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ABSTRACT: This paper deal with the study of unsteady state thermal stresses in a thick circular plate subjected to
arbitrary heat supply at upper surface of the thick circular plate while the lower surface and circular boundary of the
thick circular plate insulated the initially temperature of thick circular plate is kept at zero degree temperature the
governing heat conduction equation is solved by using integral transform technique and the result illustrated
graphically with the help of special case.
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I. INTRODUCTION

Recently Ruhi et al (2005) [7] did thermoelastic analysis of thick walled finite length cylinders of functionally graded
materials and obtained the results for stress, strain and displacement components through the thickness and along the
length are presented due to uniform internal pressure and thermal loading. Nowacki (1957) [5] has determined steady-
state thermal stresses in circular plate subjected to an axisymmetric temperature distribution on the upper face with zero
temperature on the lower face and the circular edge. Roy Choudhary (1972) (1973) [8] and Wankhede (1982) [11]
determined Quasi static thermal stresses in thin circular plate. Gogulwar and Deshmukh (2005) [2] determined thermal
stresses in thin circular plate with heat sources. Also Tikhe and Deshmukh (2005) [1] studied transient thermoelastic
deformation in a thin circular plate, whereas Qian & Batra (2004) [6] studied transient thermoelastic deformation of
thick functionally thick plate under lateral loads and obtained the results for radial and axial displacements and
temperature change moreover Sharma et al (2004) [9] studied the behavior of thermoelastic thick plate under lateral
loads and obtained the results for radial and axial displacements and temperature change have been computed
numerically and illustrated graphically for different theories of generalized thermoelasticity. Also Nasser M. El-
Maghray (2004) (2005) [3] solved two-diamensional problems of thick plate with heat sources in generalized
thermoelasticity. V.S. Kulkarni, K.C. Deshmukh et al [10] considered a thick annular disc which is subjected to a
transient axisymmetric temperature field on the radial and axial directions of the cylindrical coordinate system and
determined the expression for temperature, displacement and stress functions due to arbitrary heat flux on the upper and
lower surface.

In this paper we consider Quasi-static thermal stresses in thick circular plate due to ramp type heating. Studied by
Deshmukh K.C. and Kulkarni V.S. and discuss the thermal stresses. This paper deal with the study of unsteady state
thermal stresses in a thick circular plate subjected to asymmetric arbitrary heat supply at upper surface of the thick
circular plate while the lower surface (z=-h/2) and circular boundary of the thick circular plate insulated the initially
temperature of thick circular plate is kept at zero degree temperature the governing heat conduction equation is solved
by using integral transform technique and the result in illustrated graphically with the help of special case.
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Il. STATEMENT OF THE PROBLEM
Consider a thick circular plate of radius a and thickness h occupying space D defined by 0<r<a, -h/2<z<+h/2
the plate is kept at zero initial temperature the circular region D1 : b <r < a of upper surface (z =+h/2) subjected to
temperature distribution as follows

[T(r,z,1)] :I—“[H (r-b)—-H(r-a)]t for 0<t<t,

0
=To[H(r-b)-H(r-a)] for t>t,
where H(r-b) is the Heaviside function. The lower surface (z=-h/2) and the circular edge (r=a) are thermally

insulated. Assume the circular boundary of the thick circular plate is free from traction under theses more realistic
prescribed condition the quasi-static thermal stresses in a thick clamped circular plate are required to be determined.

Heat Condition Equation:
The temperature of the plate at time t satisfies the Heat Condition equation
T 10T 07T _lar

_2 __+_2___
or° ror o0z kot (1)
with the condition
T :I—Of(r)t for 0<t<t,
0
h
T=f(T, for t>t, at z=— bKr<a
(n)T, ; ) @
LLI at 2= b<r<a
oz 2 (3)
6—T=O at r=a _—hsz gh
or 2 2 (4)
and initial conditions
T=0 at t=0 ®)

where k is thermal diffusivity of the material of the plate and f(r) = [H(r-b) — H (r — a)]

