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ABSTRACT: We apply integral transformation techniques to study thermoelastic response of a thick circular plate, in
general in which sources are generated according to the linear function of the temperature, with boundary conditions of
the radiation type. The results are obtained as series of Bessel functions. Numerical calculations are carried out for a
particular case of a thick plate made of Aluminum metal and the results are depicted in figures.
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1. INTRODUCTION

As a result of the increased usage of industrial and construction materials the interest in isotropic thermal stress
problems has grown considerably. However there are only few studies concerned with the two-dimensional steady state
thermal stress. Nowacki [5] has determined steady-state thermal stresses in a thick circular plate subjected to an
axisymmetric temperature distribution on the upper face with zero temperature on the lower face and circular edge.
Wankhede [8] has determined the quasi-static thermal stresses in circular plate subjected to arbitrary initial temperature
on the upper face with lower face at zero temperature. However, there aren’t many investigations on transient state.
Roy Choudhuri [7] has succeeded in determining the quasi-static thermal stresses in a circular plate subjected to
transient temperature along the circumference of circular upper face with lower face at zero temperature and the fixed
circular edge thermally insulated. Noda et al. [6] have considered a circular plate and discussed the transient
thermoelastic-plastic bending problem, making use of the strain increment theorem. In a recent work, some problems
have been solved by Noda et al. [6] and Deshmukh et al. [1]. In all aforementioned investigations an axisymmetrically
heated plate has been considered. Recently, Nasser [2,3] proposed the concept of heat sources in generalized
thermoelasticity and applied to a thick plate problem. They have not however considered any thermoelastic problems
with boundary conditions of radiation type, in which sources are generated according to the linear function of the
temperatures, which satisfies the time-dependent heat conduction equation. The success of this novel research is mainly
lies with the new mathematical procedures with a much simpler approach for optimization for the design in terms of
material usage and performance in engineering problem, particularly in the determination of thermoelastic behaviour in
thick plate engaged as the foundation of pressure vessels, furnaces, etc. This paper is concerned with the transient
thermoelastic problem in a thick circular plate in which sources are generated according to the linear function of
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temperature, occupying the space D={(x,y.2)e R : 0<(x2+yH)V2 <b, ~h<z<h}, where r=(%+y%)Y2 with radiation

type boundary conditions.

II. STATEMENT OF THE PROBLEM

In the first instance, we consider a thick circular plate. The material of the plate is isotropic, homogenous and all
properties are assumed to be constant. Heat conduction and the prescribed boundary conditions of the radiation type is
considered, the thermal stresses are required to be determined. The equation for heat conduction is 7'(r,z,t), the

temperature, in cylindrical coordinates, is:

ot
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where « is the thermal diffusivity of the material of the cylinder (which is assumed to be constant), subject to the
initial and boundary conditions

M (T,1,0,0)=0 forall 0<r<a,-h<z<h (2)
M ,(T,1,0,a)=0 forall ~h<z<h ,t>0 3)
M (T, 1, ky,h) = exp(-ot)3(r—ny), M,(T.1, ko,—h)=0  forall 0<r<a,t>0 @)

The most general expression for these conditions can be given by

Mg(f.kk,$)=(k [ +k f) g=g
where the prime ( ) denotes differentiation with respect to &; 6(r —r() is the Dirac Delta function having 0 <y <a

; @>0 is a constants; exp(—at)o(r —ry) is the additional sectional heat available on its surface at z = ; k and k are
radiation constants on the upper and lower surfaces of the plate respectively.

The displacement components in the cylindrical coordinate system are represented by the Goodier’s thermoelastic
displacement potential ¢(r,z,¢) and Michell’s function M as [7]
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where ;. and u, are the displacement components in the radial and axial directions, respectively in which Goodier’s
thermoelastic potential must satisfy the equation

v ¢—1+—Za¢9 7)

and the Michell’s function M must satisfy the equation

v2(vZM)=0 (®)
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The stress functions are represented by the use of the potential ¢ and Michell’s function M as

where

2
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G,y =2G [a f—v%] {(2 o2y =2 f} , (11)
19) oz
and
2 2
B 0% O, 2. O°M
Opz =2Gi——+— {(1 V)VM 2 ] (12)

where ¢ and v are the shear modulus and Poisson’s ratio respectively.
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The equations (1) to (12) constitute the mathematical formulation of the problem under consideration.

III. SOLUTION OF THE PROBLEM

In order to solve fundamental differential equation (1) under the boundary condition (3), we firstly introduce the
method of Hankel transform of order n over the variable r. Let n be the parameter of the Hankel transform, then the
Hankel transform and its inversion theorem are written as

* X %
g (ﬂnrzrt) = fgg(r,z,t)rk()(ﬂn,r)dr, g(}", z, t) = Z g (ﬁn,Z,t)kO(ﬂn,}") (13)
n=1
where the symbol (*) means a function in the transformed domain, and the nucleus for the finite Hankel transform
defined by
V2 [Jo(ﬂ r)]
ko (Bp.r)=—| ===
S W7

The eigenvalues Bn are the positive roots of the characteristic equation (s «) = 0, and J, is the Bessel function of
the first kind of order .

