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ABSTRACT: Fractional Cosine Transform (FRCT) is a generalization of the ordinary cosine transform and it has
similar relationship with Fractional Fourier Transform (FRFT). In actual computations of fractional cosine transform
(FCT) and fractional sine transform (FST), the basic integrations are performed with quadratures. Because the data are
sampled and the duration is finite, most of the quadratures can be implemented via matrix computations.

In this paper we obtained some relations between fractional cosine and sine transform with other transforms.
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I.INTRODUCTION

The FrCT, which is the generalization of cosine transform. The real part of FrFT Kernel was chosen as the kernel for
Fractional Cosine Transform as in case of (CT) where real part of FT is chosen as (CT) kernel. The FrFT belongs to the
class of time frequency representation that has been extensively used by the signal processing community. In all the
time frequency representation, one normally uses a plane with two orthogonal axes corresponding to time frequency. If
we consider a signal x(t) to be represented along the time axis and its ordinary FT X (F) to be represented along the
frequency axis, then the FT operator (denoted by F) can be visualized as change in representation of signal

corresponding to counter clock wise rotation of the axis by an angle % This is consistent with some of absorb properties

of FT. For example, two successive rotations of a signal through %will result in an inversion of time axis. Moreover,

four successive rotations will leave the signal unaltered since a rotation through 2 m of the signal should leave the
signal unaltered. The FrFT is a linear operator that corresponds to rotation of signal through an angle which is not

multiple ofg that is it is the representation of the signal along the axis u making an angle a with time axis.

In addition to the FT, the cosine transform (CT), which are based on half range expansion of a function over cosine
basis function, are also important tools in signal processing. Despite of some lack of elegance in their properties
compared to the FT, CT has their own areas of applications. The idea of fractionalization of the CT was proposed in [2].
The real part of the FrFT kernel was chosen as the kernels for an FrCT as in the case of CT where real part of FT is
chosen as a CT kernel. Thus FrFT and FrCT with parameter ‘a’ are finding its place in many applications where FT and
CT are found to be useful like beam forming, image compression, noise removal and signal restoration.

In our previous work we already defined following definitions:

1.1. Generalized two dimensional fractional Cosine transform

Two dimensional fractional Cosine transform with parameter « f(X, y) denoted by F£ (x, y) perform a linear operation
given by the integral transform.
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FE{f (x, M}, v) = fow fooof(x,y)Ka R TRV . &2y YR (1 )
Where the kernel,

1—icota i(x2+y2+u2+v2)com
K& (x,y,u,v) = —. € 2 cos(coseca.ux).cos(coseca.vy)........... (1.2)

1.2. The test function space E

An infinitely differentiable complex valued function @ on R™ belongs to E(R™) if for each copactset! c S, ,, where,
Saop ={x,y:x,y ER" x| <a,|ly| <b,a>0,b>0},] €R"
Ve, , (@) = SZZ|D§";,I(D(3C, y)| < oWhere, p, q=1,2,3....
Thus E(R™) will denote the space of all@ € E(R™) with support contained in S, ,
Note that: the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional Cosine
transformable, if it is a member of E*, the dual space of E.

In this paper we have to find out some relation between fractional cosine and sine transform with other transform and
defined distributional two-dimensional fractional Cosine transform

1. DISTRIBUTIONAL TWO-DIMENSIONAL FRACTIONAL COSINE TRANSFORM

The two dimensional distributional fractional Cosine transform of f(x,y) € E*(R™) defined by

FHfC,)I=F*(u,v) = (x5, ), K, (LY, U V) o 2.1
1—icota i(x2+y2 +u2 +v2)cota
K&(x,y,u,v) = = 2 cos(coseca.ux).cos(coseca.vy) ..... (2.2)

Where , RHS of equation (2.1) has a meaning as the application of f € E*toK, (x,y,u,v) € E

I11. RELATIONS OF TWO DIMENSIONAL FRACTIONAL COSINE TRANSFORM WITH OTHER
TRANSFORMS

3.1 Relation between two dimensional fractional Fourier transform and two dimensional fractional sine and
cosine transform.

