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ABSTRACT: A(p.q) graph G = (V,E) is said to be a square graceful graph ifthere exists an injective function f:
V(G) - {0,1,2,3, ..., q*} such that the induced mapping fp- E(G) = {1,4,9, ..., q%} defined by f,(wv) = |f(w) — f(W)I
is an injection. The function f is called a square graceful labeling of G. In this paper the square graceful labeling of the
caterpillar S(Xy, X5, ..., X,,), the graphs P,_;(1,2,..n),mKy , UsK; ., Ui, K ;, B,OK; — e,H graph and some other
graphsare studied. A new parameter called star square graceful deficiency number of a graph is defined and the star
square graceful deficiency number of the cycle C; is determined. Two new definitions namely, odd square graceful
labeling and even square graceful labeling of a graph are defined with example.

KEYWORDS: Square graceful graph, odd square graceful graph, even square graceful graph, Star square graceful
deficiency number of a graph

I.LINTRODUCTION

The graphs considered in this paper are finite, undirected and without loops or multiple edges. Let G = (V, E) be a
graph with p vertices and g edges. Terms not defined here are used in the sense of Harary[2].For number theoretic
terminology [1] is followed.

A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions. If the
domain of the mapping is the set of vertices (edges / both) then the labeling is called a vertex (edge / Total) labeling.
There are several types of graph labeling and a detailed survey is found in [4].

Rosa [6] introduced g -valuation of a graph and Golomb [5] called it as graceful labeling. Several authors worked on
graceful labeling, odd graceful labeling, even graceful labeling, super graceful labeling and skolem —graceful labeling.

Recently the concept of square graceful labeling was introduced by T.Tharmaraj and P.B.Sarasija inthe year 2014.They
studied the square graceful labeling of various graphs in [7, 8].

The following definitions are necessary for the present study.
1.1 Definition
The path on n vertices is denoted byP,.

1.2 Definition [8]
A complete bipartite graphK; ,, is called a star and it has n +1 vertices and n edges

1.3Definition
The Corona G; © G, of two graphs G; and G, is defined as the graph G by taking one copy of G, (which has p; points)
and p; copies of G, and then joining the i" point of G, to every point in the i" copy of G,.

1.4Definition
Let the graphs G, and G, have disjoint vertex sets V; and V, and edge sets E; and E, respectively. Then their union
G= Gy U G, is a graph with vertex set V=V; UV, and edge set E= E; U E,.Clearly G; U G, has p; + p, vertices and
q: + q, edges.
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1.5 Definition
The graphP,, @P, is obtained from P,, and m copies of P, by identifying one pendant vertex of the i*" copy of P, with
ith vertex of P,, where P,, is a path of length m-1.

I1.SQUARE GRACEFUL GRAPHS

2.1 Definition[7]

A (p.q) graph G = (V,E) is said to be a square graceful graph if there exists an injective function f: V(G) —
{0,1,2,3, ...,q*} such that the induced mapping f,: E(G) - {1,4,9, ..., q*} defined by f, (uv) = [f(w) — f(¥)| is an
injection. The function f is called a square graceful labeling of G.

2.2 Example
The square graceful labeling of the kite graph is given in figure a
25
» * *
] 30 32 31
16
Figure a

2.3 Observation
The cycles C5 and C, are not square graceful graphs.

2.4SOME KNOWN RESULTS [7]

2.4.1 Theorem
The star K ,, is square graceful for all n

2.4.2 Theorem
The graph obtained by the subdivision of the edges of the star K; ,, is a square graceful graph

2.4.3 Theorem
Every path B, is a square graceful graph.

2.4.4 Theorem
The graphP, ® nK;, n > 2 is a square graceful graph.

2.4.5 Corollary
The comb B, ® K; is a square graceful graph.

IH1.MAIN RESULTS
3.1. Definition

Let X; € N. Then the cater pillar S(X;, X,, ..., X,,) is obtained from the path P, by joining X; vertices to each of the i"
vertex of B,(1 <i <n)
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3.2 Theorem

