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. INTRODUCTION AND PRELIMINARIES

Definition 1 [1]: Let X be a nonempty set. An S-metric on X is a function S: X3 — [0, ) that satisfies the following
conditions for all x,y,z,a € X

(S1) S(x,y,z)=0ifandonlyif x=y =2z
(S2) S(x,y,2z) <S(x,x,a)+S(y,y,a) +5(z,z, a).
The pair (X,S) is called an S-metric space.
The concept of S-metric space is a generalization of a G-metric space [11] and a D*- metric space [14].

Definition 2 [2]: Let X be a nonempty set. A b-metric on X is a function d: X? — [0, «) such that, for a real number
s = 1, the following conditions hold for all x,y,z € X.

(i) d(x,y) =0 ifandonlyif x =y.
(i) d(x,y) = d(y,x).
(i) d(x,z) <sld(x,y) +d(y, 2)].
The pair (X,d) is called a b-metric space.

Definition 3 [1]: Let (X, S) be an S-metric space. For » > 0 and x € X, we define the open ball Bs(x,r) and the
closed ball Bg[x,r] with centre x and radius r as follows

Bs(x,r) = {y € X:S(y:ytx) < r}x
Bs[x,r] = {y € X:S(y:ytx) S r}'
Definition 4 [1]: Let (X, S) be an S-metric space.
(1) Asequence {x,}in X issaid to converge x, if S(x,,x,,x) - 0 as n — . Thatis for any > 0, there
exists N € N such that for all n > N, we have S(x,,x,,x) <e.
(2) Asequence {x,} in X isa Cauchy sequence if S(x,,x,,x,) = 0 as m,n — oo. That is for every ¢ >0,
there exists N € N such that for all m,n = N, S(x,,x,, x,,) < €.
(3) The S-metric space (X,S) is complete if every Cauchy sequence is a convergent sequence.

Lemma 5 [1]: In an S-metric space, we have S(x,x,y) = S(y,y,x), Vx,y € X.
Lemma 6 [1]: Let (X,S) be an S-metric space. If x,, = xand y, — y then
SOt X, y) = S(x, %, y).
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1. MAIN RESULTS

Theorem 1: Let U,V be two self-maps on a complete S-metric space (X, S) and

SWUx,Ux,Vy) < aS(x,x,y) + bS(Ux,Ux,y) + cS(Vy,Vy,x), Vx,y € X and a,b,c arenon-negative reals

with, a+b+c<1l,a+3b<1, and a+3c <1
Then the mappings U,V have a unique common fixed point in X.
Proof: Let x, € X.
Let us define a sequence {x,}in X as
Xakr1 = UXop, Xopez = Vigper, k=012,
Now  S(xpper1: Xorr1: Xarer2) = S(UxXpp, UXpie, Vi)
< aS(xap, Xop0 Xap41) + DS(Ugp, Uxpp, Xop41) +
cS(Vxoks1, VXks1 X2k)
= aS(xap, Xop0 Xau41) + DS (X41: Xok41: X2k41) +

€S (X2k+21 X2k421 X2k)

<
aS(Xox, Xop: Xop41) + C[2S (X420 Xopr2r Xopr1) +
S(xap, X1 X2141)] [ By S2]

= aS(Xax, Xop Xop+1) + C[2S(Xp 1) Xoper1, X2k 42) + Sk, X2k, X2k+1)]  [By Lemma 5]

Thus,

SCtars1 Yokt Xarr2) < f__zs(ka:XZk:kaﬂ)-
Let f_*zcc =h,. Since 0<a+3c<1 0<h, <1.
Thus

SOopr1 Xaka1r Xok+2) < haSCap, Xak: Xop41) -
Again,

S(orr2 Xakr2r X2k43) = SWVXppp1, VXoprr, UXppsz)
= S(Uxzk42: UxXpis2: VXok41)
< aS(Xpks2: Xoks2 Xar41) + DS(UX i, UXpisz, Xopes1) +
cS(Vxaks1: VXka1, Xok42)

= aS(Xppr2: Xorr2 Xare+1) + DS (Xokss) Xokas Xops1) +
€S (Xak 421 X2x+21 X2k42)

