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ABSTRACT:This paper focuses on coining a novel concept of generalized closed maps and homeomorphisms
in the context of pre-open sets in simple extension topology. We also intend to characterize the properties of the
newly formed maps and homeomorphisms.
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I.INTRODUCTION

Many topologists like Mashour et al[9],Levine[6],[8],Njastad [17], Maki et al [9,10] Noiri [16], have
respectively introduced and contributed much to general topology via the category of the weaker form of
sets.In 1963, Levine [7],defined simple expansion of t by B as 1(B) ={OuU[ (O’nB)] /0,0’ et}.Nirmala and
Avrockiarani[13] have initiated the new idea of t,g closed sets in the light of simple extension topology.

The notion of continuity and irresoluteness earns great importance because of its broad application in
topological spaces.Balachandranet al[3] and Arockiarani et al [1] have defined and characterized g-continuous
maps and rg continuous maps.

Crossley and Hildebrand [5] introduced and studied irresolute maps which are stronger than semi-continuous
maps and independent of continuous maps. Nirmala and Arockiarani[14] have devised the concept of continuity
and irresoluteness under simple extension topological spaces.

The concept of pre-closed maps was introduced and studied by Sen and Bhattacharyya [18]. Mashour et al
[11,12], Arockiarani [2] have put forth the notion of pre-open maps and weak pre-open, and rg-closed maps
respectively.

Biswas [4] and Noiri [15] brought out the ideaof semi-homeomorphisms.Maki and Sundram et al[19] introduced
and studied g —homeomorphism and gc —homeomorphisms.

Several researchers have generalized the notion of homeomorphlsms in topologlcal spaces [2,5]

This paper aims at deﬁmng and deducing the propertles of 7,9 closed and " pg closed maps. Another form of
homeomorphlsm namely t*,g homeomorphism and t* pghomeomorphlsm are proposed. In this article we prove
that ©* pgh(X 1) forms a group under composition of maps and also prove another characterlzmg theorem on
™ pd homeomorphism as the one which induces an isomorphism from the group t* pgh(X ) onto 1" pgh(Y
c).Also, we prove that t*",g homeomorphism is an equivalence relation under compositions of maps.

IL.LPRELIMINARIES
DEFINITION 2.1
A subset A of a space (X, 1) is called
(i) asemi-open set [6] if A c cl(int(A)) and a semi-closed set if int(cl(A)) c A,
(if) apre-openset[11]is A cint(cl(A)) and a preclosed set if cl(int(A)) c A,
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(iii) a generalized closed set (briefly g-closed) [8] if cl(A) < U whenever A c U and U is open.
(iv) a generalized pre-closed set (briefly gp-closed) [16] if pcl(A) € U whenever A c U and U is open

(v) atp'g closed[13]setif t*cl(A) < U whenever A — U and U is pre-open in (X,t),where t°cl(A) = N{
ScX /Ac SandS is closed int"(B)}

DEFINITION 2.2
Let f: (X, t) — (Y,0) be a map. Then fis said to be
(i) pre-continuous [11] if f*(V) is pre-closed in X for every closed set V of Y;
(ii) gp-continuous [2] if F*(V) is gp-closed in X for every closed set VV of Y;
(iii) T, g continuous [14] if f™*(V) is t°,g closed in (X, 1) forevery closed set
(iv) V of (Y,o)irresolute [5] if f*(V) is semi-open in X for every semi-open set \/ of Y.
(v) 759 irresolute[14] (resp. " irresolute) if the inverse image of every 1, g closed (resp.t’open ) set in
Y isat’,g closed (resp. T° open) set in X.

DEFINITION 2.3
Let f: (X, 1) — (Y,0) be a map. Then f is said to be

(i) pre-closed [18]if f( V) is pre-closed in Y for every closed set V of X,
(if) o-open[12] if f(V)isa-openin Y for every openset V of X.

DEFINITION 2.4
Let f: (X, 1) — (Y,0) be a map. Then f'is said to be
(i) ageneralized homeomorphism [19] if f is g- continuous ,g-open and bijective.
(if) gchomeomorphism[19] if f is g-continuous ,gc- irresolute and its inverse is also gc-irresolute.
(iif) semihomeomorphism (B) [4] if f is continuous, semi-open and bijective.
(iv) semihomeomorphism(C.H) [5] if f is irresolute, pre-semi-open and bijective.

