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ABSTRACT:In this paper attempt has been made to discuss steady state quasi static thermal stresses in a thick annular
disca<r<b, —h<z<h subjected to arbitrary heat flux at upper and lower surface of annular disc while inner and

outer circular surface of thick annular disc are maintained at zero degree temperature. The governing heat conduction
have been solved by using integral transform technique .The results are obtained in series form in term of Bessel’s
functions, The result of displacement and stresses have been computed numerically and illustrated graphically.
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I. INTRODUCTION

Nowacki (1957) [6] has determined steady-state thermal stresses in circular plate subjected to an axisymmetric
temperature distribution on the upper face with zero temperature on the lower face and the circular edge. Roy
Choudhary (1972) (1973) and Wankhede (1982) [13] determined Quasi static thermal stresses in thin circular plate.
Gogulwar and Deshmukh (2005) [1] determined thermal stresses in thin circular plate with heat sources. Whereas Qian
& Batra (2004) [7] studied transient thermoelastic deformation of thick functionally graded plate under lateral loads
and obtained the results for radial and axial displacements and temperature change moreover Sharma et al (2004) [10]
studied the behavior of thermoelastic thick plate under lateral loads and obtained the results for radial and axial
displacements and temperature change have been computed numerically and illustrated graphically for different
theories of generalized thermoelasticity. Recently Ruhi et al (2005) [9] did thermoelastic analysis of thick walled finite
length cylinders of functionally graded materials and obtained the results for stress, strain and displacement
components through the thickness and along the length are presented due to uniform internal pressure and thermal
loading. V. S. Kulkarni, K. C. Deshmukh [12] considered a thick annular disc which is subjected to a transient
axisymmetric temperature field on the radial and axial directions of the cylindrical coordinate system and determined
the expression for temperature, displacement and stress functions due to arbitrary heat flux on the upper and lower
surface. Deshmukh et al [3] studied two dimensional nonhomogeneous boundary value problem of heat conduction and
it’s thermal deflection of a semi-infinite circular plate on the outer curved surface for an infinite length. Deshmukh et al
[4] determined the thermal stresses induced by a point heat source in a circular plate by quasi static approach.

Il. STATEMENT OF THE PROBLEM

Consider a thick annular disc defined by a<r<h, —h<z<h . Let the disc be subjected to a axisymmetric
temperature field on the radial direction in the cylindrical co-ordinate system. Initially the plate kept at zero
temperature the arbitrary the heat flux Q f(r)/ A is prescribed over the upper surface (z=h) and the lower surface
(z=-h) the fixed circular edges (r =a, r =b) are at zero temperature. Assume the lower and upper surface of thick

annular disc are traction free. Under this more realistic prescribed condition, the quasi state thermal stresses are
required to be determined.
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Displacement Potential:
The differential equation and governing the displacement potential function ¢ (r, z, t)

o? ¢ 1o¢ ¢ _ .

or? r or az ()]
where K is restraint coefficient and temperature change = = T-T; , T; is the initial temperature. The displacement
potential function ¢ is known as Goodier’s thermoelastic displacement potential.

Heat Condition Equation:
The temperature of the plate at time t satisfies the Heat Condition equation

o%T (1or 9% _

or2 ror 2 (2)
with the boundary conditions
oTloz=+Q f(r)/ A at z=+h for a<r<b 3)
=0 at r=afor -h<z<h (4)
=0 at r=b for -h<z<h (5)

Thermal Stresses:
The displacement function in a cylindrical co-ordinate system is represented by the Michell’s function defined as in [5].

_0p M
Tor orar (6)
U, = 6¢ +2(1-v)vim — M
oz (7
the Michell’s function M must satisfy
VM =0 (8)

where
2 2
Vz = 8_2 + li + 8_2
orc ror oz 9)
the Component stresses are represented by thermoelastic displacement potential gand Michell’s function M as

2
o, =2G L4 kr+g WM oM
or2 oz or’

(10)
O —ZG{lagj—k +— VZ 1 8M }
or ror (11)
0,=2G {Z(Iﬁ kr+;[(2 v)V? 66 ﬂ
(12)
and
2 2
o, =2G 0 kil (1-v)V*M 9 l\2/|
oroz oz oz (13)
where G and v are shear modulus and Poisson’s ration receptivity.
For traction free surface stress function.
Orr =Orz =0at z==h (14)

the equation (1) to (14) Constitute mathematical formulation of the problem.
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The temperature change Introducing the finite the Hankel transform over the variable r and its inverse its transform

defined as in.[11]
_ b
T(otm2)=]rKo(anr)T(r,2)dr
a

T(r,z)= if(am,z)Ko(amr)
m=1
where
Ro(amr)

