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ABSTRACT: Fractional Cosine Transform (FRCT) is a generalization of the ordinary cosine transform and it has 

similar relationship with Fractional Fourier Transform (FRFT). In actual computations of fractional cosine transform 

(FCT) and fractional sine transform (FST), the basic integrations are performed with quadratures. Because the data are 

sampled and the duration is finite, most of the quadratures can be implemented via matrix computations.  

In this paper we obtained some relations between fractional cosine and sine transform with other transforms. 

. 
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I.INTRODUCTION 

 

The FrCT, which is the generalization of cosine transform. The real part of FrFT Kernel was chosen as the kernel for 

Fractional Cosine Transform as in case of (CT) where real part of FT is chosen as (CT) kernel. The FrFT belongs to the 

class of time frequency representation that has been extensively used by the signal processing community. In all the 

time frequency representation, one normally uses a plane with two orthogonal axes corresponding to time frequency. If 

we consider a signal x(t) to be represented along the time axis and its ordinary FT X (F) to be represented along the 

frequency axis, then the FT operator (denoted by F) can be visualized as change in representation of signal 

corresponding to counter clock wise rotation of the axis by an angle 
𝜋

2
. This is consistent with some of absorb properties 

of FT. For example, two successive rotations of a signal through 
𝜋

2
will result in an inversion of time axis. Moreover, 

four successive rotations will leave the signal unaltered since a rotation through 2 𝜋 of the signal should leave the 

signal unaltered. The FrFT is a linear operator that corresponds to rotation of signal through an angle which is not 

multiple of
 𝜋

2
 that is it is the representation of the signal along the axis u making an angle 𝜶 with time axis. 

In addition to the FT, the cosine transform (CT), which are based on half range expansion of a function over cosine 

basis function, are also important tools in signal processing. Despite of some lack of elegance in their properties 

compared to the FT, CT has their own areas of applications. The idea of fractionalization of the CT was proposed in [2]. 

The real part of the FrFT kernel was chosen as the kernels for an FrCT as in the case of CT where real part of FT is 

chosen as a CT kernel. Thus FrFT and FrCT with parameter „a‟ are finding its place in many applications where FT and 

CT are found to be useful like beam forming, image compression, noise removal and signal restoration.  

In our previous work we already defined following definitions: 

 

1.1. Generalized two dimensional fractional Cosine transform 

 

Two dimensional fractional Cosine transform with parameter 𝛼 f(x, y) denoted by 𝐹𝐶
𝛼(𝑥, 𝑦) perform a linear operation 

given by the integral transform. 



  
                 

     
               ISSN(Online): 2319-8753 

          ISSN (Print):   2347-6710                                                                                                                                 

                                                                                                               

International Journal of Innovative Research in Science, 

Engineering and Technology 
(An ISO 3297: 2007 Certified Organization) 

Vol. 4, Issue 12, December 2015 

 

Copyright to IJIRSET                                          DOI:10.15680/IJIRSET.2015.0412015                                                    11766 

 

𝐹𝐶
𝛼 𝑓 𝑥, 𝑦   𝑢, 𝑣 =   𝑓 𝑥, 𝑦 𝐾𝛼

∞

0

∞

0
 𝑥, 𝑦, 𝑢, 𝑣 𝑑𝑥 𝑑𝑦 …………………………………….(1.1) 

Where the kernel, 

𝐾𝑐
𝛼 𝑥, 𝑦, 𝑢, 𝑣 =  

1−𝑖𝑐𝑜𝑡𝛼

2𝜋
𝑒

𝑖 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼

2 cos 𝑐𝑜𝑠𝑒𝑐𝛼. 𝑢𝑥 . cos 𝑐𝑜𝑠𝑒𝑐𝛼. 𝑣𝑦 ……….. (1.2) 

 

  1.2. The test function space E 

 

 An infinitely differentiable complex valued function ∅ on 𝑅𝑛  belongs to 𝐸(𝑅𝑛) if for each copactset𝐼 ⊂ 𝑆𝑎 ,𝑏 , where, 

𝑆𝑎 ,𝑏 =  𝑥, 𝑦: 𝑥, 𝑦 ∈ 𝑅𝑛 ,  𝑥 ≤ 𝑎,  𝑦 ≤ 𝑏, 𝑎 > 0, 𝑏 > 0 , 𝐼 ∈ 𝑅𝑛  

 𝛾𝐸𝑝 ,𝑞
 ∅ =  𝐷𝑥 ,𝑦

𝑝 ,𝑞
∅(𝑥, 𝑦) 

𝑥 ,𝑦

𝑠𝑢𝑝
< ∞Where, p, q =1, 2, 3…. 

