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ABSTRACT: In this paper, the work of Guria and Jana [1] is extended to include the slip condition at the lower porous
plate. The upper plate is subjected to a constant injection —\Vo and the lower plate to a transverse sinusoidal suction
velocity distribution, so that the flow becomes three dimensional. Approximate solutions were found for velocity and
temperature using regular perturbation techniques. The effect of various parameters like Reynolds Number, Prandtl
Number, Nusselt Number on the flow fields were studied numerically. Influence of thermal diffusion is also taken into
consideration. The validation of the theoretical results obtained is also carried out.
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I INTRODUCTION

Couette flow is important in numerous mechanisms involving the relative motion of two surfaces. It is also used in
transpiration cooling. In this process several engines can be protected from the influence of hot gases. This process is
used in turbojet and rocket engines, like combustion chamber walls, exhaust nozzles, and gas turbine blades. The
channel flows through Porous medium have numerous engineering and geophysical applications, for example, in the
field of agriculture engineering to study the underground water resources, in the field of chemical engineering for
filtration and purification processes in petroleum technology to study the movement of natural gas, oil and water
through the oil channels/reservoirs etc.

Pai [3] discussed the velocity and temperature distribution in a plane couette flow. Singh, Sharma and Misra [12]
investigated the free convection flow along a vertical porous plate with transverse sinusoidal suction velocity
distribution. Vorticity of the velocity field for flow in a porous medium with random inhomogeneities was described by
Shvidler [8]. Raptis, Peridikis and Tzivanidis [4] investigated the free convection flow through a porous medium
bounded by a vertical surface. In this work the flow characteristics of two dimensional free convection flow through a
porous medium bounded by a vertical infinite surface was considered. In [5] Raptis extended the above work to an
unsteady two dimensional free convective flow through a porous medium bounded by an infinite vertical plate with the
temperature of the plate oscillating with the time about a constant non zero mean value. An analytical solution for the
velocity field was derived and the effects of permeability parameter and parameter of frequency on the velocity field
are discussed. Raptis [7] made an analytical examination of steady, free convective flow and mass transfer through a
porous medium bounded by a vertical porous plate in the case of a rotating fluid with a constant angular velocity and a
constant temperature at the plate. Khalid and Vatai [2] investigated the role of porous media in modeling flow and heat
transfer in biological tissues. Raptis and Peridikis [6] further studied the problem of free convection flow through a
porous medium bounded by a vertical porous plate with constant suction when the free stream velocity oscillates in
time with a constant mean value.

Singh et al [9] discussed the transient effects on Magneto Hydro Dynamic couette flow with rotation when one of the
plates has been set in to uniformly accelerated motion. Singh and Rakesh Sharma [11] studied the three dimensional
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couette flows through a porous medium with heat transfer. Here a theoretical analysis of heat transfer in couette of a
viscous incompressible fluid through a porous medium between two infinite horizontal parallel porous flat plates is
presented taking into account slip boundary conditions.

1. FORMULATION OF THE PROBLEM

We consider the unsteady flow of a viscous incompressible fluid between two horizontal flat plates separated by a
distance d. The upper plate moves with a uniform velocity U in the direction of the flow. We choose a Cartesian
coordinates system with its origin on the lower stationary plate, x*- axis is in the direction of the flow, y*- axis is
perpendicular to the plate, and z*- axis normal to the x*y*- plane. The upper plate is subjected to a constant injection
—V, and the lower plate a transverse sinusoidal suction velocity distribution of the form

vt = -l [1+€ cos (% — ct*)]

Where € (<<1) is the amplitude of the suction velocity. Due to periodic suction, the flow becomes three dimensional.
In fluid mechanics it is generally accepted that at an interface between two (mobile) fluids the tangential velocities v
have to be continuous. In the past it was also assumed that the boundary condition for fluid flow past a solid wall is a
no-slip boundary condition. During the past years, various experiments showed a non-vanishing tangential velocity, the
so-called slip velocity. Hence in this problem the velocity profile is sketched with a slip boundary condition.