We introduce another integral transform [4] that responds to the boundary conditions of type (4) as

_ h o0 7(m,t)
f(mst): J.f(Z,t)Pm(Z)dZ, f(Zat): lePm(Z) (14)
—h m= m

where the symbol ( ~ ) means a function in the transformed domain, and the nucleus is given by the orthogonal
functions in the interval —2 <z <#h as
Fin(z) = Op cos(amz) — Wi sin(apz),
where
Om = am(ky +k2)cos(apmh),
Wiy = 2 cos(ayh) + (kp —ky)ay, sin(ay,h),
= (PR =0, + w3y S g2 2y
—h 2ap,
The eigenvalues am are the positive roots of the characteristic equation
[k1a cos(ah) + sin(ah)] [cos(ah) + kpasin(ah)]
=[kpa cos(ah) —sin(ah)] [cos(ah) — kja sin(ah)]
Applying the transformation rules (13) and (14) to equation (1) under the condition (3)-(4), the following reduction is
made

dT —*
7+KAm,nT =H(am,Pn) (15)
where
Am,n:a%r'"ﬂi%
and
P, (h
HamBn) = [%J k0 (Bnr0) exp( —or)

Then, the transformed temperature solution of equation (15) is given by
f* _ H(am, n)

[exp(—t) —exp(=k Ay, 1)] (16)
KApp—o
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Accomplishing the inversion theorems of transformation rules defined in equations (13) and (14) on equation (16), one
obtains

o 0] 0
T(r,z,t)= X X 9mpnlexp(—ar) —exp(—k Ay 5 )] 5n(2) ko (By,7) (17)
n=Il m=1
where
Omn = Ham, Bn)

Am (& Am,n - )
The function given in equation (17) represents the temperature at every instant and at all points of thick circular plate of
finite height when there are conditions of radiation type.

Referring to the fundamental equation (1) and its solution (17) the solution for the displacement components are
represented by the Goodier’s thermoelastic displacement potential ¢ governed by equation (7) are represented by

I+v

#(r.z,0) = —( ] at Z Z 2 [exp(-t) — exp(—K Ay, )] Py (2) kO (B 1) (18)
n=l m=1"m,n

Similarly, the solution for Michell’s function M are assumed so as to satisfy the governed condition of equation (8) as

M(r,z,t)=—G+Uj a Z Z A — [exp(=) = exp(—K A gy, k0 (B 7)

v n=1 m=1"m,n

x [cosh(fyz) + z sinh( f;,2)] (19)

Using thermoelastic displacement potential ¢ and Michell’s function M in equations (5) and (6) one obtains

[“Ujatz o MJ
1-v n=1 m=1"m,n aJ1(By a)

x {pm(2)=[(Bp + 1)]sinh(ﬂnz)+ z By cosh(B,2)} (20)

Gjt S5 I e (-or) — exp(—k A gy 1K o)

v n=1 m=1"m,n
X A= am[Om sin(ap, z) + Wiy, cos(ap 2)1+ Bylz — B —2v]cosh(S)2)
+[@v-1)p4 ~ 20 By sinh(By2)}
Then, the stress function can be evaluated by substituting the values of thermoelastic displacement potential ¢ from
equation (18) and Michell’s function M from equation (19) in equations (9), (10), (11) and (12), one obtains

7 P m,n [exp(-wt) —exp(-x Apy 5 1)]
orr _2\/56(_ jat z > [ Am,n ali(aBy) J

" [exp(—ar) — exp(—K Ay, t )][

1)

-v n=1 m=1

fnJ0 (rﬂn){[— (B + 20+ 0]+ 1L 5, 1)} sinh(B2)
x (22)

—ﬁn{ﬁnJo(ﬂnr)—J 1(f”’)}zcoshufmz) (@2 "Of”’) e

1+v © 0 (@ ,[exp(—of) —exp(-x Ay, 1)]
= 250(——) > 3y | :
o00 1 “ Am,n aJi(apfy)
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[ﬂn sl 201D g, +1)}sinh(ﬂnz)
(23)

J Ji J
1(fnr) 0(Bnr) _ 1(fnr>}pm @

——zcosh(ﬂmZ){(a;%Jrﬂ%) ;
n

) 140} 2 2 [ @mn [exp(-00) —exp(—x Ay 1]
GZZ_ZJEG(_I Jat . ( Am,n aJ1(afp) ]