Displacement Potential and Thermal Stresses:
The differential equation and governing the displacement potential function ¢ (r, z, t)
2 2
09,108 5 _,
o ror oz (6)
where Kk is restraint coefficient and temperature change 7= T—T;, T; is the initial temperature the displacement potential

function ¢ is known as Goodier’s thermoelastic displacement potential the displacement function in the cylindrical co-
ordinate system are represented by Michell’s function

_o_ oM
"o oraz i (7
U, :%+2(1—V)V2M e '\2"
i Z ®)
the Michell’s function M must satisfy
VV*M =0 )
where
2 2
e 1o @
o= ror oz (10)

the Component stresses are represented by thermoelastic displacement potential ¢ an Michell’s function M as
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o, =2G 6¢ kr+— VVM(’H\;I
or2 oz or

020 =26| 12 i+ 2w - 121 )]

o, —ZGB¢ kr+§((2 V)V? aa ﬂ

2 2
0,,=2G A (1-v)v’M 9 '\2/'
oroz oz oz

where G and v are shear modulus and Poisson’s ration receptivity.

and

For traction free surface stress function.
o,=0,=0 at r=a

the equation (1) to (15) Constitute mathematical formulation of the problem.

I11. SOLUTION OF THE PROBLEM

Taking the Laplace transformation of the equation (1) to (4) w.rt and using (5) one obtains,
O’T 10T o0°T P=
>+ +—=—T
or ror oz k

with the condition

_ _a P
T:T—O[le ]f(r) atz:% b<r<a

t,| P2
a_Tzo atz:—ﬂ, b<r<a
oz 2
and .
ﬂzo atr=a —DSZSE
or 2 2

p is Laplace transform parameter.
Now Assume

f:mi;lAm Jo(amr).c:osh{ﬁm(ugﬂ

where Jn (x) in the Bessel function of the first kind of order n and aq %, ... are the roots of the equation
Ji(ama)=0

Substitute equation (20) in equation (16) one obtain.
B = (aé +E) n=12....c0

Now the equation (17) in equation (20)
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— — Pt 0
To[l e Djf(r)— 3 Ay Jo(@nr )Cosh[ ]
ty P m=1
Multiplying the above equation rJy(a,r) on both sides and integration from 0 to a
a

T 3 comt

o P 0
f(r):H(r—b)—H(f-aF{l

and

b<r<a

0

r>a
a .o 3.2 2
;798 (amr)dr = |36 (ema)

one obtain

A =20 § Jl(“mb)(l_e_pto)
a%ty Jma1ay 3§ (ama) p°Cosh[ Anh]
Using equation (22) and (23) in the equation (20) one obtain.

(23)
o Cosh{ 2 P
T(r.z, p):[_:;l'oj 3 Jo (amr) Ig(emb) {

om+—
2
m=l mJg (ama)
Hence the temperature distribution function is given by

k][u;j(l—e_pto)}
P2Cosh a%+E(h)
ol L,
- i [ZbTOJJO(amr)Jl(amb) (2n +1)Cos[(2n +l)72r(z+h)}

S | a*, amJg(ama) ' hSin[(2n+1)72rh}

t —k[(
J,[uH (u)-(u-to)H (u-to)
Since the initial temperature of the plate Ti = 0 the temperature change

2n+1)2 £+aé}u

2 u

(25)
T=t-T, = =T (26)
Michell’s function M

Suitable form of M satisfying (10) is given by

M = 22Tok $ Jo () Iy (amb)

a’t, ml Jo(apa)
n=;

Hqn and Ry, are arbitrary constants

a0 (1] Rt 2+ oos a3

Goodiers Thermoelastic Displacement Function ¢

Assuming displacement function ¢ (r,z,t) which satisfies (6) as

(27)
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DH (2n+1)7

T
. [2ka0]§{ )Jl(amb)J CO{(Z””)E(”z _
iy @ Jo(an?) {a% +4(2n +j')2 7[2] hSin{(2n+l)§h}
k{(z'”i)z”zmnz}(tu)
du
(28)

[L[uH (U)~ (u—to)H (u~to)]