Denoting velocity components u*,v*, w* in the direction x*-, y*-, and z*- axes, respectively, the flow is governed by
the following equations.

Equation of continuity
av*  aw*

o T =0
Equation of motion
ou* ou* 6u a%u*
A —gﬁ(T*—To)‘FV(—f‘l‘—f)
at ay ay* daz*
ov* Bv vt 16p ( 92%v )
at* +v ay* +w’ az* poy* az*
aw* L aw* LOwt _ 1ap* ( a%w )
at* tv ay* tw 62* poz* dy z*
ar* L OT* L 0T (62T* ) 21
at*+v ay*+W pprilie (2.1)
Where

v is the kinematic viscosity

p is the density

p* is the fluid pressure.

g is the gravitational acceleration

B is the coefficient of thermal expansion.

u is the viscosity.

a is the thermal diffusivity of the fluid.

C, is the specific heat at constant pressure
The Boundary conditions are

*_*614,* * __ T« * * __ * __ * __
u—Lay*, vt = V0[1+ecos(dz ct)],w =0, T"=T, at y*=0
u =U, v ==V, w* =0, T" =T at y*=d
Introducmg the foIIowmg non-dimensional quantities.
y_ z P_ P A i
y = Z— t=ct" p— U= v=, W= 0 o
in equatlon (2.1) We get
v ow
E + g =0
ou 92%u
R +Re[v—+w5 ReGr9+ Py
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v v v _ _p,dp 3% 3%
AE+Re[v—+W— = Reay+ay2+az2
ow ow _ _Rel W
12+ Re [v—+ > = —Re T +T5+ 77
a6 aa a%e | 9%6
Where
A is the velocity ratio parameter, Re is the Reynolds number,
Gr is the Grashof number, Pr is the Prandtl number
The corresponding boundary conditions in non-dimensional form are
u=h§7u, v=-S[1+€cos(nz—1t)], w=0, 6=0 aty=0
u=1, v = =S5, w=0, 0=1 aty =1

1. SOLUTION OF THE PROBLEM

Assuming the solution to be the following form
u=uy(y) +eu (y,z,t) + 2uy(y,z,t) + -
v=v,(y) + ev,(y,2t) + €2v,(y,z,t) + -
w=w,(y)+ew,(¥,zt) + 2wy (y,2,t) + -
0 =0,(y)+e6,(y,2t) +€20,(y,z,t) + - (3.1)
When e = 0 the flow reduces to two dimensional with constant suction and injection at both the plates. In this case
(2.2) reduces to
dvg
o
a uo

=0or v0=—s

+ SRe + ReGrf, =0

aﬂ-Oor po—l

By
70 1 SRe =0
"“’°+RP5"9y°_o (3.2)
The corresponding boundary conditions are,
dug

uozhgvo —SW0=090=Oaty=O

u0:1v0=_5W0=090=1aty=1 (33)
The solution of (3.2) becomes
Uy = Al + Aze_SRey

UO = _S po = 1 WO = 0 90 = A3(1 - e_SPTRey) (34)
When € # 0, substituting equations (3.1) and equating the terms of o(e)we get,
o L w1 _
ay az
du du du S 92%u
1%L+ Re [—5—1+ "5 = ReGr91 T
6171 61;1 _ 0p1 a2 U1
222+ Re[-522] = —Re s

aw1 aw1 0p1 02W1 62w1
224 4 Re [ e 2] = ke et

391 d20¢ _ a 01 3291
Pra%2 + RePr [~ ST | =T O (3.5)
The boundary condltlons are,
U = % vy =—Scos(mz—t)w; =06, =0at y=0
u]_:O v1=0 W1=O 91=0aty=1 (36)