Thus 𝐸(𝑅𝑛) will   denote the space of all∅ ∈ 𝐸(𝑅𝑛 ) with support contained in 𝑆𝑎 ,𝑏  

Note that: the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional Cosine 

transformable, if it is a member of𝐸∗, the dual space of E. 

    In this paper we have to find out some relation between fractional cosine and sine transform with other transform and 

defined distributional two-dimensional fractional Cosine transform 

 

II. DISTRIBUTIONAL TWO-DIMENSIONAL FRACTIONAL COSINE TRANSFORM 

 

The two dimensional distributional fractional Cosine transform of 𝑓(𝑥, 𝑦) ∈ 𝐸∗(𝑅𝑛) defined by  

𝐹𝑐
𝛼 𝑓 𝑥, 𝑦  = 𝐹𝛼 𝑢, 𝑣 =  𝑓 𝑥, 𝑦 , 𝐾𝛼(𝑥, 𝑦, 𝑢, 𝑣)  ……………………………       (2.1) 

𝐾𝑐
𝛼 𝑥, 𝑦, 𝑢, 𝑣 =  

1−𝑖𝑐𝑜𝑡𝛼

2𝜋
𝑒

𝑖 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼

2 cos 𝑐𝑜𝑠𝑒𝑐𝛼. 𝑢𝑥 . cos 𝑐𝑜𝑠𝑒𝑐𝛼. 𝑣𝑦  ….. (2.2) 

Where   , RHS of equation (2.1) has a meaning as the application of 𝑓 ∈ 𝐸∗to𝐾𝛼(𝑥, 𝑦, 𝑢, 𝑣) ∈ 𝐸 

 

 

III. RELATIONS OF TWO DIMENSIONAL FRACTIONAL COSINE TRANSFORM WITH OTHER 

TRANSFORMS 

 

3.1 Relation between two dimensional fractional Fourier transform and two dimensional fractional sine and 

cosine transform. 

 

If two dimensional fractional Fourier transform is  

𝐹 𝑓(𝑥, 𝑦)  𝑢, 𝑣 =    
1−𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞
 𝑒

𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑠𝛼 −2 𝑥𝑢+𝑦𝑣   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦   Then FrFT changes to FrCT 

and FrST 

Solution:  Let  𝐴 =  
1−𝑖𝑐𝑜𝑡𝛼

2𝜋
 

𝐹 𝑓(𝑥, 𝑦)  𝑢, 𝑣 =   𝐴
∞

−∞

∞

−∞

 𝑒
𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑠𝛼    𝑒

𝑖
2𝑠𝑖𝑛𝛼

 −2 𝑥𝑢 +𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹 𝑓(𝑥, 𝑦)  𝑢, 𝑣 =   𝐴
∞

−∞

∞

−∞

 𝑒
𝑖
2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+𝑢2+𝑣2    𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼  𝑥𝑢+𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

Let   𝐵 = 𝑒
𝑖

2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+𝑢2+𝑣2  

 

𝐹 𝑓(𝑥, 𝑦)  𝑢, 𝑣 =   𝐴
∞

−∞

∞

−∞

 𝐵  𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢  𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 
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𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 =   𝐴
∞

−∞

∞

−∞

 𝐵   cos 𝑐𝑠𝑐𝛼𝑥𝑢 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥𝑢     

 cos 𝑐𝑠𝑐𝛼𝑦𝑣 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 =   𝐴
∞

−∞

∞

−∞

 𝐵   cos 𝑐𝑠𝑐𝛼𝑥𝑢 . cos 𝑐𝑠𝑐𝛼𝑦𝑣   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

−𝑒−𝑖(𝛼−
𝜋
2

)    𝑒𝑖(𝛼−
𝜋
2

)𝐴
∞

−∞

∞

−∞

 𝐵   sin 𝑐𝑠𝑐𝛼𝑥𝑢 . sin 𝑐𝑠𝑐𝛼𝑦𝑣   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