Displacement and Thermal Stresses
Using the equation (25), (26), (27) and (28) in the equation (7), (8) and as (11) to (14) one obtain the expression for

displacement and stresses respectively
2kbTy | & Ji(apr)di(anb
Ur:( zojz 1(m2) ( )
a to =1 Oy JO (ama.)
(—am)Co{(Zn +1)(z + h) }(Zn +1)7

[ 2 (2n+1)2;r2]h Sin[(Zn +1)%h}
((2n+l)2%2+am ](d—u)

[S[uH (u)— (u—to)H (u—to)].e

+a, Hun Cosh{am(z + 2):|+

n Rin <Cosh[am(z +2ﬂ+am(z +§j5|nh{an(z + ﬂ>}
(29)
RES iy

—Sin{(2n+l)%(z+gﬂ(2n+l)
[a;+(2m_:)zﬂz]hsin[(2n+l)zh}

.[OI:UH (u-to)H (u—to)].ek[(znﬂ)zamé}wdu

-a’H,, Sinh[am(ZJrgj}r

a2 R <2(1 2v)Sinh{am(z +2ﬂ—am(z +2)Cosh{am(z+2ﬂ>}(3o)
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[a;(zmj)z”z] .hSin[(Zn +1)%h}

_1{(2n+1)2’;2+a§1 J(t—u )

du )+

.I;[u H(u)-(u-to)H (u)]e

Cos| (2n+1)Z (z+h)|(2n+1)7
o o5 (2n+ )2 2 +1) (20 "
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u
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+ar, Hinn (am Jo (amr)—MJCosh[am [z +gﬂ+

i o -+ 21

r

o2
203, (ar) ety COSh{am(Z+2ﬂ>} “

3(ar) Cos[(2n+1)% z+gﬂ(2n+l)7r
% ]hsm[(znu)’;h} |

—k[(2n+1)2%2+ar2n J(t—u)

du )+

[o[uH (u)~(u—to)H (u—to) e

Cos{(Zn +1)%(z +2H(2n +1)7
hSin{(Zn +1)%h} '

Jo(@r)

& (2;1+1)2’L2+a§1 (t-u)
j;[uH(u)-(u-to)H(u-to)].e[ ? ] du
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+a2 Hin [1(?mr)JCosh{am(z +gj +

@ Ron <2VamJo(amr)COSh[am (z +%H +
Jl(i‘mr)cosh[am(z+gji+M(z+gj8inh[am(z+%ﬂ>} -
& (mk:ﬁ]z[ ffutes)
—Cosnh[ 2n+1) (z+h}(2n+1)
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22
k[(2n+1) e ](t u)

JouH ()~ (u-to)H (u-tg) dus

Cos{(Zn +1)%(z +gﬂ(2n +1)7r.
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<(1_2V)C°Sh[“m(z*%ﬂ_“m(z+g)3inh[“’“[+gﬂ>} (33)

on :[4GkaOJi(Jl(amr)Jl(amb)J
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Determination of Unknown Arbitrary function H,,, and R,
In order to satisfy the condition (15) and solving the equation (31) and (34) one obtain
1

Him = h
ad Cosh {am (z + Eﬂ

Cos{(2n+1)%(z+gﬂ(2n+l)zr Cos(2n+1)%[z+gj |

h.Sin[(Zn +l)72[h:H:afn +(2”+41)2”2} hSin[(Zn +l)%h}

¢ y y —k[(2n+1)24 +a§,]d
—(u-t, —tg)].
IO[U (u)=(u-to)H (u-to)].e u (35)
Rnn =0 (36)

IV.NUMERICAL RESULTS, DISCUSSION AND REMARKS

The numerical calculation have been carried out for steel (SN 50C) plate with parameters a = 1m, b=a/2=0.5, h=1m,
z=h/2Thermal diffusivity k=15.9x10-6(m2 s-1). with & = 3.8317, @, = 7.0156, a3 = 10.1735, o = 13.3237, a5 =
16.470, o = 19.6159, oy = 22.7601, g = 25.9037, = 29.0468, cryq = 32.18 are the roots of transcendental equation
Ji(awd) = 0.In order to examine the influence of ramp-type heating on the upper surface on thick circular plate, one
performed the numerical z = -0.25, 0, 0.25, 0.5 Numerical variations in radial directions are shown in the figures with
the help of computer programme.