The caterpillar S(X;, X, ..., X,,)is square graceful foralln > 1

Proof

Let G be the caterpillar S(X1, X2, ..., X,,)-

LetV(G) ={v;1<i<n}u{y;;1<i<n1<j<X}and
EG)={vv,;1<i<n- 1}U{vivij;1 <i<nl1<j<X}

Then [V(G)| = X; + X, + - +X, +nand |[E(G)| = X, + X, + - +X, +n—1
Letf: V(G) - {0,1,2, ..., (X; + X, + --- +X,, + n — 1)?}be defined as follows.
f(v,) =w;1 <isn

floy) =X+ X+ +X, +n—-1-(G-DI}1<j<X

f(vy) = X+ Xppg + X, 40— P+ 28 Do cisn 1< < X,
Let f* be the induced edge labeling off. Then we have

ffova) =ib1<i<n-1

frowy) =X+ X+ +X, +n—jl51<i<nl1<j<X

The induced edge labels are distinct and are 12, 22,32, ..., [X; + X, + --- +X,, + n — 1]?. Hence the theorem.

3.3 Definition[5]
The graph P,_1(1,2,3, ..., n) is a graph obtained from a path of vertices vy, v,, ..., v, having the path length n-1by
joining i pendant vertices at each of its vertices.

3.4 Corollary
The graph P,_1(1,2,3, ..., n) is square graceful for all n >2

3.5 Corollary
Theorem 2.4.4 and corollary 2.4.5 follows immediately from theorem 3.2

3.6Theorem

The graph B, ©K; — e is square graceful for all n >1.
Proof

Let G be the graph B,®OK; — e.

LetV(G) ={v,u;1<i<n1<j<n-1}and

E@G) ={vvisyy;1<i<n—-11<j<n-1}
Then [V (G)| =2n-1 and |E(G)|= 2n-2

Let f: V(G) = {0,1,2, ..., (2n — 2)?}be defined as follows.
f(v) =i(i_1)6i_1);1 <ign

f) =[2n—1- 2 + 22 1 <i<n—1

Let f* be the induced edge labeling of f. Then

fr(wiviy) =i%51<i<n-1and
fflyy)=@n-1-H4i1<j<n-1

The induced edge labels are distinct and are 12, 22,32, ..., (2n — 2)2. Hence the theorem.

3.7 Theorem

Let P, be the path on n vertices. Then the twig graph G obtained from the path P, by attaching exactly two pendant
edges to each internal vertex of the path is square graceful.

Proof

Let G be the twig graph.

LetV(G) = {v;,u;,w;;1<i<n2<j<n-1}and
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E(G) = {viviﬂ,vjuj,vjwj; 1<i<n-12<j<n- 1}
Then |[V(G)| =3n—4and |[E(G)| =3n—-5

Let f: V(G) - {0,1,2,3, ..., (3n — 5)?}be defined as follows.
f(vy)) =0

f(v) =Yj,(-1Y Bn—-3-j)*2<i<n

flu) = f(v) + (D (2n—-2i)?;2<i<n-1
fw)=fw)+DM2n-1-2i)?%2<i<n-1
Let f* be the induced edge labeling of f. Then
ffov)=GBn—-4—-0D%1<i<n-1

frvu) = (2n—20)%2<i<n-1

ffloow) =2n—-1-20)%42<i<n-1

The induced edge labels are distinct and are 12,22, 32, ..., (3n — 5).Hence the theorem.

3.8 Theorem

The graph P, @P,, is square graceful for all n, m> 2.

Proof

Let G be the given graph.