These are the linear partial differential equations describing the three dimensional flow. To solve (3.5) we
assume uq, v 1, wy and p; of the following form
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ul()"; z, t) = U1 (y)ei(ﬂl—t)
v (y,2,t) = vy (y)e ™0
i, .
Wl(yv Z, t) = ;vll (y)el(ﬂz_t)

p1(y,z,t) = pyq (y)ei(ﬂZ—t)
0,(y,2,t) =0, (y)eim=0

3.7
The boundary conditions are
u11=h%, V11 :_S, 171’1 :0, 01120 at y:0
Uy = 0, V11 = 0 ) 171’1 = 0, 911 =0 at y =1 (38)
Substituting (3.7) in (3.5), we get
] .
% +inwy;; =0
2
(—il)un —SRea:;;l + Revll % = ReGr@n + 6@# - 7T2u11
0%vy, vy op11
+ ReS — (m? — i)v;; =Re
dy? dy dy
021711 61711 apll
+ ReS — (m? — i)v;; =Re
dy? dy oy
0*wy, owyy 2 . .
3y + ReS 3y — (n* — iA)wy, = inRepy;
2
0639/;1 + ReSPr 5)5% — (m? — iAPr)6;; = RePrvy, % (3.9
Solving, we get

Uy = [A7e™Y + Ajge ™™ + Age ™ + Agge T + Ay eSPTREY 4 g, @~ (mtSRePT)y

+A23e—(r1+SPrRe)y +A24e—(r2+SPrRe)y +A256("_SRe)y +A26e—(n+SRe)y +A27e—(r1+5Re)y
+A286—(r2+3Re)y]ei(nz—t)

v, = [Ae™ + Ase™ + Age ™Y + Aje 72V ]el )

i .
wy = —[A,me™ — Asme™ — 1 Age™Y — A;re 2]l 0
T

91 — [Age—r3y +Age—r4y _l_Alle(n—SPrRe)y +Alze—(n+SPrRe)y +A13e—(r1+SPrRe)y
_l_A14e—(r2+SPrRe)y]ei(nz—t)

Where
SRe+ /SZRe2+4(n2—iA) SRe— /SZRe2+4(n2—i/1)
= 1, =
1 > ' 2 2
2pe2pyr2 2_;
_ SRePr +\/S Re“Pr +4(n MPr) _ SRePr—\/SzReZPTZ+4(n2—i)lPr)
3= v Ty =
1+hSR ? 1 2 1
+ e
Al =———— Ay =——— A= ——
1™ (1+hSRe)—e—SRe ' 2 7 ¢=SRe _(1+hSRe) ' 3 7 {—e—SPrRe

C=@+m)(ry—m)(e ™) + @) —(ry —m)(r, + m)(e=FTD) 4 e772))
— 2n(r, — 1) (e 1) + 1)

A, = sty (m—rp)e”TH72) sy (m—r1)e =T+ 1) _gpr (r) —rp)e ~("1172)
4=

C
A = s71(r+15)e T2 —sr) (m471)e T D s (ry—rp e ~1472)
5 =

c
A = sn(n—rz)e_(’"z*'”)—sn(rz+n)e(”_r2)+25nr2
6 =

C
A _sn(n+r1)e("_71)—s7r(n—rl)e_(”"'rl)—anrl A __ Arse T4-Aq5
7= c Ao =T

‘416_‘4153_?“3 2 2 AsAqo
Ag =—7/——">— Ay = A3SPr°Re A =
9 e T4—eT3 ! 10 3 ! 11 (m—SPrRe)2+SRePr (m—SRePr)—(mw2—iAPr)
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AsAqg AsA10

