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ABSTRACT:In [5], we have introduced the notion of Vertex Domination on S- valued graphs, in which we have
defined the terms weight dominating vertex set and the weight dominating vertex number ;5 (G5)of a S — valued graph
G® _In this paper , we study some results on the bounds of the weight dominating vertex number, y;§ (G%).
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I. INTRODUCTION

The theory of domination in graphs has been introduced by Berge [1], and continued by several authors. Haynes and
Heditniemi published a survey paper [2], that discussed the available results on domination in the year 1977. In [4],
Jonathan Golan introduced the notion of semiring valued graphs. In [8], we studied the S- valued graphs in detail. In
[5], we introduced the notion of weight dominating vertex set and weight dominating vertex number in the S-valued
graph G°. In this paper, we study some results on the Bounds of the weight dominating vertex number of S- valued
graphs.

Il. RELATED WORK

In crisp graph theory and fuzzy graph theory, bounds for vertex domination numbers have been obtained by several
authors ([5 1, [9], [11]). In this, paper we obtain the bound for vertex domination number for S-valued graphs. The S-
valued graph theory developed in [4] generalizes the above two theories of crisp graphs and fuzzy graphs. Thus, the
bounds we obtain for vertex domination number will be a generalization of the bounds obtained for crisp as well as
fuzzy graph theory available in the literature.

1. PRELIMINARIES

In this section, we recall some basic definitions that are needed for our work.
Definition 2.1 :[4] A semiring (S,+,-) is an algebraic system with a non-empty set S together with two binary
operations + and-such that

(1) (S,+,0) is a monoid.

(2) (S,-) isasemigroup.

(3) forallabce S,a-(btc)=a-b+a-cand(a+hb)-c=a-c+b-c.

(4) 0-x=x-0=0VxeS.

Definition 2.2 : Let (S, +,-) be a semiring. A canonical Pre-order < in Sis defined as follows : forabe S,a=sbif
and only if, there exista ¢ € Ssuchthata+c=bh.
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Definition 2.3 : [8] Let G = (V, E < V x V) be a given graph with V , E #&. For any semiring (S, +, -) , a semiring-
valued graph (or a S — valued graph), G°, is defined to be the graph G°= (V, E, o, 1) where :V — Sandy:E —» S
is defined to be
b (X, y) = {min{c(x),c(y)} if o(x) = o(y) oro(y) = o(x)
’ 0 otherwise
for every unordered pair (x,y) of E = V % V. We call 5, a S- vertex set and 1, a S edge set of G°.

Definition 2.4: A vertexve D of G° is said to be an S — isolate vertex if Ng(v) <V -D.

Definition 2.5 : [7] The Degree of the vertex v;of the S-valued graph G is defined as
degs(vi) = (e, v))<E U (v; ,v;)£) where £ is the number of edges incident with v;.

Definition 2.6 : [5] A vertex v in G° is said to be a weight dominating vertex if 5(u) < o(v), V u € Ns (v).A
subset D € V is said to be a weight dominating vertex set of G® if
(1) Disadominating setin G.

(2) foreachv eD,o(u) = o(v), Vu e Ns(v).

Definition 2.7 :[5] If D is a weight dominating vertex set of G*, then the scalar cardinality of D, denoted by |DJs, is
defined by |D|s = Y.y cp o (V).

Definition 2.8 :[5] The cardinality of the minimal weight dominating vertex set D < V is called the weight
dominating vertex number of G . It is denoted byys (G5). Thatis ,y$ (G%) = (D|s, |DJ).

Theorem 2.9 . [5] A weight dominating vertex set D of a graph G is a minimal weight dominating vertex set of G°
iff every vertex veD satisfies atleast one of the following properties:

(1) v isadjacent to no vertex of D.

(2) there exist a vertex ue V — D such that Ns(u) n (DxS) = {(v,a (V))}.

IV.BOUNDS OF DOMINATION NUMBER
In this section, we obtain some results on weight dominating vertex number in G°.