If two dimensional fractional Fourier transform is

1-ic

F{f e Ywv) = [ [~ Z—:t“ et |4y 2 tutbvt)eosa —26auty)] £ sy ax dy Then FET changes to FrCT
and FrST

1-icota
2

Solution: Let 4 =

F{f(x, y)}(u' 17) — f f A e—ZsiLna [(x2+y2+u2+v2)cosa] e—ZsiLna (—2(xu+yv))f(x’ y)dx dy

F{f(x, y)}(u’ v) — f f A e%cata [(x2+y2+u2+v?)] g —icoseca ("““’V)f(x, y)dx dy
Let B = e%cota [(x2+y2+u2+172)]

F{f(x, y)}(u’ 17) =f f AB e—icosecaxu e—icosecayv f(x, y)dx dy
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F{f (x,y)}(u,v) = foo fmA B (cos(cscaxu) - isin(cscaxu))

(cos(cscayv) — isin(cscayv)) f(x,y)dx dy

F{f (x,y)}(u,v) =f f A B (cos(cscaxu).cos(cscayv)) f(x,y)dx dy
—e_i("‘_%) f J. ei(‘”—%)A B (sin(cscaxu) .sin(cscayv)) f(x,y)dx dy
—i f f A B (eic"s““"“ — isin(cscaxu)) sin(cscayv) f(x,y)dx dy

—i f f ?A B (ew"sem"“ — cos(cscaxu)) .cos(cscayv)f(x,y)dx dy
Here we take

. 1, .
(e‘c"s““"” — isin(cscaxu)) = cos(cscaxu),— (e”"se“‘"“ — cos(cscaxu)) = sin(cscaxu)
i

FUF Gy}, v) = EEIF (o), v) = e D [f (1, )], v)
—i f f A B (etosecaxt sin(cscayv) f(x,y)dx dy — isin(cscaxu)sin(cscayv) f(x,y)dx dy)

—i f f ?A B (e'cosecat cos(cscayv) f(x, y)dx dy — cos(cscaxu)cos(cscayv)f (x,y)dx dy)

FUE Gy} v) = FEIF ()1 v) — e DRI (x, )], v)

—i f f AB eicosecaxt gin(cscayv) f(x,y)dx dy

ISR A e G
- e_‘(“_f)f f e' @24 B sin(cscaxu)sin(cscayv) f(x,y)dx dy

— f f AB elcosecaxu cos(cscayv) f(x,y)dx dy + f f A Bcos(cscaxu)cos(cscayv)f(x,y)dx dy

FUF G )} v) = FELF ()1, v) — e DR [F (x, )] (u, v)

—if f AB e'cosecau gin(cscayv) f(x,y)dx dy — e_i(a_%)Fas [f Cx, M1, v)

- jw fooA B eicosecaxu cog(cscayv)f(x,y)dx dy + FE[f(x, v)](u, v)
F{f (x, )}, v) = 2EF[f (x, )] (u, v) — 2e_i(“_%)FaS [f Ce, M, v) — J J A Beicosecaxu (cos(cscayv)

+ isin(cscayv))f(x,y)dx dy

FUFGe )} v) = 2EE[F Co )] v) — 26 @ DES £ (x, 9], v) — f f A Beieosecaxu gicosecavy £(x )iy dy
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FUF e )} v) = 2EE[F (2, 7)) v) — 26~ CDES[£ G, )] (w, v) — f f A BeiGurvy)eoseca £z )iy dy

FUF ()3 v) = 2EE L (6, )] (w,v) — 26 DES[£ ()], v)

f f ’1 — icota —CUW [(x%+y2+u +U2)] —i(xu+vy)coseca ,2i(xu+vy)coseca f(x y)dx dy

F{f (o, )} v) = 2FELF (o, 9)](u v) — 26 D ES[£(x, y)](w, v)

— f f 1 —Zi;Ot(Z eﬁ[(x2+y2+u2+yz)cosa —Z(Xu+U}’)]62i(xu+vy)coseca f(x, y)dx dy

F{f (6, )} (w,v) = 2FS[f (6, »)](w,v) — 26 @D F5[f(x, )] (w, v) — F p[e2iCarmmcosecap(y, )]
Here F, is fractional Fourier transform and Ef F; are fractional cosine and sine transform respectively.

3.2 Relation between two dimensional fractional offset Fourier transform and two dimensional fractional offset Sine
and Cosine transform.

If two dimensional offset fractional Fourier transform is
Ey T (6,9} —n,v = y)

_ f B f ” ’1 T ICOME e 0g) gl 4y Py Deosa 26y 0] £y )y dy
—o0 /-0 2m '

Then offset FrFT changes to offset FrCT and FrST

1—icota

Solution: Let A =

2m

E Y {F (v —1,0 = y)
- foo fmA ei(u‘r+V§)eﬁ[(’fzﬂ/Z+(u—71)2+(17—]/)2)€050!] eﬁ(—Z(X(u—n)+y(v—y)))f(x’ y)dx dy

FM T Gy =m0 =) '
= f f A ei(ur+v§)e%mta [(x2+y2+(u—77)2+(17—}’)2)] g ~icoseca (x(u—n)+y(v—y))f(x y)dx dy

Let B = e;;mm [(x2+y2+u2+”2)]ei(ur+v§)

B umny=p = [ [ 4B e e 0y dy

FPMY (e )Y u—nv—y) = fw fwA B (cos(cscax(u — 1)) — isin(cscax(u — r))))
(cos(cscay(v - y)) - isin(cscay(v - y))) f(x,y)dx dy