A, = Az =
1z (n+SPrRe)2—SRePr (m+SRePr)—(n2—iAPr) ' 13 (r1+SPrRe)2—SRePr (r{+SPrRe)—(w2—ilPr)
A7410
Ay = Ais =—(A11 +A, +A3+A
14 (ry+SPrRe)2—SRePr (rp+SPrRe)—(w2—iAPr) ' 15 ( 11 12 13 14)
A16 - _ (Alle(n—sRePr) + Alze—(n+sRePr) + A13e—(r1+sRePr) + A14e—(r2+sRePr))
A — Azg9eT2—A30(14+1r2h) A — Az0(1+4r1h)—Agge™T1
177 e=r2(1+r h)—e—"1(1412h) ' 18 7 =2 (1+r h)—e—"1(1+72h)
A _ —ReGr Ag A _ —ReGr Ag
19 = G Rear—(n?—in) ’ 20 7 12 _SReAg—(r?—id)
A — —ReGTAll A — —ReGrA12
21 = (z—sPrRe)2+SRe (t—SPrRe )—(n2—il) ' 22 7 (g+SPrRe)2—SRe (m+SPrRe )—(n2—il)
A — —ReGr Aq3 A — —ReGr A1a
23 (r1+SPrRe)2—SRe (r{+SPrRe)—(n2—i1) ' 24 (ry+SPrRe)2—SRe (ry+SPrRe)—(m2 —il)
Aoe = —SAyRe24, Aor = —SAyRe?Asg
257 (m—SRe)2+SRe (r—SRe)—(n2—il) ' 26 — (m+SRe)2—SRe (n+SRe)—(mw2—il)
—SAyRe24q —SAyRe2 A7
A27 A28

= (r1+SRe)%2—SRe (r{+SRe)—(w2—il) ' = (ry+SRe)2—SRe (ry+SRe)— (w2 —il)
Azg = _Alg(hr3 + 1) - AZO (hT4 + 1) + A21(h(7T - SPTRe) - 1) - AZZ (h(TC + SPT'Re) + 1)
— Ay3(h(ry + SPrRe) + 1) — Ayu (h(ry + SPrRe) + 1) + Ays (h(mr — SRe) — 1)
- A26(h(n + SRe) + 1) - A27(h(7'1 + SRe) + 1) - A28 (h(rz + SRe) + 1)
A30 - _[Alge—rg +Azoe—r4 +A2167T—SPrRe +A226—(T[+SPT'R8) + Azge—(r1+SPrRe) + A24e—(r2+SPrRe) 4+
Azsen—SRe + Azée—(rr+SRe) + A27e—(r1+5Re) + Azse—(r2+SRe)]

V. RESULT AND DISCUSSION

The study of couette flow through porous plates with heat transfer and slip boundary condition has attracted the
attention of number of researchers because of its possible applications in several areas. In the previous section, we have
studied the unsteady couette flow and heat transfer between two horizontal parallel porous flat plates with periodic
suction at the stationary plate and constant injection at the plate in motion. The periodic suction velocity was assumed
to be time dependent and perpendicular to the flow direction. Due to the periodic suction, the flow becomes three
dimensional. Theoretical expressions were found to calculate temperature and velocity profile.

In order to understand clearly the influence of non dimensional parameters such as Reynolds Number, Prandtl
Number, Suction parameter and Frequency parameter on these profiles, we have calculated velocity and temperature
profile, Skin friction and Nusselt Number numerically and plotted the results.

From figures 1,2 and 3, it can be seen that the qualitative behavior of the main flow velocity does not change due to the
presence of slip regime. The main flow velocity increases as Re or S increases and decreases with the decrease in the
frequency parameter.

1.20E+00

1.00E+00
8.00E-01 Re=0.5
u 6.00E-01 ——Re=1.0

4.00E-01
Re=1.5

2.00E-01
0.00E+00 - . . , , . . Re=2.0
0 02 04 06 038 1 1.2 —Re=25

y

Figure 1. Main velocity u for 2=6.0, S=1.0,
t=0.2, Z=0.0, ¢ = 0.2 at h=0.5
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1.20E+00
1.00E+00
8.00E-01 —5=0.2
u 6.00E-01 —S=0.4
4.00E-01
5=0.6
2.00E-01
0.00E+00 - : : : : . ,  ——s=08
0 0.2 0.4 0.6 0.8 1 12 —5=10
y
Figure 2. Main velocity u for Re=1.0, 2=6.0,
t=0.2, Z=0.0, e = 0.2 ath=0.5
1.20E+00 -
1.00E+00 -
8.00E-01 - e
u 6.00E-01 - -
4.00E-01 - ——=M\=6
2.00E-01 - A=10
0.00E+OO T T T T T 1
—\=14
0 02 04 06 08 1 1.2
y

Figure 3. Main velocity u for Re=1.0 S=1.0,
t=0.2, Z=0.0, ¢ = 0.2 ath=0.5

Figures 4 and 5 illustrate the behavior of the cross flow velocity as a function of various non dimensional numbers. It is
observed that the magnitude of the cross flow velocity w increases with the increase in S, but it increases near the
stationary plate and decreases near the moving plate with the increases in Re .This is due to the fact that suction at the
stationary plate and injection at the moving plate are two exactly opposite process.