−𝑖   𝐴
∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥𝑢  𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

−𝑖   
1

𝑖
𝐴

∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 − 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥𝑢   . 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

Here we take  

 𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥𝑢  = 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥𝑢 ,
1

𝑖
 𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 − 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥𝑢  = sin 𝑐𝑠𝑐𝛼𝑥𝑢  

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣  

−𝑖   𝐴
∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥𝑢 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

−𝑖   
1

𝑖
𝐴

∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 − 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥𝑢 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣  

−𝑖   𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

− 𝑒−𝑖(𝛼−
𝜋
2

)   𝑒𝑖(𝛼−
𝜋
2

)𝐴
∞

−∞

∞

−∞

𝐵 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥𝑢 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

−    𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 +   𝐴
∞

−∞

∞

−∞

𝐵𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥𝑢 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

 

 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣  

−𝑖   𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 − 𝑒−𝑖(𝛼−
𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 

−    𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 + 𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣  

 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 2𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 −   𝐴

∞

−∞

∞

−∞

𝐵𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 (𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦𝑣 

+ 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦𝑣 )𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 2𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 −   𝐴

∞

−∞

∞

−∞

𝐵𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥𝑢 𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 
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𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 2𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 −   𝐴

∞

−∞

∞

−∞

𝐵𝑒𝑖(𝑥𝑢 +𝑣𝑦)𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 2𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 

−    
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞

𝑒
𝑖
2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+𝑢2+𝑣2  𝑒−𝑖(𝑥𝑢 +𝑣𝑦)𝑐𝑜𝑠𝑒𝑐𝛼 𝑒2𝑖(𝑥𝑢 +𝑣𝑦)𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹 𝑓 𝑥, 𝑦   𝑢, 𝑣 = 2𝐹𝛼
𝑐 𝑓 𝑥, 𝑦   𝑢, 𝑣 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠 𝑓 𝑥, 𝑦   𝑢, 𝑣 

−    
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞

𝑒
𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑠𝛼 −2(𝑥𝑢 +𝑣𝑦) 𝑒2𝑖(𝑥𝑢 +𝑣𝑦)𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝑭 𝒇 𝒙, 𝒚   𝒖, 𝒗 = 𝟐𝑭𝜶
𝒄  𝒇 𝒙, 𝒚   𝒖, 𝒗 − 𝟐𝒆−𝒊(𝜶−

𝝅

𝟐
)𝑭𝜶

𝒔  𝒇 𝒙, 𝒚   𝒖, 𝒗 − 𝑭𝜶[𝒆𝟐𝒊(𝒙𝒖+𝒗𝒚)𝒄𝒐𝒔𝒆𝒄𝜶𝒇 𝒙, 𝒚 ]  
Here 𝐹𝛼  is fractional Fourier transform and 𝐹𝛼

𝑐  𝐹𝛼
𝑠 are fractional cosine and sine transform respectively. 

3.2 Relation between two dimensional fractional offset Fourier transform and two dimensional fractional offset Sine 

and Cosine transform. 

 

If two dimensional offset fractional Fourier transform is 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓(𝑥, 𝑦)  𝑢 − 𝜂, 𝑣 − 𝛾 

=    
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞

𝑒𝑖 𝑢𝜏 +𝑣𝜉  𝑒
𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+ 𝑢−𝜂 2+ 𝑣−𝛾 2 𝑐𝑜𝑠𝛼 −2 𝑥 𝑢−𝜂 +𝑦 𝑣−𝛾    𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

 Then offset FrFT changes to offset FrCT and FrST 

Solution: Let  𝐴 =  
1−𝑖𝑐𝑜𝑡𝛼

2𝜋
 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓(𝑥, 𝑦)  𝑢 − 𝜂, 𝑣 − 𝛾 

=   𝐴
∞

−∞

∞

−∞

 𝑒𝑖 𝑢𝜏 +𝑣𝜉 𝑒
𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+ 𝑢−𝜂 2+ 𝑣−𝛾 2 𝑐𝑜𝑠𝛼    𝑒

𝑖
2𝑠𝑖𝑛𝛼

 −2 𝑥 𝑢−𝜂 +𝑦 𝑣−𝛾   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓(𝑥, 𝑦)  𝑢 − 𝜂, 𝑣 − 𝛾 