< aS(Xap42: Xorz Xaks1) + D[2S(Xaps3) Xokr3: Xoks2) +
S(Xaks1s Xoks1) X2k42)]

= aS(Xap41: Xopr1 X2k 42) + D[2S(Xaps2) Xokr2, Xokss) +

S(X2k+1) X241 X2k 42)

Thus,
a+b
S(Xakr2: Xog2: Xok43) < 1_2bS(x2k+1rx2k+1rx2k+2)
+b .
Let f_Zb =h, Since 0<a+3bh<1 0<h, <1

Then S(Xp42: Xak42 X2k43) < hoS(Xakt1, Xok+1: Xak+2)
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Take h = max{h,h,}.

Now

SOaps1s Xorr1r Xak+2) < WSk, Xop: X2141)
And also

S(Xapr2: Xokr2: Xak+3) < hS(Xaps1, Xops1: X2k42)
Thus

S(xn+1rxn+1rxn+2) < hS(xnrxnrxn+1) < th(xn—lrxn—lrxn) S < hn+15(x01x01x1)
Now for m > n,
S(xnrxnrxm) < 2S(xnrxnrxn+1) + S(xn+1rxn+1rxm)
< 2S(xnrxnrxn+1) + 2 S(xn+1rxn+1rxn+2) + S(xn+21xn+21xm)

S ZS(xnxxnxxn+1) + ZS(xn+11xn+11xn+2) +oeeet
2S(xm—zrxm—zrxm—l) +S(xm—1rxm—1rxm)

< 2[S(xnrxnrxn+1) +S(xn+1rxn+1rxn+2) Foe +S(xm—1rxm—1rxm)

< 2[A* + R+ L RS (X, X, X )

< %S(xo,xo,xl)

— 0 as n — w.
Thus {x,} isa Cauchy sequence.
Now since (X,S) is complete, there exists t € X, such that x,, =t as n — .
Now,
St Ut t) < 2SUt, Ut,Vxypyq) + St Vagyy1)

< 2[aS(t,t, xpp41) + bS(UL, Ut, Xpp41) + cS(Vxppi1, VXapyr, )] + St t, Xpe42)

= 2[aS(t, t,xz41) + bS(UL, Ut, x3p41) + S (Xaps2: Xopes2, ] +

S(X2k42: X2k 42, t)
Letting k — oo, we get,
S(Ut, Ut, t) < 2bS(Ut,Ut,t)
Thus, (1 — b)S(Ut, Ut, t) < 0.
Since 0<a+3b<1 SUtUtt)=0.
Thus Ut =t.
Also, S(t,t,Vt) = S(Ut, Ut,Vt)
< aS(t,t,t) + bS(Ut, Ut,t) + cS(Vt, Vi, t)
= cS(¢t,t,Vt)
Thus, (1 —c)S(¢t, t,Vt) <0.
Since 0<a+3c<1 S(,¢tVt)=0.
Thus Vt=t.
Therefore, Ut =Vt =t.
i.e. t isacommon fixed pointof U and V.
For uniqueness, let t* € X, such that
Ut* =Vt =t"
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Now, S(t t t*)=S(Ut Ut Vt*)
< aS(t,t, t*) + bSUL, UL, t*) + cSVt*, Vit*,t)
=aS(t,t, t*) +bS(t, t, t*) + cS(t* t* t)
=aS(t,t, t*) +bS(t, t, t*) +cS(t, t, t*)
Thus, (1—a—b—c)S(t,t t*)<0.
Since 0<a+b+c<1 S(¢tt)=0.
Thus t=t"
Thus t is the unique common fixed point of U and V.
Corollary 1.1: Let T be a self-maps on a complete S-metric space (X,S) and
S(Tx,Tx, Ty) < aS(x,x,y) + bS(Tx,Tx,y) + cS(Ty,Ty,x), V x,y € X,and
a,b,c arenon-negativerealswith a+b+c <1, a+3b <1, a+3c<1l
Then the mapping T has a unique fixed pointin X.
Proof: Setting U =V =T in the above theorem, we get the result.
Theorem 2: Let (X,S) be a complete S-metric space. Let U,V be two self-maps on X, satisfying

bs(Ux,Ux,y)S(Vy,Vyx)
S(Ux, Ux, Vy) < aS(x, x,y) + —— ===

, Wwhere 0<a+b <1

Then U,V have a unique common fixed pointin X.
Proof: Let x, € X.
Let us define a sequence {x,}in X as
Xokr1 = UXop, Xopz = Vigeer, k=012,
Now  S(Xzier1, Xarer1: Xarer2) = S(UxXpp, UXpie, Vi)

bS(Ux2kUxz X2k 1)S(VXoge+1.V X241 X2k)
1+S (X X2k X2k +1)