1.20E+00

1.00E+00
8.00E-01 Re=0.5
-10w 6.00E-01 Re=1.0
4.00E-01 feets
2.00E-01 e=Ll.
0.00E+00 - . . . Re=2.0
0 0.5 1 1.5 Re=2.5

y

Figure 4. Cross velocity -10w for S=1.0,
2=6.0,t=0.2, Z=0.5, ¢ = 0.2 at h=0.5
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1.50E+00
—5=0.2

1.00E+00

-10w — G =

5.00E-01 5=04
0.00E+00 : . . 5=0.6
0 0.5 1 1.5 =——5=0.8
y —5=1.0

Figure 5. Cross velocity -10w for Re=1.0,
2=6.0, t=0.2, Z=0.5, ¢ = 0.2 at h=0.5

Figures 6,7,8 and 9 depict the behavior of the temperature profile with respect to the non dimensional parameter Re and
S. To use the results in practical situations, the Prandtl number is assumed to be 7.0.1t is observed that the temperature
increases with the increase in frequency parameter. On the other hand, it increases near the stationary plate and
decreases away from the stationary plate with the increase in Reynolds number. The wall shear stress at the stationary
plate is found to be increasing with increase in the slip parameter. Increase in the Reynolds number increases the skin
friction while increase in the frequency parameter decreases the skin friction . These results can be observed from
figures 10,11and 12. From figures 13, 14 and 15 we can observed that the skin friction due to cross flow increases with
increase in Reynolds number. The skin friction at the upper plate y=1, increases with increase in Reynolds number and
exhibit an oscillatory behavior with increasing S.

1.20E+00
1.00E+00
8.00E-01 Re=0.5
6.00E-01 Re=1.0
@ 4.00E-01
2.00E-01 Re=1.5
0.00E+00 - T T 1 Re=2.0
0 0.5 1 1.5 Re=2.5
y
Figure 6. Temperature 6 for S=1.0, A=6.0, t=0.2,
Z=0.5,e=0.2ath=0.0, Pr=7.0
1.50E+00
1.00E+00 —5=0.2
e ——5=0.4
5.00E-01
S$=0.6
0.00E+00 . . . $=08
0 0.5 1 1.5
e §=1..0
y

Figure 7.Temperature 6 for Re=1.0, 2=6.0,
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t=0.2, Z=0.5, ¢ = 0.2 at h=0.0, Pr=7.0

1.20E+00
1.00E+00
8.00E-01 Re=0.5
0 6.00E-01 Re=1.0
4.00E-01 Reols
2.00E-01 &=
0.00E+00 . . . Re=2.0
0 0.5 1 1.5 Re=2.5
y
Figure 8.Temperature 6 for S=1.0, A=6.0,
t=0.2, Z=0.5, ¢ = 0.2 at h=0.5, Pr=7.0
1.20E+00 -
1.00E+00
8.00E-01 e $=0.2
0 6.00E-01 ——S-04
4.00E-01 0.6
2.00E-01 I
0.00E+00 ., =—5=08
12 =——5=1.0
y
Figure 9. Temperature 6 for Re=1.0, A=6.0,
t=0.2, Z=0.5, £ = 0.2 at h=0.5, Pr=7.0
1.20E+00 -
1.00E+00 -
e Re=0.5
8.00E-01 -
Re=1.0
6.00E-01 -
Sk Re=1.5
4.00E-01
e Re=2.0
2.00E-01 -
0.00E+00 . . . . . ——Re=2.5
0 0.2 0.4 06 0.8 1 1.2