IV (G )Y —n,v —y) = fw fwA B (cos(cscax(u —1n)).cos(cscay(v —v))) f(x,y)dx dy

e_i(“_%)f f ei@Dy B (sin(cscax(u —n)).sin(cscay(w —y))) f(x,y)dx dy
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—if f AB (eicosemx w-n) _ isin(cscax(u — n))) sin(cscay(v — y)) f(x,y)dx dy

—00

—i f f YA B (e‘“’m""‘ w=n) _ cos(cscax(u — 17))) .cos(cscay(v — y))f(x,y)dx dy

—0o0

Here we take

(e”"secax =) — jsin(cscax(u — 17))) = cos(cscax(u — 1)),
1, .
n (elc"sec‘” w-n) _ cos(cscax(u — n))) = sin(cscax(u — 17))
. s
ESM Y ) —m,v —y) = ESP fFa)I—n,v —y) — e " CDEY [, )] —1,v - )

—i f°° J-ooA B (eicosecax wMgin(cscay (v — y)) f(x,y)dx dy
~0 J—oo0 — isin(cscax(u — n))sin(cscay (v — y)) f(x,y)dx dy)

—i f f ~AB (gicosecax =M cos(cscay (v — y)) f (x, y)dx dy

— cos(cscax(u —n))cos(cscay (v —y)) f(x,y)dx dy)
EXE (F (e, y)} = v — ) = ESVS [F (e )] — v — ) — e O DES Y [£ (e, y) ] (u = 1, v — ¥)

—if f AB efcosecax W=gin(cscay (v —y)) f(x,y)dx dy

- fw fw A B sin(cscax(u — n))sin(cscay(v —vy)) f(x,y)dx dy

- f f AB eicosecax W= cog(cscay(v — y))f (x,y)dx dy
+ j J A Bcos(cscax(u —n))cos(cscay(v —y))f (x,y)dx dy
. s
EM Gy =m0 =) = B [F G )l — v —y) — e DR[£ ()] (w —n,v — y)
‘if f AB el @ Dsin(escay(v — y)) fx, y)dx dy — e DR[£, )] =0, v — )

|| 4B o eoncostescayw - eI dy + B I G - v - 1)

FM (e, y)}w =, 0 —y) )
= 26, [f (e, I —n,v —y) = 2¢CDET [, ) v~ 7)

- f f A Beicosecax =) (cos(cscay (v — y)) + isin(cscay (v — ) f (x, y)dx dy

EZMYLF (e, )} =, v — )
(@
= 2E"" 7 [f o)) —n,v —y) = 26T DR [ ()] (- n,v - )
_ f f A Beicosecax (u—n)eicosecay (v—y)f(x’ y)dx dy
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FEf Gy = v =) )
= 26" [f e DI —n,v —y) = 2eCDET [, )] v~ y)
_ f f A Bei(x(u—r])+y(v—y))coseca f(x, y)dx dy

EF{F (6, )Y =, v — )
= 2F, "5V [ e, )] (w — 1,0 — y) — 2 CDEIEY £ (e, )] (w =1, v — ¥)

- f foo 1 —21:7(;01:6! ezicota [(x2+yz+(u—77)2+(v—}’)z)]e—i(x(u—n)+y(v—y))coseca eZi(x(u—n)+y(v—y))coseca f(x, y)dx dy

R oyl = mv =) )
= 2F" M [ (e, 1w — v —y) — 2T CTDEEY[F (e, p)](w = n, v — ¥)

_ foo foo ’71 _Zi;Ota eﬁ[(’cz+y2+(u_n)2+(17—}’)2)00511 —Z(X(u—n)ﬂ’(v—}’))]eZi(x(u—n)+y(v—y))coseca f(x,y)dx dy

RS (f Gy} = v = y) = 2B £ Gyl = v = p) = 2e T CRET F Gyl = m v =) -
F;'"'f'y [e2iCxu=m)+y (v=y))coseca £(x 4)]

Here F;'"'f'ya is offset fractional Fourier transform and FS™"%7, ES™™%¥ are offset fractional cosine and sine
transformed respectively.