=   𝐴
∞

−∞

∞

−∞

 𝑒𝑖 𝑢𝜏 +𝑣𝜉 𝑒
𝑖
2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+ 𝑢−𝜂 2+ 𝑣−𝛾 2    𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼  𝑥 𝑢−𝜂 +𝑦 𝑣−𝛾  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

Let   𝐵 = 𝑒
𝑖

2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+𝑢2+𝑣2  𝑒𝑖 𝑢𝜏 +𝑣𝜉  

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓(𝑥, 𝑦)  𝑢 − 𝜂, 𝑣 − 𝛾 =   𝐴

∞

−∞

∞

−∞

 𝐵  𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥  𝑢−𝜂  𝑒−𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑦  𝑣−𝛾 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 =   𝐴

∞

−∞

∞

−∞

 𝐵   cos 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂  − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂      

 cos 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾  − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 =   𝐴

∞

−∞

∞

−∞

 𝐵   cos 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂  . cos 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾    𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

−𝑒−𝑖(𝛼−
𝜋
2

)    𝑒𝑖(𝛼−
𝜋
2

)𝐴
∞

−∞

∞

−∞

 𝐵   sin 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂  . sin 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾    𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 
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−𝑖   𝐴
∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥  𝑢−𝜂 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂   𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾   𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

−𝑖   
1

𝑖
𝐴

∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥  𝑢−𝜂 − 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂    . 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦 𝑣 − 𝛾  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

 

Here we take  

 𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥  𝑢−𝜂 − 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂   = 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂  ,  

1

𝑖
 𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥  𝑢−𝜂 − 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂   = sin 𝑐𝑠𝑐𝛼𝑥 𝑢 − 𝜂   

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 = 𝐹𝛼

𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 𝑒−𝑖(𝛼−
𝜋
2

)𝐹𝛼
𝑠,𝜏,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾  

−𝑖   𝐴
∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾)  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

− 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥(𝑢 − 𝜂) 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾)  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

−𝑖   
1

𝑖
𝐴

∞

−∞

∞

−∞

 𝐵   𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

− 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥(𝑢 − 𝜂) 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 = 𝐹𝛼

𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 𝑒−𝑖(𝛼−
𝜋
2

)𝐹𝛼
𝑠,𝜏,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾  

−𝑖   𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾)  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

−   𝐴
∞

−∞

∞

−∞

𝐵 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑥(𝑢 − 𝜂) 𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾)  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦  

−    𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

+   𝐴
∞

−∞

∞

−∞

𝐵𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑥(𝑢 − 𝜂) 𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 = 𝐹𝛼

𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 𝑒−𝑖(𝛼−
𝜋
2

)𝐹𝛼
𝑠,𝜏,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾  

−𝑖   𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾)  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 − 𝑒−𝑖(𝛼−
𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−    𝐴
∞

−∞

∞

−∞

𝐵  𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 + 𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾  

 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

= 2𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−   𝐴
∞

−∞

∞

−∞

𝐵𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)(𝑐𝑜𝑠 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) + 𝑖𝑠𝑖𝑛 𝑐𝑠𝑐𝛼𝑦(𝑣 − 𝛾) )𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

= 2𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−   𝐴
∞

−∞

∞

−∞

𝐵𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑥 (𝑢−𝜂)𝑒𝑖𝑐𝑜𝑠𝑒𝑐𝛼𝑦 (𝑣−𝛾)𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 
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𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

= 2𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−   𝐴
∞

−∞

∞

−∞

𝐵𝑒𝑖(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾))𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

= 2𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−    
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞

𝑒
𝑖
2
𝑐𝑜𝑡𝛼   𝑥2+𝑦2+ 𝑢−𝜂 2+ 𝑣−𝛾 2  𝑒−𝑖(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾))𝑐𝑜𝑠𝑒𝑐𝛼 𝑒2𝑖(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾))𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

= 2𝐹𝛼
𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−

𝜋
2

)𝐹𝛼
𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 

−    
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋

∞

−∞

∞

−∞

𝑒
𝑖

2𝑠𝑖𝑛𝛼
  𝑥2+𝑦2+ 𝑢−𝜂 2+ 𝑣−𝛾 2 𝑐𝑜𝑠𝛼 −2(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾)) 𝑒2𝑖(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾))𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 = 2𝐹𝛼

𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾 𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 − 2𝑒−𝑖(𝛼−
𝜋