Let V(G) = {v,v;;1<i<n2<j<m}and

EG) = {(vivis1, v V2, vigVss 1 Si<n—-11<j<nl1<k<n2<l<m}

Then |V(G)|=nm and |E(G)|= nm-1

Let f: V(G) = {0,1,2, ..., (nm — 1)?}be defined as follows.

f(v) =0

f(v) = 3 o (=1Y [nm — ( = D]?; 2<is<n

f(vy) =X,(-D! [nm—n—(—2)]%2<j<m

f(vy) = f@W) + Th, (D {In— (( = DIm — 1) — (k — 2)}*;2< i < n, 2 < j < mifi is odd
=) + Y, (D {[n — (i — D](m — 1) — (k — 2)}*2< i < n,2 < j < mifiis even

Let f* be the induced edge labeling of f. Then

ffwiviy) =(mm—1i)? 1<i<n-1

() =m-n+3-(m-1j% 1

f*Wuvis) = mm—n+m—1-3k)% 2

The induced edge labels are distinct and are 12,2

<j<sn
<l<m-11<k<n-1
32,.

.., (nm — 1)%.Hence the theorem.

3.9 Definition[9]
The H-graph of a path P, is the graph obtained from two copies of B, with vertices vy, v, ... v,anduy, u, ... u, by
joining the vertices vn+1 and un+1 if nis odd and the vertices v»_; and un if nis even.

2 2 2 2

3.10 Theorem
The H-graph G is square graceful for all n> 2.

Proof

LetV(G) = {v;,u;1 <i<n}and

EG) = {viviﬂ,uiuiﬂ,vmuﬂ if nisodd vrun_jif niseven;1 <i<n-— 1}
2 2 2 2

Then|V(G)|=2n and |E(G)|=2n-1

Let f: V(G) = {0,1,2, ..., (2n — 1)*}be defined as follows.

Case (i): when n is odd

f() =0
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J
f(y) = Z(—l)i @2n+1-0D%2<j<n
i=2
f(um> - f(vm) — n%ifn = 2k + 1 where k is odd
2 2

= f(vm) + n?if n= 2k + 1 where k is even
2

f(unzi-j)=f(uﬁ)+j<_1y+l[wr ejen]
f(unzllﬁ): (Un+1) Z( 1)L+1[ (21_1)] .1Sjsn;1

Case (ii): when nis even

f(v) = 0.
j

f(5) =)D @n+1-D42<j<n
i=2

f(uzyy) = £ (vz) +n? if n = 2k where k is odd

=f (v%) — n?if n = 2k where k is even
f(‘LLn_H ]) = f(”%ﬂ) +Z{f=1(—1)i+1 [%4- i— 1]2 ;1< s%
f(u£+1+j) f (u%+1) + Yl (1) [% - i]z ;1<) < %— 1

Let £ be the induced edge labeling of f. Then
frfww) =@2rn-D31<i<n-1
fr kum) =n?

2 2
ffuu) =m-D%51<i<n-1
The induced edge labels are distinct and are 12, 22,32, ..., (2n — 1)%.Hence the theorem.

3.11 Theorem

Let G be a graph with fixed vertex v and let (B,: G) be the graph obtained from m copies of G and the path
P,:uy,uy un,by joining u; with the vertex v of the i copy of G by means of an edge, for 1< i < n.Then G is square
graceful

Proof

Let G be the given graph.

Let V(G) = {v;,u;1 <i < n}and

E(G) = {(vvp1, wuip1, vouy;; 1 < i <n— 1}

Then |V(G)| = 2nand |[E(G)| =2n—1

Let f: V(G) = {0,1,2, ..., (2n — 1)?}be defined as follows.

f(vy)) =0

f(v) =X~y [2n—j1*;2<i<n

f(up) = f(v;) —n?

ftw) = f(v2) - n% —(n —.1)2

fw) = fu) + X3/ [n-(G-D}3<i<n

Let f* be the induced edge labeling of f. Then

ffovi)=0Cn—-i)%41<i<n-1
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fr(wuy) = n?
ffyu) =m-D451<i<n-—-1
The induced edge labels are distinct and are 12, 22,32, ..., (2n — 1)2. Hence the theorem.

3.12 Theorem

The graphmK; ,, U sK; , is square graceful for m,n,s,t > 1.