3.3 Relation between two dimensional canonical cosine-cosine transform and two dimensional fractional cosine
transform

Two dimensional canonical cosine-cosine transform is

{2DcccT(f (x, )} u,v) = /Z;ib ’ﬁe%(%)uze%(%)vz f°° J-°° cosi?ﬁ%x) cos (gy) e%(%)xze%(%)yzf(x, y)dxdy

cosa sina
IfA = [ .
—sina cosa

] = [a b] then 2DCCCT changes to FrCT

Solution: if A = [ cosa 5‘"“] - [

—sina cosa
s~ a=cosa,b =sina,c =—sina,d = cosa
Consider two dimensional canonical cosine-cosine transform

{2DCCcCT(f (x, y)}(u,v) = ’21:ib /ﬁ e%(%)uze%(%)”2 J-°° f°° cosi?@%x) cos (gy) e%(%)xze%(%)yzf(x, y)dxdy

Putting above values in 2DCCCT
{2DCCCT (f (x, ¥)}(u, v)

1 1 ) )
= \/ — \/ — e%(?t);z Zeé Efrf‘; f J- cosi 0— X) co ( ) é(?‘fiﬁ )xze%(i?,f;' )yzf(x, y)dxdy
o sina

2misina | 2wisina
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{2DCCCT (f (x, v)}(u, v)

1 1 i 2 L 2 [© % i 2 i 2
_ s(cota)u® =(cota)v o) s(cota)x® =(cota)y
= ez e2 cosifcsca. u x) cos(cscavy) e2 ez x,y)dxd

\/Znisina JZnisina’ f f { ) ( y) fexy) Y

{2DCCCT(f (x, y)}(u, v)

2misina

= \/ — \/ Srising f f ef("2+y2+“2+"2)wt“cosi?ﬁ"csca.ux) cos(cscavy) f(x,y)dxdy

(" )2{2DCCCT (f (x, y)}(, v)

cosa + isina 1 @ e
=\/ — \/Znisinaf J ef(x2+y2+“2+"z)wmcosif@csca.ux) cos(cscavy) f(x,y)dxdy

2misina
(€' “)22DCCCT (f (x, y)}u, v)

1 —icota |—icsca
=\/ o \/ j J 2(" P rutvteota o g csca.u x) cos(cscavy) f(x, y)dxdy

(" )2{2DCCCT (f (x, y)}(w, v)

’—Lcscaj j ’1 — lcota l(x P rutvteota o g csca.u x) cos(cscavy) f(x, y)dxdy
1 —icsca
(e")2{2DCCCT (f (x, M} (w, v) = o Fi{f ()3 (w,v)

3.4 Relation between two dimensional canonical sine-sine transform and two dimensional fractional sine transform
Two dimensional canonical sine-sine transform is

{2DCSST(f (x, y)}(u,v) = (1) ’ﬁ 27:ib e%(%)uze%(%)vz Jm jm sini?@%x) sin (gy) e%(%)xze%(%)yzf(x, y)dxdy

cosa  sina
—sina cosa
cosa sma] _ [
—sina  cosal
~a=cosa,b=sina,c=—sina,d = cosa
Consider two dimensional canonical sine-sine transform

IfA = = [a b] then 2DCSST changes to FrST

Solution: if 4 = [

2DCSST(f (e, YW v) = (=1) |5 5

J- f sin ('—x) sm( )eZ( 5 %(%)yzf(x,y)dxdy

Putting above values in 2DCCCT
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{2DCSST(f (x, y)}(u,v)

1 1 L‘(cosa i cosa L(cosa)xz l(cosa) 2
=D 2misina 21Ti5inae2 = ez = f f sm(—x) ( ) Zsina ) eZismma )

f(x, y)dxdy

{2DCSST(f (x, y)}(u,v)

1 1 i 2 L 2 ([ (° i 2 i 2
=(—1)\/ — \] —__ gzlecotaut galeota)y f f sinfficsca. u x) sin(cscavy) ezt @*” gz(eota)y

2misina | 2wisina

f(x,y)dxdy
{2DCSST (f (x,v)}(u,v)

i
- )\/Zﬂlsma \/stma J J (xz+yz+u2+1]2)mmSinizéksca- ux) sin(cscavy) f (x, y)dxdy

(" )2{2DCSST(f (x, y)}(t, v)

cosa + isina 1 R
= (—1)\/ — \/2m'sina j_wj00ei("2+y2+“2+"z)wmsinifﬁ'csca.ux) sin(cscavy) f(x,y)dxdy

2misina
(e)2(2DCSST (f (x, )} (u, v)

1 —icota |—icsca
= (—1)\/ o \/ J J 2(" i rutvtoota g esca.u x) sin(cscavy) f(x, y)dxdy

(e")2{2DCSST(f (x, y)} (1, v)

(o) [—icsca (© (® [1—icota i (X
=(—1)e_1(a_7)’ o f J ’Tef(xz+yz+“2+”2)mt“el(“_f)siniié‘rsca.ux)sin(cscavy)f(x,y)dxdy

(e HzDCSST( (o)) = (-0 (D) | B )

(€' )2(2DCSST(f (x, y)}(u, v) = e~ (=2 %Fof{f(x, M}, v)

IV.CONCLUSION
In this paper we have extended two-dimensional fractional Cosine transform in the distributional generalized sense and
its relationship between fractional Fourier transform and canonical sine and cosine transform
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