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ABSTRACT: In this paper, we construct A new kind of lacunary g-splines which are the solution of ( 0, 2, 4 )-
interpolation problem and their local approximation with functions belonging to €™ (Dand ¢ (1).

Our methods are of lower degree having better convergence property than the earlier investigations using piecewise
polynomials with certain specific properties.
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l. INTRODUCTION

In recent, years, splines functions havearise in many problems of mathematical Physics, such as for
solving differential Equations in hydrodynamics viscoelasticity, electromagnetic theory, mixed boundary problems in
mathematical physics biology and Engineering.

ThFawzy ( [3] [4] ) constructed special kinds of lacunaryquintic g-splines and proved that for functions
f € C™ the method converges faster that investigated by A.K. Verma[1] and for functions f € C® the order of
approximation is the same as the best order of approximation using quintic g- splines. During the past twentieth
boththeories of splines and experiences with their use in numerical analysis have undergone a considerable degree of
development. According to Fawzy [3 ] theinterest in spline function is due to the fact that spline function are a good
tool for the numerical approximation of functions,+

spline functions are used in many areas such as interpolation, datafitting, numerical solution of ordinary partial
differential equation and also numerical solution of integral equations Lacunary interpolation by splines appears
function about a function and its derivatives but without Hermite condition in which condition in which consecutive
derivatives are used at each nodes, Several researchers have studied the use of spline to solve such interpolation [ 2, 5,
7 1- In addition to the paper mentioned above dealing with best interpolation on approximation by splines there were
also few papers that deal with constructive properties of space of splines interpolation. In my earlier work [6] some
kinds of lacunary interpolation by g-splines have been investigated. In this paper we will continue to discuss the
problem.

This paper is organized as follows- In Section 2, we construct a spline function of degree five which
interpolates the lacunary data ( 0, 2, 4 ) some theorems about quintic spline functions are also studied in section 3, we
construct almost quartic spline interpolant — ( 0, 2, 4 ). Our methods are of lower degree having better convergence
property than the earlier investigations made in ([8] [9] [10][11]).

I SPLINE INTERPOLANT (0,2,4) FORF € C®(I)

Let
Al O0=xp<x; <... <x,_1<x, =1

be a partition of the interval 1 = [0,1] with X;,,.; —x;, = h; , k =o(Dn — 1.

ands, , be a piecewise polynomial of degree < 5,which is a solution of ( 0, 2, 4 )- interpolation for functionsf €
C®[xy, x,,] inthe form :
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(2.1) 534 (%) = 55 (=g % (x — %)) X < X < X4 fOrk = 0(D)n — 1,
Where s,g?]? , s are explicitly given below in terms of the prescribed data {fko)} ,1=0,2,4;, K=0(1)n
In particular , forj =0,2,4
22) s@ =f9  k=o0)n1
andfor | = 1,3,5, we have

1
@355 = U — AT,

6 n? n* RS

(2.4) 5;5,23):,1—3 Vierr — fi — hsl(jl) - ;fk(z) ) — ka@) - 5515,25)]

and

h2

@ _1 h2 2@ _rt L@y R @ @ @ 7 @ @
25) s =il —fi— S0 =S =S (8 - 1P - AO) + = - )]

(2)

The coefficientSSk,j , J = 1,3,5 have been determined by the conditions :
That

D554 (ir1) = D’ Sppes1(X41),p = 0,2,4; k=0(1)n-1

Thus

SoA€CO2D[M ={f: fPec}, p=0,24}
Is a unique quintic piecewise polynomial satisfying interpolatoryconditions (2.2 ).
If f€ C®[I], thenowing to (2.3) — (2.5) and using Taylor ¢ s expansion, we have
@) ) (2)35—j . Po— k=
26) |s¢) = £ < ¢PrTw(F®;h), j =1,3,5 k=0(1)n-1
Where the constant C,E:‘}.) are given by :
2 _ 1 2 _ 13 (2) =
Ck,l = g ) Ck,3 = 5 and Ck.S = 1.
Using (2.1) - (2.6) and a little computation gives :

Theorem 2.1
Let fe C® [1] ands, ,eCO%% (1) be the unique spline interpolant (0, 2,4)givenin ~ (2.1)- (25),

then
@7 [IDD(F-Sy0) Lo [Xpoxi,, 1< ¢3R5 T @ (FS), 0),j =0(1) 5; k=0 (1) n-1

Where the constants cé'_k , s are given by :

0o — 13 @ _ 8 2 _ 23 3)_ 43 (r)_l

Cz.k 180 ' 2,k E ’ Cz.k - 5 ’ 2,k 60 ' 2,k T r= 4’5

1. ALMOST QUARTIC SPLINE INTERPOLANT (0,2,4)* FOR Fe ¢® (1).

Almost quartic-spline interpolant ( 0, 2, 4 )* is a piecewise polynomial of degree 4 in each subinterval except in the

last one, where it is a polynomial of degree 5. In this case, we have
Ne)

S, .
(3.1) S3a(x) = S34(x) = Z?:o l;], (x—x) , X <X < Xpy1 k=01n-2

«(2)
:ZJS:On]‘;'lJ(x_xn—l)j o1 SXSX, , k=n-—1
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The coefficients S,jf}-Z) are explicitly given in terms of the data.
In particular , for K=0O(1) n-1, we prescribe

32 sV =f9 , j=024.
For k =0(1)n-2and j=1,3, S,f,(jz) are given by

h

=2 (s~ fi - S AP 2 raa - 1P 212 ]

@
B3) Sk1

and

L2 _ 3 h3 n*

B4 S5 =2 I Gior - hFD -2 DY - (- fio - £ 1]

For k=n-1 and j=1,3 and 5, we have

2 _ 1 4 4
(35)  Siiis —g(fn()'fn()l

«(2) 1 h
36) S04 = A for o f B D) L (P £ B Gy e Tt (1 - £

and

3.7) 52

. h? n* @
1,3 hg[(fn fn hSn—l,l 'an(z)l T f(f)l - _S 15) ]
(3.3) and (3.4) are obtained from the condition.
38) S;aec@,

While (3.5)-(3.7) are determined from interpolatoryconditions (3.2) for k = n-1in (3.1).

Analogous to (2.6) for € C™ [l], one can establish

39) |57 - 1< o (@ h),

«(2)

Where the constants Cj j are given by
1 .
@ [z J=1 _
Cej = { j=3 k=0(1)n-2

5

8
) | = 1

C,f(f) = {92 j _ g for k=n-1

6 ’
Finally, similar to theorem 2.1, we have

Theorem 3.1 Let fecC™T]I] and S5 be the unique almost quartic spline interpolant (0, 2, 4 )* , given by
(3.1) , then

(3.10) [|[DDO(f = S5.)|| Lo i Xie1] < G52 R4 w(F @, ),

Where the constants Cz*_z) are given by :
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«(0) (1) «(2) «(3) (4
CZ,k CZ,k CZ,k CZ,k C3,k
k=0())n-2 EE) 9 5 13 1
24 —_— 8 -
16 8
Ken-1 il o1 o [y I
180 180 12 12

V. CONCLUSION

In this paper, we have studied the existence and uniqueness of the quinticlacunary g-splines and almost quartic

spline interpolant (0,2,4).Also we conclude that this new technique which we have used in the proving of two important
theorems which are solutions of (0,2,4)- interpolation and obtained their local approximations with functions belonging
to C® () and ¢®(I). Our methods are of lower degree having better convergence property than the earlier
investigations.
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