2
)𝐹𝛼

𝑠,𝜏 ,𝜂 ,𝜉 ,𝛾  𝑓 𝑥, 𝑦   𝑢 − 𝜂, 𝑣 − 𝛾 −

𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾

[𝑒2𝑖(𝑥(𝑢−𝜂)+𝑦(𝑣−𝛾))𝑐𝑜𝑠𝑒𝑐𝛼 𝑓 𝑥, 𝑦 ]  

 

Here 𝐹𝛼
𝜏 ,𝜂 ,𝜉 ,𝛾

𝛼
 is offset fractional Fourier transform and 𝐹𝛼

𝑐 ,𝜏 ,𝜂 ,𝜉 ,𝛾
, 𝐹𝛼

𝑠,𝜏,𝜂 ,𝜉 ,𝛾
 are offset fractional cosine and sine 

transformed respectively. 

 

3.3 Relation between two dimensional canonical cosine-cosine transform and two dimensional fractional cosine 

transform 

Two dimensional canonical cosine-cosine transform is 

 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 =  
1

2𝜋𝑖𝑏
 

1

2𝜋𝑖𝑏
𝑒

𝑖
2
 
𝑑
𝑏
 𝑢2

𝑒
𝑖
2
 
𝑑
𝑏
 𝑣2

  cos(
𝑢

𝑏

∞

−∞

∞

−∞

𝑥) cos  
𝑣

𝑏
𝑦 𝑒

𝑖
2
 
𝑎
𝑏
 𝑥2

𝑒
𝑖
2
 
𝑎
𝑏
 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 

If 𝐴 =  
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼
−𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

 =  
𝑎 𝑏
𝑐 𝑑

   then 2𝐷𝐶𝐶𝐶𝑇 changes to FrCT 

Solution: if 𝐴 =  
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼
−𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

 =  
𝑎 𝑏
𝑐 𝑑

  

∴ 𝑎 = 𝑐𝑜𝑠𝛼 , 𝑏 = 𝑠𝑖𝑛𝛼 , 𝑐 = −𝑠𝑖𝑛𝛼, 𝑑 = 𝑐𝑜𝑠𝛼 

Consider two dimensional canonical cosine-cosine transform 

 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 =  
1

2𝜋𝑖𝑏
 

1

2𝜋𝑖𝑏
𝑒

𝑖
2
 
𝑑
𝑏
 𝑢2

𝑒
𝑖
2
 
𝑑
𝑏
 𝑣2

  cos(
𝑢

𝑏

∞

−∞

∞

−∞

𝑥) cos  
𝑣

𝑏
𝑦 𝑒

𝑖
2
 
𝑎
𝑏
 𝑥2

𝑒
𝑖
2
 
𝑎
𝑏
 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

Putting above values in 2𝐷𝐶𝐶𝐶𝑇 

 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
𝑒

𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑢2

𝑒
𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑣2

  cos(
𝑢

𝑠𝑖𝑛𝛼

∞

−∞

∞

−∞

𝑥) cos  
𝑣

𝑠𝑖𝑛𝛼
𝑦 𝑒

𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑥2

𝑒
𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 
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 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
𝑒

𝑖
2
 𝑐𝑜𝑡𝛼 𝑢2

𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑣2

  cos(𝑐𝑠𝑐𝛼. 𝑢
∞

−∞

∞

−∞

𝑥) cos 𝑐𝑠𝑐𝛼𝑣𝑦 𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑥2

𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 

 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼cos(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) cos 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
𝑐𝑜𝑠𝛼 + 𝑖𝑠𝑖𝑛𝛼

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼 cos(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) cos 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋
 

−𝑖𝑐𝑠𝑐𝛼

2𝜋
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼cos(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) cos 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  
−𝑖𝑐𝑠𝑐𝛼

2𝜋
   

1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋
e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼cos(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) cos 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝐶𝐶𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 =  

−𝑖𝑐𝑠𝑐𝛼

2𝜋
𝐹𝛼

𝑐 𝑓 𝑥, 𝑦  (𝑢, 𝑣) 