Proof

Let G be the graph mK; , U sK; ;

Let V(G) = {v, vy, wu; 1 <i<m1<j<nl<k<s1<I<tland
E@G) ={vvj,wu;1<i<ml<j<nl<k<s1<I<t}

Then [V(G)|[=m(1 4+ n) + s(1 + t)and|E(G)| = mn + st

Let £:V(G) = {0,1,2, ..., (mn + st)?} be defined as follows.
fw)=i-L1<i<m

f(v ;) =[mn+st+1—-j]51<j<n

f(vl-]-)= [mn+st—((—-Dn+1-j?+i-1,2<i<m1<j<n
fu)=m—-1+i;1<i<s
fluj)=Ist—G-Dt+1-jl?+m—-1+i;1<i<s1<j<t

Let £ be the induced edge labeling of f. Then

f*(v,-v,-j) =mn+st—(i—-1Dn+1—-j]1451<i<m1<j<n
f*(u,-ul-j) =[st—(—-Dt+1—-j]1351<i<s,1<j<t

The induced edge labels are distinct and are 12,22, 32, ..., (mn + st)?. Hence the theorem.

3.13 Theorem
The graph Ui, Ky ; is square graceful for all n > 1.
Proof
Let G be the graphUi_; Ky ;.
Let V (Ky,n) ={ upu; 1<i<nl < j < i}and
E(Kin) ={wu;,1<i<n1<j<i}

n2+3n n(n+1)

Then |[V(G)| = — and |E(G)| = >

nn+1) 2
2

Let the function f: V(G) —» {0,1,2, [
flu)=i—-11<i<n

nmn 2
g = 222

. 2
f(uy) = ("2 - [mihk—j+1]} ;2<isnis<js<i
Let f* be the induced edge labeling of f. Then

2
Pe(uiy) = [n(n;l) — Sk +j— 1]] d1<i<nl<j<i

}be defined as follows.

2
The induced edge labels are distinct and are 12, 22,32, ..., [@]

n=>1.

.Hence the graphU;_, K, ; is square graceful for all

3.14Theorem

Let G; = K; , for 1< i < m with vertex set V(G;) = {vi,vij; 1<j< n}.Let G be the graph obtained by identifying v;,
with v 44y, for 1< i <m — 1 then G is square graceful for all n and m.

Proof

Let G be the given graph.

LetV(G) ={v,v;;1<i<m1<j<n}andEG)={yv;;1<i<m1<j<n}
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Then |V(G)| =nm +1 and |E(G)| = nm

Let f: V(G) - {0,1,2, ... (nm)?}be defined as follows.

f(v;) =0

f() = f(vi-1ym) —{Im— (i —DIn}*;2< i <n
flv)=m—-(G-D*1<j<n

f(vij) =f)+{m-(>G-DIn-G-1};2<j<n2<i<m

Let f* be the induced edge labeling of f. Then

f*(vivij) ={mm-((-1n+1—-j})1<i<m1<j<n

The induced edge labels are distinct and are 12,22, 32, ..., (nm)?.Hence the theorem.

3.15 Theorem

The graph < Ky ,,, K1 5, K1 5, K1+ > obtained by joining the central vertices of K ,,,, K; ,,, K; sandK; , to a new vertex is
square graceful for all m,n, s, t = 1

Proof

Let G be the graph < Kj ,, K1, K1 5, K10 >.

Let V(G) = {v,vl,vli,vzj,v%_wz;l <l<41<i<m1<j<nl1<k< S'}and
1<z<t
VU,V V1, VaVsi, V3 V3, MV 1 S 1< 41 <i<m1<j<nl1<k<s,
E(G) = /
1<z<t

Then |[V(G)|=m+n+s+t+5and |[E(G)|=m+n+s+t+4
Letf: V(G) » {0,1,2,...,(m +n+ s+t + 4)?}be defined as follows.

f(v)=0

fw)=m+n+s+t+5-10)72 1<l<4
) = (m+n+s+t+H2—(m+n+s+t—(G-1); 1<i<m
f(vy)=m+n+s+t+37—(n+s+t-(-D); 1<j<n
f(v3k)=(m+n+s+t+2)2—(s+t—(k—1))2; 1<k<s
f(rg,) = m+n+s+t+12—(t—(@z-1)5 1<z<t
Let £ be the induced edge labeling of f. Then
fflov)=(m+n+s+t+5-102% 1<1<4

ffrv)=m+n+s+t+1-—i)? 1<i<m

f*(vzvzj) =(m+s+t+1-—j)%1<j<n

frosvg)=(s+t+1—-k)?, 1<k<s

frovy,) = +1-2)%1<z<t

The induced edge labels are distinct and are 12,22,32,...,(m + n+ s + t + 4)%.Hence the theorem.