Definition 3.1 : Consider the S-valued graph G® = (V, E, o, ¥) . Letue V be a vertex of G® whose degree in the crisp
graph G of G® is equal to §(G). That is §(G) = deg(u). Let we V be a vertex of G°whose degree in the crisp graph G
of G® is equal to A(G). That is A(G) = deg(w). The Minimum Degree and the Maximum Degree of the S-valued graph
G® is defined as
Mindegs(u) = (Zpens W(UV), 8(G)) = 65(G°)
ueV
and

maxdegs() = (Zoenseu) WWV), A(G)) = A5(GY).
We
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Example 3.2 :Let (S ={0,a,b,c}, +, . ) be a semiring with the following cayley tables :

+|0|a|b]|c 0Ola|bjec
0|0|a|b]|ec 0|0|0]|0O]O
ala|bjc|c AlOjlal|b]|c
b|b|c|c]|c B|O|bj|c|ec
c|lc|lcj|c|c C|O0jc|c|ec

Let < be a canonical pre-order in S, given by
0=<0,0=4a,0=<h,0=c,a<a,ash,asc,b=h,b=c,c=c.

Consider the S- valued graph G°,

Here D= {v,, v,, Vo, V13, V14 }iS @ Weight dominating vertex set of G°.

85(G°) = (b ,1) = degs(vis) ; As(G®) = (¢, 5) = degs(ve) and ¥ (G*)= (¢, 5).

Example 3.3 :Consider the semiring with the canonical pre-order < given in Example 3.2. Consider the S-valued
graph G® given by :

v (a) sta}

v_(b)
7

v (g}
6
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Here D= {v;, v, Vo, V;,}is a weight dominating vertex set of G®. For G®, we have
85(G®) = (¢ ,4)=degs(v:); As(G®) = (c,4) = degs(v,) and ¥ (G¥)= (c, 4).
Lemma 3.4 :

Let G® = (V, E, o, 1) be a given S-valued graph, where [V| = m and |E| = n.
Then (0,1) 2 v (G%) 2 Cyeyo(v),m) .

Proof :Since S is a semiring , it has the zero element ‘0’ and 0 < a for everya € S.

If D is a weight dominating vertex set of G° , then D should have at least one vertex, which will be assigned at least the
weight ‘0’ .
Hence (0,1) = v (G5).
If [V|=mand |E| =0, that is E = @, then V itself will be a minimal weight dominating vertex set.
Hence, ¥y (G°) 3 (Byeyo(v),m) .
Thus (0,1) 3%/ (G°) 3 Byeyo(v),m) .
The second condition of theorem 2.9 gives the analogous of Ore’s theorem for the graph G°.
Let G°be a given S-valued graph with [V| = m and |E| = n. If D is a minimal weight dominating vertex set, then V-D is

also a weight dominating vertex set. Thus |D] or |V-D| is at most %
Case (i) [D|<Z

Then, ¥y cpo(v) 3 Xeyo(M)=17 (G°) 3 Eyevo(V),[V-DJ) .
Case (i) |V-D| <~

Then, Xy ey po(V) 3 Xvevo(V)=17 (6G°) 3 Qyev-po(V),[D]) .
Thus we have proved the following analogous of Ore’s theorem for the S-valued graph G°.

Theorem :3.5 LetG® be a given S- valued graph with [V| = m and |E] = n.
(Zvepo(v), =) if D] < |V - D]
Theny (G5) = vep S
Qvev-po(v),7) if[V-D| < D]
Theorem :3.6 Let G°be a given S- valued graph and D be a weight dominating vertex set. Let [V| =m
(1) If G®has no S-isolated vertices y$ (G5) + y5(G5) = Cyeyo(v),m) .
(2) If G®has an S-isolated vertex , v (G5) + ¥3(G5) S Cyoyo(v),m+1) .
Proof :If G® has no S-isolated vertices then
m -
v),=) ifID| <|V-D
15 (69) % QZvepo(v) 213 _I | <1 I
(ZVEV—D G(V),;) if |V - Dl < |D|

If GS has no S-isolated vertices then
Cvepo(v),5) if D] < |V - D]
Qyev-p G(V),%) if V—D| <|D|

SYE G+ ¥E(GS ) = Cyeyo(Vv), m) |, thus proving 1.