3.4 Relation between two dimensional canonical sine-sine transform and two dimensional fractional sine transform 

Two dimensional canonical sine-sine transform is 

 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 = (−1) 
1

2𝜋𝑖𝑏
 

1

2𝜋𝑖𝑏
𝑒

𝑖
2
 
𝑑
𝑏
 𝑢2

𝑒
𝑖
2
 
𝑑
𝑏
 𝑣2

  sin(
𝑢

𝑏

∞

−∞

∞

−∞

𝑥) sin  
𝑣

𝑏
𝑦 𝑒

𝑖
2
 
𝑎
𝑏
 𝑥2

𝑒
𝑖
2
 
𝑎
𝑏
 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 

If 𝐴 =  
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼
−𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

 =  
𝑎 𝑏
𝑐 𝑑

   then 2𝐷𝐶𝑆𝑆𝑇 changes to FrST 

Solution: if 𝐴 =  
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼
−𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

 =  
𝑎 𝑏
𝑐 𝑑

  

∴ 𝑎 = 𝑐𝑜𝑠𝛼 , 𝑏 = 𝑠𝑖𝑛𝛼 , 𝑐 = −𝑠𝑖𝑛𝛼, 𝑑 = 𝑐𝑜𝑠𝛼 

Consider two dimensional canonical sine-sine transform 

 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 = (−1) 
1

2𝜋𝑖𝑏
 

1

2𝜋𝑖𝑏
𝑒

𝑖
2
 
𝑑
𝑏
 𝑢2

𝑒
𝑖
2
 
𝑑
𝑏
 𝑣2

  sin(
𝑢

𝑏

∞

−∞

∞

−∞

𝑥) sin  
𝑣

𝑏
𝑦 𝑒

𝑖
2
 
𝑎
𝑏
 𝑥2

𝑒
𝑖
2
 
𝑎
𝑏
 𝑦2

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

Putting above values in 2𝐷𝐶𝐶𝐶𝑇 
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 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
𝑒

𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑢2

𝑒
𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑣2

  sin(
𝑢

𝑠𝑖𝑛𝛼

∞

−∞

∞

−∞

𝑥) sin  
𝑣

𝑠𝑖𝑛𝛼
𝑦 𝑒

𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑥2

𝑒
𝑖
2
 
𝑐𝑜𝑠𝛼
𝑠𝑖𝑛𝛼

 𝑦2

 

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
𝑒

𝑖
2
 𝑐𝑜𝑡𝛼 𝑢2

𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑣2

  sin(𝑐𝑠𝑐𝛼. 𝑢
∞

−∞

∞

−∞

𝑥) sin 𝑐𝑠𝑐𝛼𝑣𝑦 𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑥2

𝑒
𝑖
2
 𝑐𝑜𝑡𝛼 𝑦2

 

𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1  
1

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼sin(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) sin 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1  
𝑐𝑜𝑠𝛼 + 𝑖𝑠𝑖𝑛𝛼

2𝜋𝑖𝑠𝑖𝑛𝛼
 

1

2𝜋𝑖𝑠𝑖𝑛𝛼
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼 sin(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) sin 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1  
1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋
 

−𝑖𝑐𝑠𝑐𝛼

2𝜋
  e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼sin(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) sin 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 

=  −1 e−i α−
π
2
  

−𝑖𝑐𝑠𝑐𝛼

2𝜋
   

1 − 𝑖𝑐𝑜𝑡𝛼

2𝜋
e

𝑖
2
 𝑥2+𝑦2+𝑢2+𝑣2 𝑐𝑜𝑡𝛼ei α−

π
2
 sin(𝑐𝑠𝑐𝛼. 𝑢

∞

−∞

∞

−∞

𝑥) sin 𝑐𝑠𝑐𝛼𝑣𝑦 𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 =  −1 e−i α−

π
2
  

−𝑖𝑐𝑠𝑐𝛼

2𝜋
𝐹𝛼

𝑆 𝑓 𝑥, 𝑦  (𝑢, 𝑣) 

 𝑒𝑖𝛼 
1
2 2𝐷𝐶𝑆𝑆𝑇(𝑓(𝑥, 𝑦)  𝑢, 𝑣 = e−i α−

π
2
  

−𝑖5𝑐𝑠𝑐𝛼

2𝜋
𝐹𝛼

𝑆 𝑓 𝑥, 𝑦  (𝑢, 𝑣) 

 

IV.CONCLUSION 

In this paper we have extended two-dimensional fractional Cosine transform in the distributional generalized sense and 

its relationship between fractional Fourier transform and canonical sine and cosine transform  
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