KO (am I’) = m

_| Jolamr)  Yolamr)
R"(“m”‘Lowmb) Yo<amb)}

and the normality constant as
b2 2 8.2 2
N = 2 Ry (amb) T Ry (ama)

where aq,a2... are roots of the transcendental equation

{Jo(aa) _Yo(aa)} -0
J,(ab) Y (ab)

(15)

(16)

17

(18)

(19)

(20)

with J,(x) is the Bessel function of the first kind and Y,(x) is the Bessel function of the second kind of order n.

The transform satisfies the relation

%1 1T | o=
H{arz—kr(?r}_ 00 “T (o4, 2)
and
o1 | _d%T
HIY |=2 1
{622} dz?
On applying the finite Hankel transform defined in the equation (15) to equation (2) one obtains
27 _
8—;—a,ﬁT =0
oz

where T is the Hankel transform of T on solving the equation (23) one obtains
T = Ae%m? 4 Be™%n?
On solving the equation (24) under the condition given in the equation (3) one obtains

A—Bo Qf(am){ (‘tosh(amh) }
anA | sinh(2a,h)

Using the equation (24) one obtains

T 2Q (o) [cosh (amh)cosh (amz):l

apd sinh (2amh)

here f(apm) is the Hankel transform of f (r)
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On Appling the inverse Hankel transform defined is the equation (16) one obtains

7_9% [f(am>][Jo<amr>_vo(amr>]x[ cosh (am?) }

Anal N Jg(emb) Yo(amb) ) | amsinh(ey) (26)
Since the initial temp T;=0,
r=T-Ti=T=r (27)
Michell’s function M
Now assume Michell’s function M which satisfy the condition (8)
QK f(am)[‘]O(amr) Yo(amr)} .
M=== - x(Hp, cosh(amz)+ Ryamzsinh(a,2)
A m=1|: IN [ 3 (amb)  Yo(amb) ( ) (a2) Rt " ) (28)
whereH, and R, are arbitrary function which can be determined finally using the condition (14)
Goodiers Thermoelastic Displacement Function ¢
To obtains the displacement potential gusing the equation (26) and (27) in equation (1) one have
¢- QK $ (am)| Jo(omr) Yo (amr) » (zsinh (2))
A a1 AN Jo (am ) Yo (amb) ZO(,?1 sinh(amh) (29)

Displacement and Thermal Stresses
Now using the equation (26), (27), (28) and (29) in the equation (6), (7), (10), (11), (12) and (13) one obtains the
expression for displacement and stresses respectively as

oo S [ st i)
{ —zsmh )

2amsinh amh)]+[ar2r‘H” sinh (amz) + Ry (sinh (am2) + a2 cosh(amz)ﬂ}

(30)
&i? {Jo amr)_Yo(amr)} sinh (o) + amz cosh (armz)
A4 i AN [Jo(amb) Yo(amb) 242 sinh (aph)
—ahHip cosh (anz) + Ry (2(1-2v) cosh(om2) — oz sinh(amz)>} a

Srr =

26OK 3 Tam) || Ju(omr)  Ya(omr) {—zsinh(amz)}

% m IN || Jo(amb) Yo (ctmb) || 20t Sinh(ounz)

{Jo(amr) Yo(amr)] cosh (emz) }

Jo(amb)  Yo(amb) || ampsinh(aph)

o(amb) Yo(omb

Jo(amr) Yo(omr) ).
<20am(3 _Yo (cmb) sinh(ey2)

+Ho?m jl(ocmr) B Yl(amr))}inh(amz)juaﬁan
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~ (oc[) (sinh(ciz) + (ctmz) cosh (cpz))