B Jo(rBp)[-[(1-20 - B)|sinh( B, 2) + (By2) cosh(Byz) — ppy ()11} (24)

and

1+0) 2 2 @m,nlexp(-or) —exp(=& Ay p 1)]
=226 (— j y x| :
orz l-v “ n=1 m=1 Am,n a‘]l(aﬂn)

x{ —apy, [Wy, cos(ay,z) + Oy, sin(ay, z)] - ,B,%[(l —v)cosh(f;,z) + zsinh(5y,z)]} (25)

IV.NUMERICAL RESULTS, DISCUSSION AND REMARKS

To interpret the numerical computations, we consider material properties of Aluminum metal, which can be commonly
used in both, wrought and cast forms. The low density of aluminum results in its extensive use in the aerospace
industry, and in other transportation fields. Its resistance to corrosion leads to its use in food and chemical handling
(cookware, pressure vessels, etc.) and to architectural uses.

Modulus of Elasticity, £ 7.0x 1010 NV
Shear modulus, G 2.5 %1010 Nm?
Poisson ratio, v 0.281
Thermal diffusivity, x 0.86
Thickness, 4 (cm) 1

Table 1: Material properties and parameters used in this study.

In the foregoing analysis are performed by setting the radiation coefficients constants, k] =0.86 and k» =1, so as to

obtain considerable mathematical simplicities. The other parameters considered are ry = 1.5, zy = 0.5 and @ =0.5. The
derived numerical results from equation (17) and (22) to (25) has been illustrated graphically.
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Figure 1: Temperature distribution along r- and z-direction for 7 =0.25

Fig. 1 shows the temperature distribution along the radial and thickness direction of the thick circular plate at £ = 0.25.
It is observed that due to the thickness of the plate, a steep increase in temperature was found at the beginning of the
transient period. As expected, temperature drop becomes more and more gradually along thickness direction.

Figure 2: Radial stress distribution along r and z-axis for # =0.25

Fig. 2 shows the radial stress distribution o;, along the radial and thickness direction of the thick circular plate at ¢
=0.25. From the figure, the location of points of minimum stress occurs at the end points through-the-thickness
direction, while the thermal stress response are maximum at the inner surface leading inner part being under tensile
stress.
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Figure 3: Tangential stress distribution along r and z-axis for  =0.25

Fig. 3 shows the tangential stress distribution oy along the radial and thickness direction of the thick circular plate at ¢
=0.25. The tangential stress follows a sinusoidal nature with high crest and troughs at both end.

Figure 4: Axial stress distribution along r and z-axis for 7 =0.25

Fig. 4 shows the axial stress distribution o,,, which is similar in nature, but small in magnitude as compared to radial
stress
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Figure 5: Shear stress distribution along r and z-axis for # =0.25

Fig. 5 shows the shear stress distribution o;,, along the radial and thickness direction. Steep increase in stress was found
at the two ends due to the thickness of the plate.

V. CONCLUSION

We have implemented an automatic In this problem, the temperature distributions, displacement and stress functions on
the upper plane surface of a thick circular plate have been obtained where the plate is subjected to known heat source
function exp(—wt)d(r—rp). We develop the analysis for the temperature field by introducing the transformation
techniques. The results are obtained in terms of Bessels functions in the form of infinite series. Any particular case of
special interest can be derived by assigning suitable values to the parameters and functions in the expressions.

REFERENCES

Kulkarni V. S., Deshmukh K. C.,Quasi-static thermal stresses in a thick circular plate, Appl. Math. Mod 31(2007)
1479-1488.

M. EI-Maghraby Nasser, Two dimensional problems with heat sources in generalized thermoelasticity, J. Therm.
Stresses 27 (2004) 227-2309.

M. EI-Maghraby Nasser, Two dimensional problems for a thick plate with heat sources in generalized
thermoelasticity, J. Therm. Stresses 28 (2005) 1227-1241.

E. Marchi, A. Fasulo, Heat conduction in sectors of hollow cylinder with radiation, Atti. della Acc. delle Sci. di
Torino, 1 (1967), 373-382.

W. Nowacki, The state of stress in a thick circular plate due to temperature field, Bull. Sci. Acad. Polon Sci. Tech.,
5(1957), 227.

Naotake Noda, Richard B. Hetnarski, Yashinobu Tanigawa, Thermal stresses, Second ed. Taylor and Francis,
New York (2003), 260.

Roy Choudhary S. K., A note on quasi-static thermal deflection of a thin clamped circular plate due to ramp-type
heating of a concentric circular region of the upper face, J. of the Franklin Institute, 206 (1973), 213-219.
Wankhede P. C., On the quasi-static thermal stresses in a circular plate, Indian J. Pure Appl. Math. 13 (11) (1982),
1273-1277.

Copyright to IJIRSET DOI:10.15680/1JIRSET.2015.0411029 11086