V. CONCLUSION

In this chapter, a thick circular plate is considered and determined the expressions for temperature, displacement and
stress function due to ramp-type heating on the upper surface as a special case mathematical model is constructed for
f(r)=[H(r-0.5)-H(r-1Jand performed numerical calculations. The thermoelastic behavior is examined such as

temperature, displacement and stresses.

In figure 1 : For z = 0 Temperature is gradually is decrease and increases and then suddenly drop till r = 0.7 and again
increase till r = 0.8 after than maintain same status till 1.0. For z = 0.25 Temperature is negative and gradually
increases from r = 0 to r = 0.65 after that it again increase and has a value positive from r = 0.65 to 1.0. For z = 0.5
Temperature is negative fromr = 0 to r = 0.65 with damping nature. After that it will become positive damping status
till r=1.0.

In figure 2 : Goodier potential function ¢ gradually increases fromr=0to r=1. For z=0.25 to 0.5. The displacement
function is ¢gthe gradually decreases increases in radius of the thick circular plate.

In figure 3 : For z = 0 the radial displacement U, decreases from r =0 to r = 0.5 and then it increase till r = 1. For z =
0.25 to z = 0.5. The radial displacement U, gradually increase from r = 0 to r = 0.5 and the decreases to r = 1. The
radial displacement U, has maximum value at r=0.5.

In figure 4 : For z = 0 the axial displacement U,is constant throughout the circular plate. The axial displacement U, is
increases fromr=0to r=0.3.

In figure 5 : For z = 0 the stress function o, is decreases fromr =0to r=1. Forz=0.25to z = 0.5 the stress function
orr is increases fromr=0tor = 1.

In figure 6 : For z = 0 the stress function oy,gradually increases from r=0tor =1.
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In Figure 1 Temperature T versus r
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for different values of zatz =- 0.25, 0 ... 0.5 (Steel SN50C). Temperature of the

circular plate varies with the radius and thickness of the circular plate.

8.00E+08
6.00E+88
4.00E+08
2.00E+08
0.00E+00
-2.00E+08
-4.00E+08
-6.00E+08
-8.00E+08
~1.00E+09

z=0

S _
=-0.25-025 "\ L~

2 ___—

n

In Figure 2 Displacement function ¢ versus r for different values of z atz = - 0.25, 0 ... 0.5 (Steel SN50C). The
displacement function ¢ has the maximum displacement at the top of the circular plate. It is vary with the thickness and

radius of the circular plate.

3.00E+09
}n\
2.00e%09 5
1.00E%09 —*:é%
-0.25, 0.25
0.00E+00 T T T T T 1
-1.00E+09 0 0.2 0.4 0.6 0.8 1 T
-2.00E+09 \\ /‘
-3.00E+09 2=
0
-4.00E+09

In Figure 3 Radial Displacement U, versus r for different values of zat z = - 0.25, 0 ... 0.5 (Steel SN50C). The radial
displacement is directly varies with the thickness and radius of the circular plate.
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In Figure 4 Axial Displacement U,versus r for different values of z at z = - 0.25, 0 ... 0.5 (Steel SN50C). The axial

displacement is vary with the thickness and radius of circular plate and has constant value at r = 0 as well as r =1.
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In Figure 5 Stress Function o, versus r for different values of zat z=-0.25,0 ... 0.5 (Steel SN50C) (r=0.2, 0.4... 1).
The stress function o, is decrease at zero with the thickness whereas at r =1 it will increase with thickness of the
circular plate.

3.00E+22
(8

2.00Egg22

1.00E+22

25,025

-2.00E+22 z:°

In Figure 6 Stress Function oy versus r for different values of z at z = - 0.25, 0 ... 0.5 (Steel SN50C). The stress
function oy decreases at the centre of the circular plate where as it will increase with radius and thickness of the
circular plate.
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