¥i (G®) 5{

If GShas an S-isolated vertex and GShasno S-isolated vertices then
15 (G5) 3 (Zyevo(v),m) andy$(GS) = (0,1).
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Then we have 3 (G9)+ ¥5(GS ) = Cyeyo(v), m + 1).
IfGS has an S-isolated vertex and G®has no S-isolated vertices then
15 (65) 3 (Zyevo(v),m) andyf (65) = (0.1)
= 17 (6°) +17(65) % (Byeyo(v), m+ 1), thus proving 2.
Theorem 3.7 :
Let G®be a given S-valued graph and D be a weight dominating vertex set and [V| =m . Then
15 (G) .1 (65) S (Zyeyo(v), m).
Proof :
For any subset X of V(G®), define the following sets
Do(X) = {(u,0(u)) / ueV(G®) — X ando(u), ¥ (u,v)e Sforallve X}
and Dy(X) = {(u,c(u)) /ueX and c(u), ¥ (u,v)e Sforall ve X}
Let V(G®) be partitioned into subsets V3 ,Vs, ... Vyc$), such that (v;, o(v;)) € Vi X S
then (v, 6(vV)) = (v;, 6(vy)) or{(v,o(V)), (v;, o(v;))}e E(G5) =9 (viv))e S.
Choose this partition in such a way that (X,,cv, 5(v;), X110 (v;)ls) is a maximum.
Suppose |D0(vj)|s > (0,1) for some j.
Then there is a vertex (v, s(v)) eVk xS for k # j such that
{(u,o(u)), (v,5(v))}e E(G®) xSfor all (u, 5(u))eV;xS.
If (v, 5(v)) € Dy (v) then (D - {w;,0(v}) W, o)} U (v, c(v)) is a weight dominating vertex set of GS with
cardinality smaller than y; (G5).
This is a contradiction and hence ,(v, 5(v)) Dy (vy).
We re-partition the vertices of G3, so that (v}, a(v;))= (v;,6(v;)) for £ #j, k.
@}, 0= (v;,5(v)) U{(v.oW))} and (v}, 0(v}))= (0, 0(,)) = {(v, S}
But then |D, (v))|s= D, (v)ls.
(3.1) |D1(vjf)|s = |Dl(vj)|s +(01) = |Dl(vj)|s.
Similarly, we get |D; (vi)ls = |D;(v)ls (by using 3.1), contradicting the choice of our original partition of GS.
Hence we conclude that
|Dy(w)|s= OV i =1.2,....9(G°).
As any set X with |D,(X)|s= (0,1) dominates GS , each set (v;, 5(v;)) dominates GS and so 3 (G°) < |v;, 6(v)|s =
15 (G) .1 (65) 3 (Bveyo(v), m).
Theorem 3.8 :
Consider the S-valued graph G° = (V, E, o, ). Then 84(G°) S 5 (G%)= As(GS).
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Proof :

Let D be minimal weight dominating vertex set of G° , u €V be such that §(G) = deg(u) and w € V be such that
A(G) = deg(w) in the crisp graph G of G°.
Let u € V be a pendent vertex.
~Ng[u] ={u,v/v+u}
If o(u) =0and c(v) = 0=(uv) =0.
- degs() = {Coensr W), 1)}= (0,1)=6(65).
If 5(u) = 0 and 5(v) # 0 =(uv) =min,ey py{o(u), o(v)} = 0.
In this case also, degs(u) =(0,1).
If o(u) = o(v) # 0 =(uv) = afor some a€es.
degs(u) =(a,1) =< degq(v) evenifvisa pendent vertex.
Let v € V be such that deg(u) = 6(G), the minimum degree of G. By our definition,
@ m={b,nNe= asband m <n for a,beSand m,neN.
degs() = {CvensugW(uv), £)} where £ is the number of edges incident with u.
Since §(G) = deg(u) , £ = 6(G), Whatever be the value of X,ey g W(uv)we get degs(u) < degs(v) , v € Ns[u].

= 65(G°) = degs(u) = {Cvenspuy WUV, 8(6)) }.
Let D be a minimal weight dominating vertex set of G, |Ds Y. ,ep 0(V).
U € D, Dls= Xpengpg W(uv)
If u# D, w € Ng[u] such that o(w) = o (u) = |Dls= Xyengpg W(uv)and D] = 6(6)
Thus,
1$(G®) = (Dls, IDI) = {(Zengpg W), 6(6)) }
That is ,65(G%)= y$(GY).
Any vertex in G° can dominate atmost A(G) vertices where A(G) is the maximum degree in the crisp graph.
Hence
¥$(G%) = (Dls, D)3 (Dls A(G) ) = As(G9).
Where D is a minimal weight dominating vertex set of GS.
Thus §5(G°) 3 ¥5(G%)3 Ag(GS).

V.CONCLUSION

In this paper we have obtained by Bounds of vertex domination numbers for S-valued graphs. In our future work we
are going to obtain the same for connected domination number and the Bounds for it.
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