interesting properties of

this Generalized Lucas sequence in section 3.
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