Lemma 2.5:

Let Ac Yc X. Then
0] If Yis open in X, then pcl,(A) = p cli(A)y.
(i) If Y is pre-closed in X, then pcly(A) =p cly(A)

Proposition 2.6:
Let Ac Yc Xand Y be open pre-closed in X. Then A etp"GC (Y) implies Aet,"GC (X).

3.17",g closed andt*’,g closed maps

Two different types of closed sets are defined in this section and we further intend to discuss their properties.
Definition 3.1.1 :

A mapf: (X, t)>(Y,c") is v',g closed if the image f(A) is t',g closed inY, for every closed set
A in X

Similar tot",g closed map we can also define t°,g open map.

Remark 3.1.2:

Every pre-closed map is at’,g closed map .

Proposition 3.1.3:

If amapping f:( X, t” —(Y,c") is at*,g closed, then for every subset Aof X, t*,gcl (f(A)) c f(cl(A)).
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Proof:

Let Ac X. Since f is t',g closed, f(cl(A)) ist,g closed in Y. Now f(A) < f(cl(A)). As closure
respects inclusion, 1, g cl(f(A) ct’, g cl(f(cl(A)) = f (CI(A)).

Proposition 3.1.4 :

If cl(int (f(A)) < f(cl(A)) for every subset A of X, then

f:(X, 1)>(Y,c") is 1,9 closed .

Proof:

If cl(int(f(A)) < f(cl(A)) for every subset A of X, then we know that f is pre-closed. Thus f ist’yg
closed .

Proposition 3.1.5 :

A map f: (X 1)>(Y,c") is t',g closedif and only if for every subset S of Y and for each open
set U containing f (S), there is a 59 open set V of Y such thatS <V and f (V)< U.

Proof:

(Necessary condition) : Let f be t°,g closed. Let S be a subset of Y and U be an open set of X
such that f%(S)c U.Then V = Y —f(X-U) is a 1",g open set containing S such that f(V)c U.
(Sufficiency condition):Assume that A is closed in X. Then f'(Y-f(A)) = X- A and X-A is open . By
hypothesis, there is a t",gopen set V of Y such that Y —f(A) cV and f }(V)c X -AThus Ac X - f
(V).Hence Y-V cf(A)  f (X - f %(V) <Y -V which implies f(A) =Y-V.As Y -V is 1°,g closed, f(A)
is t,g closed. Hence f is at’,g closed map.

Proposition 3.1.6 :

Let f:(X 1) —>(Y,c") be a pre-irresolute and t*,g closed. Then for every t°,g closed set A c X,
f(A) is t',g closedinY.

Proof:

Suppose A is t°,g closed in X and f(A) =R, where R is pre-open inY. Then A

fY(R). As A is t°,g closed, t°cl (A)  f (R), ie) f (t"cl (A))cR. Since f is t*,g closed, t"cl (f (z"cl (A))
< R and thus we have t'cl (f(A)) = R. Hence f(A)is t',g closed.

Proposition 3.1.7 :

If f:(X, v >(Y,c") is t',g closed,and A is a closed subset of X, then

fla: A>Y is t',g closed.

Proof:

Assume that B = A is closed in A.Then B is closed in X, as A is closed in X. Therefore f(B)is t',g
closed in Y. But f(B) = (/) (B).Thus (f/») (B) ist',g closed in Y. Hence (f/») ist’,g closed.

Theorem 3.1.8:

Letf: (X, —=(Y,c") be a t',g closedmap and g:(Y,c") — (Z u*)be t',g closed and pre-
irresolute, then g° f: (X, t? —(Z u") is t',g closed.

Proof :

Suppose that A is closed in X. As fis t7,g closed ,f(A) is t7,g closed in Y. Since g is t',g closed
and pre- continuous by proposition 3.1.6,9(f(A)) = (g °f) (A) is t',g closed in Z. Thus (g°f) is v°pg
closed .

Proposition 3.1.9:

If f:(X,t)>(Y,c") is closed and g: (Y, c")—>(Z n) is g closed, then

@ f (X, 1)>(Z n) is 17,9 closed.