< aS(Xx, Xop, Xop41) +

bS(Xak+1.X2k+1 X2k +1)S(X2k+2 X2k+2 X2k)
1+S (X X2k X2k +1)

= aS(Xax, Xop Xo41) +

= aS(xpp, X200 X2141)
Again,
S(Xanr2 Xorr2: Xanr3) = S(VXppr1, VX1, UXppesr)
= S(Uxpp42, UxXpperz, VXogi1)

bS(Uxzk+2.UXzk+2X2k+1)S (VX2k+1 VX2k+1. X2k +2)
1+S(X2k+2X2k+2X2k+1)

< aS(Xaks2: Xop42: Xoks1) +

bS(Xak+3 X2k+3X2k+1)S X2kt 2. X2k +2. X2k +2)
1+S(X2k+2. X2k +2 X2k +1)

= aS(Xax41) Xop+1: X2k42) +

= aS(Xak+1: X2 +1: X2k+2)

Now,
S(xn+1rxn+1rxn+2) < aS(xnrxnrxn+1) < aZS(xn—lrxn—lrxn) Sl S an+1S(xOrx01x1)'
Now,
S(xn+1rxn+1rxn+2) < aS(xnrxnrxn+1) < aZS(xn—lrxn—lrxn) Sl S an+1S(xOrx01x1)'

Now, for m > n ,

S(xnrxnrxm) < 2S(xnrxnrxn+1) +S(xmrxmrxn+1)
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< 2[S(xn, X X 41) + Stni1s Xngn, Xngz) + e FS (o1, X1, %)
<2a*+a™tt 4+ + a™ 1S (xg, X0, X1)
< %S(xo,xo,xl)
-0, asn—->ow [Since 0<a+b<1l]
Thus {x,} isa Cauchy sequence.
Since (X,S) iscomplete, there exists t € X, such that x, - t as n — oo.
Now,
St Ut t) <25t Ut xpp47) + S(t, t, Xp542)

=25(Ut, Ut,Vxypsq) + S(E t, Xop42)

bS(Ut, Ut x354+1)S(VXok41VXok41.t)
1+S(t,tXok+1)

<2 [aS(t, t Xope1) + ] + S(t, t, Xop42)

bS(Ut .Ut Xap41)S(Xakt2 X2k +2:t)
1+S(t,t X0k +1)

=2 [aS(t, 6, Xope1) + ] + S(t,t,Xop42)

Letting k — oo and using the lemma 5 and lemma 6, we get,
S(ut, Ut t)<0

Hence Ut =t.

Again,

S(t, t,vt) = S(Ut, Ut,Vt)

bs(Ut,Ut,t)S(Vt,Vtt)
1+5(t t,t)

<aS(t,t,t)+
=0
Thus, S(t,t,Vt) = 0and hence Vt =t.
Therefore, Ut =Vt = t.
i.e. tisacommon fixed pointof U and V.

For Uniqueness, let t* € X, such that Ut* =Vt* =t*.

Thus,
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S(t, t, t*) = S(Ut, UL, Vt*)

bS(Ut,ULt*)S(VE* Vt*t)

< *
< aS(t, t,t ) + 1+S(ttt*)

bS(tt,t*)s(t*t*t)
1+S(ttt*)

=aS(t,t t*) +

< aS(t,t,t*) + bS(¢t, t,t*)
Thus, (1 —a—Db)S(¢,t,t*) <O.
Since 0<a+b<1 S(tt)=0.

Thus t=t"
Hence t is the unigue common fixed point of U and V.

1. CONCLUSON

Many other common fixed point results for two mappings, satisfying different types of rational inequalities in S-metric
space can also be proved similarly.
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