3.16 Theorem

Let G be the graph obtained by identifying the pendant vertices of K; ,,,by K ,,. Then G is square graceful for all
mn=>1

Proof

Let V(G) = {v,v;,u;;1 <i<m,1<j<njand

E(G) = {vvi,viui]-;l <i<m1<j< n}

Then |[V(G)| =m+mn+ 1and |[E(G)| = m + mn

Let f: V(G) = {0,1,2, ..., (m + mn)?}be defined as follows.

fw)=0

fw)=m+mn—-(G-1D]*;1<i<m
fluj)=m+mn—(G(-DP? - [(—-Dn+j151<i<ml1<j<n
Let f* be the induced edge labeling of f. Then
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ffov)=mn+m+1-il>;1<i<m
ffvw))=[-Dn+jl451<i<m1<j<n
The induced edge labels are distinct and are 12, 22,32, ..., (m + mn)?. Hence the theorem.

3.17 Theorem

The graph K; ,, © Ky, is square graceful for all m,n > 1.

Proof

Let G be the graphK; ,,© Ky ,,.

Let V(G) = {v,vi,ui]-,wj; 1<i<m1<j< n}and

E(G) = {vvi,vl—uij,ij;l <i<m1<j< n}

Then |[V(G)|]=m+n+mn+1and [E(G)|]=m+n+mn

Let f: V(G) - {0,1,2, ..., (m + n + mn)?}be defined as follows.

fv) =0

flw)=[m+n+mn—-(G-D51<j<n
fw)=m+mn—-(G(-1D]%1<i<m

fluj) =m+mn—(G(-DP-[(—-Dn+j151<i<mi<j<n
Let £ be the induced edge labeling of f. Then

f*(vw]-) =m+n+mn+1—-j1%1<j<n
ffwv)=m+mn+1-il>;1<i<m

ffrw)) =[-Dn+j151<i<ml1<j<n

The induced edge labels are distinct and are 12,22, 32, ..., (m + n + mn)?2. Hence the theorem.

3.18Definition
The coconut tree graph is obtained by identifying the central vertex of K, with a pendant vertex of the path B,,.

3.19 Theorem

The coconut tree graph is square graceful foralln > 1 and m > 1.
Proof

Let G be the coconut tree graph.

Let V(G) = {v,vi,uj;l <i<n2<j< m} and

E(G) = {vv,vup, w431 <i<n2<j<m-—1}

Then |[V(G)| =n+mand |[E(G)|]=n+m—1

Let f: V(G) - {0,1,2, ..., (n + m — 1)?}be defined as follows.
fw) =0

fv)=m+m-i)%1<i<n

f(uz) = (m — 1)?

fu) =¥ ,(-1)/ m-(G-D%43<i<m

Let f* be the induced edge labeling of f. Then
ffov)=Mm+m—-i)?>;1<i<n

frvuy) = (m - 1)°

fruye)=m-pN%2<j<m-1

The induced edge labels are distinct and are 12,22,32, ..., (n + m — 1)%.Hence the theorem.

3.20 Definition

Let G = (V, E) be a graph with p verticesv,,v,, ..., v, . In G, every vertex v; is identified to the central vertex of the star
S, for some m; = 0,1 < i < n where S,= K;and this graph is denoted by G(my, m,, ..., m, ).