Proof:

Let A be closed in X.As f is closed, f(A) is closed inY. Since g is t',g closed,

g (f(A)) is t',g closed in Z. Thus (g°f) ist’,g closed.
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Theorem 3.1.10:

Let f: (X, t)—>(Y,c") and g: (Y, c” —>(Z, u*) be two mappings and let
g°f: (X, t)—>(Z u’) bea t',g closed mappings. Then

(i If f is continuous and surjective, then g is t",g closed
(ii) If g ist’,g irresolute and injective, then f is t",g closed
Proof:
0] Let us assume that A is closed in Y. Since fis continuous, we have f (A)is closed in X.

As (g°flis t'y g closedand f is surjective, (g°f) f Y(A) = g(f(f 1(A)) =g(A) is 1,9 closed
in Z, which implies that is gis t',g closed.

(i) Assume that B is closed in X. t",g closedness of (g °f) shows that (g°f) (B) is 'y g
closed inZ. g is injective g *((g°f) (B)) = f(B). Since gis t*,g irresolute, f(B) ist',g
closed in, that is f is t",g closed.

Definition 3.1.11:

A map f:(X, 1) —>(Y,c") is said to be at”,g closed map if the image f(A) of every 1,9
closed set A inXis t7,g closed inY.

Remark 3.1.12:

If f:(X,t)—>(Y,c") is pre-irresolute and t*,g closed, then it is t,g closed

Lemma 3.1.13:

A map f: (Xt —>(Y,c") is pre-irresolute if and only if f(pcl(A)) <= pcl(f(A) for every subset A
of X.

Proof:

Necessity: Assume Ac X. Then pcl(f(A) ) is pre-closed inY. As f is pre-irresolute,

f 1 (pcl(f(A) ) is pre-closed in X.As Acf™ (f(A) = f* (pcl(f(A)))

pcl(A) < 7 (pcl(f(A))) . Then f(pcl(A)) < pel (f (A)) .

Sufficiency:LetB be pre-closed in Y. By hypothesis, f (pcl( f ™ (B))) < (pcl (f (f ™ (B))) cpcl (B) =
B.Hence pcl (f *(B)) <f (B). Thus f'(B) is pre-closed.ie f is pre- irresolute.

3.2t°,g - homeomorphisms
In this section we introduce two types of homeomorphisms namely (t",g &t,.g homeomorphisms)
and investigate its properties.
Definition 3.2.1:
A bijection f:( X, t")—(Y, o”) is called a t*,g homeomorphisms if f is both t*, g continuous and t",g open.
The family of all t",g homeomorphisms from (X, t*)onto itself is denoted by
g (X, 1).

Remark 3.2.2:
() Every homeomorphism is a t",g homeomorphisms
(i)  Every g homeomorphism is a t',g homeomorphisms

Proposition 3.2.3:
For anybijection f:( X, t)—(Y,c"), the following statements are equivalent.
(i) fis a t',g open map
(i) fis a 1,9 closed map
(i) ' (X, 1t)>(Y,0c") is 1,9 continuous.
Proof :
(i) =(ii). Assumethat A is closed in (X, t").Then (X-A) is openin X.
By (i), f (X- A) is 7,9 open inY. Therefore, Y — (f (X-A)) =f(A) is
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1,9 closedin.
(i) =( i) Assume that A is closed in (X, t").Asf is t7,g closed map, f(A) is t",gclosed in (
Y,c").Since f(A)= (f*)*(A),f' is t',g continuous
(iiiy =(i) Assume that A is open in (X, t*) .By hypothesis, ()™ (A) is
17,9 open inY.Therefore f(A) ist’,g openinY. Thus (i) holds.
Proposition 3.2.4:
Let f: (X, t)—>(Y,c") be a bijective, t*,g continuous map, Then the following are equivalent.

0] f is a t',g openmap
(ii) f is a t',g homeomorphism
(iii) f is a t',g closed map
Proof:
The proof is immediate.
Remark:3.2.5

The composition of two t',g homeomorphism is not always a t*,g homeomorphism

Definition 3.2.6

A map f:(X t)—>(Y,c") is called 7,9 open if f(V)isa t',g openin (Y,c") for every
g open set V of (X, 1)

Proposition 3.2.7:

For any bijectionf:( X, t)—(Y, c") , the following statements are equivalent.