Figure 10. Skin Friction Sk for S=1.0,
2=6.0,t=0.2, Z=0.5,¢ = 0.2 at y=0
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2.00E+00
1.50E+00 $=0.2
7, 1.00E+00 — 5=0.4
5.00E-01 e §=0.6
0.00E+OO T T T T T T 1 _S=0'8
0 02 04 06 08 1 12 $=1.0
h
Figurell. Skin Friction due to main flow 1y for
Re=1.0, 1=6.0, t=0.2, Z=0.5, ¢ = 0.2 at y=0
1.20E+00 -
1.00E+00 -
8.00E-01 - e \=2
5.005-01 : —1=6
S
4.00E-01 - A=10
2.00E-01 -
— =14
0.00E+00 T T T T \ )
0 0.2 0.4 OhG 0.8 1 1.2
Figurel2. Skin Friction due to main flow 1, for
S=1.0Re=1.0, t=0.2, Z=0.5, e = 0.2 at y=0
1.50E+00
1.00E+00 —Re=05
T; Re=1.0
5.00E-01
Re=1.5
0.00E+00 - T } )
e Re=2.0
0 0.5 1 1.5
Re=2.5
h

Figure 13.Skin friction due to Cross flow t, for
S=1.0, 2=6.0, t=0.2, Z=0.5, £ = 0.2 at y=0.
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1.20E+00
1.00E+00
8.00E-01 Re=0.5
T, 6.00E-01 ——Re=1.0
4.00E-01
2.00E-01 Re=1.5
0.00E+00 - . . . Re=2.0
0 0.5 1 1.5 Re=2 5
h
Figure 14.Skin friction due to Cross flow T, for
S=1.0, 2=6.0, t=0.2, Z=0.5, ¢ = 0.2 at y=1.
1.20E+00 -
1.00E+00
—5=0.2
8.00E-01
—5=0.4
6.00E-01
T, $=0.6
4.00E-01
2.00E-01 5=0.8
0.00E+00 : : : : : ,  ——s5=1.0
0 02 04 g6 08 1 1.2

Figure 15.Skin friction due to Cross flow 1, for
Re=1.0,2=6.0, t=0.2, Z=0.5, ¢ = 0.2 aty=1.

A very important flow characteristics, the heat flux at the plate is measured in terms of Nusselt number which is
shown in figures 16 and 17. Increase in Prandtl number decreases the heat flux at the moving plate. It is also seen that
the increase in the Prandtl number increases the rate of heat transfer at the upper plate. Increase in the Suction

parameter decreases the rate of heat transfer and the frequency parameter does not influence the rate of heat transfer
significantly.
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8.00E-01 Re=0.5
6.00E-01 ———Re=1.0
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Nu Re=1.5
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0 2 4 6 8§ ———Re=2.5
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Figure 16.Nusselt Number Nu for S=1.0, 2=6.0,
t=0.2, Z=0.5, ¢ = 0.2 at y=1.
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Figure 17.Nusselt Number Nu for Re=1.0, 2=6.0,
t=0.2, Z=0.5, ¢ = 0.2 at y=1.

V. CONCLUSION

Fluctuating flows are known to result in higher rates of heat and mass transfer. Many studies have been carried out to
understand its characteristics in different systems such as reciprocating engines, pulse combustors and chemical
reactors. It can be seen from the literature the studies pertaining to three dimensional, couette flow through porous
channels with slip boundary conditions have not received much attention.

Hence, in this paper, we have extended the work of Guria and Jana [1] to investigate the effect of velocity slip of
couette flow past an infinite vertical porous channel. We have assumed that the upper plate is subjected to a constant
injection —\VVo and the stationary plate is subjected to a transverse sinusoidal suction velocity distribution. Analytical
expressions were found to determine velocity and temperature profiles using perturbation techniques.

It can be seen that the qualitative behavior of the main flow velocity does not change due to the presence of slip regime.
The main flow velocity increases as Re or S increases and decreases with the decrease in the frequency parameter.
The wall shear stress at the stationary plate is found to be increasing with increase in the slip parameter.
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