Let M(G) = {(ml, my, ...,mp); G(ml,mz, ...,mp)is a square graceful graph}. The star square graceful deficiency
number of the graph G, denoted by S, (G) is defined as
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$.(G) = min(my +my + - + mp)ifM(G) *+0
“ 0 iftM(G) = 0
3.21Example
The star square graceful deficiency number of the cycle C5(2,0,0)is given in figureb .
1 4
0
9 25
Figure b

Su(C3) =2

3.22Definition

A (p.q) graph G = (V, E) is said to be an odd square graceful graph if there exists an injective function f: V(G) -
{0,1,2,3, ....(2q — 1)*} such that the induced mapping f,: E(G) — {1,9,25, ... (2q — 1)*} defined by £, (uv) =

|f (w) — f(v)] is an injection. The function f is called an odd square graceful labeling of G.

3.23Example
The odd graceful labeling of the path P, is given in figure c.

Figure c

3.24Definition

A (p.q) graph G = (V, E) is said to be an even square graceful graph if there exists an injective function f: V(G) -
{0,1,2,3, .... (2¢)?} such that the induced mapping fp  E(G) = {4,16,36, ... (29)?} defined by f, (uv) = |f(w) — f(v)|
is an injection. The function f is called an even square graceful labeling of G.

3.25Example

The even graceful labeling of the path P, is given in figure d.

» & *» -
] 30 20 24

Figure d
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IV.CONCLUSION

In this paper, the square graceful labeling of some graphs is studied. Examples of some non-square graceful graphs are
observed. Star square graceful deficiency number of a graph is determined and the Star square graceful deficiency
number of the cycle C; is determined. Odd square graceful labeling and even square graceful labeling are introduced.

SCOPE FOR FURTHER STUDY
The Star square graceful deficiency number of the cycle C,where n> 3, the wheel W, where n> 3,0dd square graceful
labeling and even square graceful labeling of various graphs maybe studied.

ACKNOWLEDGEMENTS

The author is thankful to the anonymous Reviewer for the valuable comments and suggestions.

REFERENCES

[1] M.Apostal, Introduction to Analytic Number Theory, Narosa Publishing House, Second edition,1991.

[2]Frank Harary, Graph Theory, Narosa Publishing House, New Delhi,2001.

[3].S.W.Golomb,How to number a graph in Graph theory and Computing, R.C.Read, ed., Academic Press, Newyork, pp23-37,1972

[4]Joseph A. Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics, 15, #DS6.,2008

[5]M.A.Perumal, S.Navaneethakrishnan, S.Arockiaraj and A.Nagarajan, Super graceful labeling for some special graphs, IJRRAS, Vol9, Issue3,2011
[6].A.Rosa,On certain valuations of the vertices of a graph, Theory of Graphs (International symposium, Rome, July1966),Gorden and Breach, N.Y
and Dunod Paris,pp349-355,1967

[7] T.Tharmaraj and P.B.Sarasija, Square graceful graphs, International Journal of Mathematics and Soft Computing, Vol.4, No.1 pp129-137,2014

[8] T.Tharmaraj and P.B.Sarasija, Some square graceful graphs, International Journal of Mathematics and Soft Computing, Vol.5, No.1 pp119-
127,2015

[9]R.Vasuki and A.Nagarajan, Some Results on Super Mean Graphs, International Journal of Mathematics and Combinatorics.Vol.3, ,pp82 —
96,2009

BIOGRAPHY

Dr.K.Murugan is an Assistant Professor in the PG and Research Department of Mathematics,
The M.D.T Hindu College, Tirunelveli, Tamilnadu, India. He has been awarded Ph.D degree in
Mathematics by the Manonmaniam Sundaranar University, Tirunelveli in 2013. The title of his
thesis is ‘STUDIES IN GRAPH THEORY-SKOLEM DIFFERENCE MEAN LABELING
AND RELATED TOPICS’ He has five years of Research experience. His thrust area is Graph
w labeling and has published 13 research papers. He has participated in more than 50 conferences,
" . presented 15 papers, given five guest lectures and served as a resource person in a seminar.

Copyright to IJIRSET DOI: 10.15680/1JIRSET.2015.0402044 520



