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ABSTRACT: A controller designed specifically for a nominal process model often works well for the nominal plant 

model, but may fail even by a little change in it. Robust control deals with analysis and controller design for such 

imperfect system with bounded modelling errors. A lot of research has been done and many methods are available for 

robust design of the plants. In this paper, a graphical technique is followed to find all PID controller gains that satisfy 

the robust stability constraint of a given DC motor model with time delay. 
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I. INTRODUCTION 

 
The PID controllers are widely used in industrial control system for several decades since Ziegler and Nichols proposed 

their first PID tuning method. This is because the PID controllers are simple and it is easier to understand than most 

other controllers. Design methods leading to an optimal and effective operation of the PID controllers are economically 

vital for process industries. Robust control has been a recent addition to the field of control engineering that primarily 

deals with obtaining system robustness in presence of uncertainties [1]. Systems with delays are common. One reason 

is that nature is full of transparent delays. Another reason is that time delay systems are often used to model a large 

class of engineering systems, where propagation and transmission of information or material are involved. The 

presence of time delays makes system analysis and control design much more complicated [2]. In order for the methods 

to be applicable in the process control industry, it is particularly important that they can handle time delays effectively. 

And also the controller design methods should be simple to understand and easy to manipulate. The methods that 

depend only on the frequency response of the system eliminate the need for plant model, which may not be available in 

some applications. 

 

II. RELATED WORK 

 

Much of the early work done in this area concentrated on finding the PID controllers that robustly stabilize a nominal 

plant. Authors of [2] have shown that the first effective control method designed to deal with the time-delay systems 

was Smith predictor in which the minor feedback loop consisting of a predictor is introduced, then the controller design 

problem for a time-delay system is converted to a design problem for a delay free system. The disadvantage of Smith 

predictor, not being applied on unstable system motivated the modified smith predictor and finite spectrum assignment. 

H∞ control was introduced in the late „80s and is proved to be the most vital method in robust control. Extensive 

research has been done in controller design method to obtain stability for plants with time-delays and additive 

uncertainties [3-10]. As presented in [11], the modern robust control was actually introduced in two papers written in 

the early „60s. One was a paper by Zames [12], which introduced the concept of the „small gain‟ principle, which plays 

an important role in robust stability criteria. The other was a paper written by Kalman [13] which demonstrated for 

SISO systems that optimal LQ state feedback control laws had some very strong robustness properties. 
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In this paper mathematical formulations will be done as presented in [14]. 

 

III. DESIGN METHODOLOGY 

 

Consider a SISO linear time invariant system with additive uncertainity as shown in figure 1. Here GP(s) is the nominal 

plant ,K(s) is the PID controller and WA(s) is the additive weight.The input signal and weighted output signal are R(s) 

and Z(s) respectively [1]. 

 

 

 

Figure 1. Block diagram of system with additive uncertainty [1] 

 
In figure 1 GΔ(s) represents the perturbed plants which includes ΔA(s), which is any stable transfer function such that         

| ΔA(jω)|≤1 [1], for all ω. In the frequency domain we can represent the transfer functions as 

 

GP(jω) = Re(ω) + jIm(ω) ...................................................... (1) 

K(jω)  = KP + 
𝐾𝑖

𝑗𝜔
 +Kd jω   ...................................................... (2) 

WA(jω) =AA(ω) +j BA(ω) ...................................................... (3) 

 

PID controller should be designed such that the nominal system remains stable and simultaneously satisfying robust 

stability constraint       ||W(jω)K(jω)S(jω)||∞ ≤ɣ.                                                                                                               

Where S(jω) is the sensitivity function and ɣ=1. 

.................................................. (4) 
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The robust stability constraint can be written as 

........................................... (5) 
                                                      Or 

....................................... (6) 
 
Where  

 
 

The equation (6) should be satisfied for some values of ϴAϵ [0,2π].All PID controllers that would satisfy the robust 

stability constraint have to lie at the intersection of all controllers that satisfy equation (5) for all ϴAϵ [0,2π]. 

From equation all PID controllers must satisfy 

                                                              

 
 

Where 

............................ (7) 

Now substituting equation (1), (2), (3) and e
jϴA

=cos ϴA + jsin ϴA in (7), we get 

........................... (8) 

 

For ɣ→ ∞ Equation (8) reduces to the general characteristics polynomial. Expanding equation P (ω, ϴA, ɣ) =0 into real 

and imaginary parts [14] we get 

............................................................................... (9) 

 

Where the real components are 
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And the imaginary components are 

 

Now we are going to find the boundaries of equation in (Kp,Kd) plane for a fixed value of Ki. Let us consider Ki= Ki  

After the putting the value of Ki in equation (9), it can be written as 

....................................................... (10) 

 

Solving equation (10) for all ω≠0 and ϴA ϵ 0,2π, we obtain the controller gain as 

............................................................ (11) 

 

And 

................................................... (12) 

 

Where 

.................. (13) 

 

Equation (10) can be written as 

......................................................... (14) 

 

Where 
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For ω=0 a solution may exist if Ki =0. Solving we get 

........................................................................... (15) 

 
We get –α(0)Kp=0 and β(0)Kd=-1 .So we can conclude that Kd (0,ϴA,ɣ) is arbitrary and 

......................................... (16) 

If α(0)=0 and β(0)≠0 

 

IV. PID CONTROLLER DESIGN FOR A DC MOTOR WITH TIME DELAY 

 

In this section we seek to control a DC motor with a communication time delay. The nominal transfer function of the 

DC motor for controller design is chosen to be 

.................................... (17) 

 

e
-τs

 represents the τ seconds communication time-delay. In this paper the range of unknown communication delay is    

τϵ [0.05,0.5] and τ is selected to be the mean value of time delay range i.e.,  =0.1 . The additive uncertainty weight is 

designed as 

......................(18) 

 

The additive transfer funtion obtained was 

.........................................(19) 

 

 

Fig.2 shows the additive uncertainty weight that bounds the entire uncertainty set.This figure basically demonstrates the 

multiplicative weight design to bound the errors for different time delays. 
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Figure 2. Additive weight representation 

Figure 3 shows all the PID controllers in (Kp,Kd) plane for a constant value of Ki.The region that satisfies the robust 

stability constraint and nominal boundary in the (Kp,Kd) plane for Ki=1 is shown in this figure. 

 

 

                              Figure 3. Nominal stability boundary and robust stability region for Kp and Kd values  

 

In figure 3 the intersection of all sections inside the nominal stability boundary is the robust stability region in (Kp,Kd) 

plane. To verify the results , a PID controller K1(s) is selected from the robust stability region and another PID 

controller ,K2(s) is selected from outside this region. 
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K1(s) = 0.7869 + 
s

1
-0.2332s           ....................................(20) 

K2(s) = 1.6993 + 
s

1
-0.3130s       ........................................(21) 

Substituting equations (20) and (19) in the robust stability constraint term we get ||W(jω)K1(jω)S(jω)||∞ =0.4606. 

Repeating this procedure for equations (21) and (19) we get ||W(jω)K2(jω)S(jω)||∞>1. This clearly implies that the PID 

controller selected from the robust stability region satisfies the robust stability constraint, while the other does not. 

  

V.  CONCLUSION 

 

The robust controller design method suggested here is capable of ensuring closed loop stability for arbitrary order 

plants with additive uncertainty, which makes is applicable for wide range of plants. Future research can be done in the 

area of controller design for multi-area power system generation control, multivariable feed-back control systems, and 

robust performance for arbitrary order plants with additive uncertainty. 
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