(32)
~ 2G6QK i f(am) |][ u(@nr) Yi(anr) )| —zsinh(amz)
Y A IN | Jo(amb) Yo(amb) )| 26 sinh(agh)
[ Jo(emr) Yo(omr) 5 cosh (apmz)
Jo(amb)  Yo(amb) ) | amsinh(aph)
1Y Ja(amr) Yi(emr) | 2
Hyod | = - h Rya2 (2
+ ”am(r){Jo(amb) Yo (anb) sinh (amz )+ Ryam (2vay,
[Jo(amr)_Yo(amr)j
Jo(amb) Yo(amb)
: 1 Jl(amr) Yl(aml’):| )
Sinh(amz)+= - sinh(ay,z2) + (amz) cosh(em2)
( m) rLO(“mb) YO(amb) [ " " " ] (33)
.. - 26QK i f(am) | Jo(amr) Yo(anr) )| zsinh(amz)
2 20 IN Jo(amb) Yo(amb) )|| 2sinh(aph)
—a2H, sinh(amz)+a%R [ (1-2v)sinh(amz) - (@mz) cosh(am?2) | 34
ZGQKj 3 (amr) (amr)]
Oy =
z ( A Z \/_ [Jo(“m Yo am)
—sinh(e,z) - (amz)cosh(amz)
2a, sinh (aph)
+agH, cosh(ay,z) + 3R, (2vcosh(ay,z) + (amz)sinh(amz)>} @)
Determination of Unknown Arbitrary function H,,, and R,
In order to satisfy the condition (14) solving the equation (21) and (22) forH, and R,,, one obtains.
H, _[(1 2v)sinh(aryh) cosh(amh) |[sinh(ayh) + (emh) cosh(armh) |
20+ sinh(agh) [sinh(armh) cosh(amh) — (amh) ] (36)
_ sinh(emh)
2ay, [sinh(aph) cosh(eh) — ()| (37)
Using the value of H, and R, in the equation (15) to (22) one obtains the expression for displacement and stresses
IV.SPECIAL CASE
Setting
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Applying finite Hankel transform to (38), one obtains

3 ® 1 Jo(amr) Yo(amt) |, 2 2,2 .2
f(am)=£\/ﬁ{‘]0(amb)_YO(amb)}r(r —a?)(r? =b?)dr,

T 8{(&20:% 73b2a§, +l6) Jo (ama)f(bza% 73a2a§] +16) Jo (amb)}
(@)= ”\/ﬁar?w‘lo(ama)JO(amb)YO (crmb) (39)

V. NUMERICAL RESULTS, DISCUSSION AND REMARKS

The numerical calculation have been carried out for steel (SN 50C) plate with parameters a = 1m, b= 2 m, h=0.3
m, Thermal diffusivity k= 15.9x10-6(m2 s'l) and Poisson ratio v = 0.281 with g = 3.120, o, = 6.2734, 3 =9.4182, au =
12.5614, a5 = 15.7040.. are the roots of transcendental equation Yo(a b) Jo(@a)-Yo(cd) Jo(ab) = 0.In order to examine
the influence of heat flux on the upper and lower surface of thick plate, one performed the numerical calculationsr =
1,1.2,1.4,1.6,1.8,2 m andz = -0.3,-0.15,0,0.15,0.3 m Numerical variations in radial and axial directions are shown in the
figures with the help of computer program.

VI. CONCLUSION

In this problem, a thick annular disc is considered which is free from traction and determined the expressions for
temperature, displacement and stress function due to arbitrary heat flux under steady state. As a special case
mathematical model is constructed for

f (r) — (r2 _a2)2(r2 _b2)2
and performed numerical calculations. The thermoelastic behavior is examined such as temperature, displacement and
stresses with the help of arbitrary heat applied.

Figure 1: The temperature is maximum at the middle of the thick annular disc and symmetrical to words outer and
inner circular surfaces.

Figure 2: The stress function o, is maximum in 1/4 the 3/4 middle region of the thick annular disc and reduces to zero
towards inner and outer surfaces of the thick annular disc.

Figure 3 : The stress function o, is maximum at r = 1.4 and varies in the thickness.

Figure 4: The stress function oy, is maximum near to 1.5 and varies with the thickness of the plate.
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Fig. 1: Temperature Tversus r for different values ofz at
z=-0.3,-0.15,00.15,0.3
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Fig. 2: Stress functions o;versus r for different values of z at
z=-0.3,-0.15,00.15,0.3
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Fig. 3: Stress function o;,versus r for different values of z at
z=-0.3,-0.15,00.15,0.3
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Fig. 4: Stress function oygversus r for different values of z at
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