(i) the inverse map f™: (X, t)—>(Y,c") is t',g irresolute
(ii) fisa 1,9 open map
(iii) f isa t7,g closed map

Proof:
(i) =(ii) Assume that A is t',g openin (X, t") By (i),
fH @A) =f(A) is t',g open in (Y,c").Thus (ii) holds.
(iii) =(iii) Assume that A is t',g closed in (X, 1").Then (X-A) is
1,9 open and by (i), f(X-A) =Y —f(A) is 1,9 open in (Y,c").
Therefore f(A) is  t',g closed in (Y,c").Thus f is 7,9 closed map
(iii) =(i), Assume that A is t7,g closed in (X, t").Now by (iii), f(A) is t'yg closed in (Y,c")
but f(A) = (f™) V. Thus (i) holds.
Definition 3.2.8:
A bijection f:(X,1)—>(Y,c") is called a t",g homeomorphism if f is t',g irresolute and
f its inverse f* s also t',g irresolute.
Remark 3.2.9:
The spaces (X, t)—>(Y,c") are 17,9 homeomorphism if there exists at”,g homeomorphism
from (X, t")onto (Y, c¥)
The family of all t*",g homeomorphism from ( X,z")onto itself is denoted by t*",g h (X, 1)
Proposition 3.2.10:
For any space (X, t%), t'g h(X, 1) ct™pg h(X %)
Proof:
The proof follows from the fact that every <", g irresolute function is t,g continuous and every
©,g open map is t*,g open.
Proposition 3.2.11:
The set t7,g h(X, ") forms a group.
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Proof:

Now let us define p:t",g h(X t)X1t",g h(X, t)>1",g h(X, 1)

By u(f,g)=g°f for every f,g et”,g h(X, 1) .

The composition of functions is associative. The identity mapping

1 (X, 1) - (X,7%) which belongs to t*,g h(X, ") is the identity element

fet™,g h(X, 1), fof? = f'f =1 Thus inverse exists for each element of

7,9 h(X, 1) .Hence t7,g h(X,t") is agroup under the operation of composition of map.
Definition 3.2.12:

A topological space (X, t") is called as 17,9 space if every subset of X is t7,g closed.
Proposition 3.2.13:

If (X, 1) is a t',g space, then h(X,t") is a subgroup of t",g h(X,t").

Proof :

Since (X, t*) is a t',g space, any function f: (X, ") — (X, t")is t',g irresolute and ", g open.
Thus then h (X, ") is asubset of t”,gh (X, t") .Hence h(X,t") is a subgroup of t,g h(X,t")
.Since h (X, ") is a group with the binary operation p of t7,g h(X,t").

Theorem 3.2.14:

Iff: (X 1) > (Y, 6" isa 17,9 homeomorphism, then it indices an isomorphism from the group
™9 h(X thontot7,g h(Y,c") where t7,g h(X, 1) denotes the group of all t",g
homeomorphism from (X, t") onto itself.

Proof :

Assume that f:(X,t")—(Y,c") isa t",g homeomorphism Now define

f 17,0 h(X 1) >17,9 h(Y,c") by f'(h)y = foh°f*forevery het”,gh (X, t).f is a bijection,
since composition of bijections is a bijection.

Now f'(h® hy)= fo(h° h,)°f? = (F° hefLl)o(f ohe fL)=F*(h)°f*(hy).

Thus f” is an isomorphism induced by f.

Proposition 3.2.15:

If a f:(X, 1) —>(Y,c") is 17,9 irresolute, then for every subset A of X,

f(t',g cl(A)) < p " cl(f(A)).

Proof :

For each Ac X, p*cl(f(A)) is t°,g closed in Y.By hypothesis, f* (p*cl(f(A)) is t",g closed in
X. Since Ac f H(f(A)) c f * (p “cl (f(A)) and by the definition of t*,g closure,t",g cl(A) < f*(p*
cl(f(A)).Thus  f (%,g cl(A)) <, * ¢l (F (A)).

Proposition 3.2.16:

If a function f:(X, 1) —(Y,c") is t7,girresolute, then for all B €Y,

tog ol (F(B)) = f(p*cl(B))

Proof:

p*cl(B) is 1,9 closed in Y and by hypothesis,f*(p*cl (B)) is t",g closed in X.As f*(B) c f*
(p cl(B))thg cl(f'(B) = f*(pcl(B)).

Theorem 3.2.17:
r+*pg homeomorphism is an equivalence relation
Proof:
Reflexivity & symmetry are obvious.The composition of t*,g irresolute maps is t",g irresolute proves
transitivity.
IV.CONCLUSION

Thus a new set is defined which is can be added to the array of existing sets. The properties and applications
of these new sets are deduced which forms a platform for further research.
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