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ABSTRACT: The Ternary Quadratic Diophantine Equation representing non-homogeneous cone given  by 

222 7293311)(6 zyxxyyx   is analyzed for its non-zero distinct integer points on it.  Six different  
patterns of integral solutions  satisfying  the cone  under consideration are obtained. A few interesting  relations 
between the solutions and some special number patterns are presented. 
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I. INTRODUCTION 
 
Ternary quadratic equations are rich in variety. For an extensive review of various problems one may refer [1-7]. In [8], 
the ternary quadratic Diophantine equation of the form  2)( zyxmkxy   has been studied for non-trivial 
integral solutions. In [9,10], a special Pythagorean triangle problem have been discussed for its integral solutions. In 
[11,12], ternary quadratic diophantine equations have been discussed for its integral solutions. 
This communication concerns with yet another interesting ternary quadratic  equation 

222 7293311)(6 zyxxyyx  representing a cone for determining  its infinitely many non-zero integral 
points.  Also, a few interesting relations among the solutions are presented.  
 

II. NOTATIONS  
 

nPr     = Pronic number of rank ‘n’.   
nmT ,    = Polygonal number of rank ‘n’ with sides ‘m’. 

nDF4 = Four Dimensional Figurate number of rank ‘n’. 
nCS   = Centered  Square number of rank ‘n’. 
nSO   = Stella octangula number of rank ‘n’. 

nO
     

= Octahedral number of rank ‘n’. 
5

nP
   

 = Pyramidal number of rank ‘n’ with sides ‘m’. 

nGno = Gnomonic number of rank ‘n’. 
nStar  = Star number of rank ‘n’. 
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III.  METHOD OF ANALYSIS 
 

The ternary quadratic diophantine equation to be solved for its non-zero integral  solutions is           
              222 7293311)(6 zyxxyyx                                                                     (1) 

The substitution of  linear transformations  vux        and    vuy                                                       (2)  

in  (1) leads to,                  222 72233 zvu                                                                                            (3)   
We illustrate below six different patterns of non-zero distinct integer solutions to (1).   
 
 PATTERN : 1 
Assume                         22 23),( babazz                                                                                                    (4) 
where  a and b are non-zero integers. 

 and  write                             )237)(237(72 ii                                                               (5) 
Using  (4) and  (5)  in (3), and using  factorization method, 

       
 

22
2323)237)(237(  23)3(23)3( biabiaiiviuviu               (6) 

Equating the like terms and comparing real and imaginary parts, we get 

 
abbabavv

abbabauu
1423),(

3461617),(
22

22




 

Substituting the above values of vu & in equation (2), the corresponding integer solutions of  (1) are given by  

22

22

22

23),(
3601386),(
3321848),(

babazz
abbabayy
abbabaxx







 
 

OBSERVATIONS: 
1. )687(mod0305Pr)1,()1,()1,( ,28,8   aaaa GnoTTazayax  

2.   ),(2),(),(6 aazaaxaay   is a perfect square. 
3. )62023(mod0979852240)1,()1,()1,()1,(6   aaa GnoStarSOayaxazax  

4. )416(mod0402)1,(2)1,()1,(   aa GnoStarazayax
     

 
5. )7776(mod032401221163)4(72)1,()1,()1,(4)1,(3 ,3

5     aaaaa GnoTPODFayazayax  
 

6. Each of the following expressions represents a Nasty number. 
i. ),(14),(5),(3 aazaayaax   

ii. 
 

  ),(2),(),(66 aazaaxaay   
                                                                                                                                                                                                              

PATTERN : 2 
Instead of (5), we write 72 as  

16
)2375)(2375(72 ii 

                                                                     (7) 

Following the procedure presented above,  the corresponding non-zero distinct integer solutions to (1) are obtained as  
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22

22

22

924),(
3332462),(
331227612),(

BABAzz
ABBABAyy
ABBABAxx







 

OBSERVATIONS: 
1. ),(),(),(3 AAxAAyAAz   is a perfect square. 

2. )154(mod0332)1,()1,(2   AGnoAzAy  

3. )20(mod0142)1,()1,()1,( 2
,12   AA GnoTAxAzAy  

4. )32(mod04816),(4),(),(   AA GnoStarAAzAAyAAx  
5. Each of the following expressions represents a Nasty number 

i. ),(2),(),( AAzAAxAAy   

ii.  ),(),(),(36 AAxAAyAAz   

PATTERN : 3   
Equation (3) can be written as  

  222 2372)3( vzu                                                   (8)  
Introducing the linear transformations,  

TXz 23                  and      TXv 72                                                  (9) 
in (8), we get  

2
22

7
31656 





 


uTX                                                                                        (10)  

which is satisfied by  
 

22

22

1656),(
3711592),(

2),(

srsrX
srsru

rssrT







 

Employing the above values in (9) and using (2), the corresponding integer solutions of (1) are given by  

rssrsrzz
rssrsryy
rssrsrxx

461656),(
314489936),(
3144613248),(

22

22

22







                              

OBSERVATIONS:       
1. ),(2),(),( rrzrryrrx   is a perfect square. 

2.  ),(2),(),(6 rrzrryrrx   represents a Nasty number. 

3. )227(mod0210)1,()1,(6   rGnoryrz  

4. )146(mod018001656)1,()1,(   rr GnoCSryrx  

5. )14(mod0)1,(2)1,()1,( 2  rzryrx  

6. )165(mod0182)1,(14)1,(4)1,(3   AGnorzrxry  
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PATTERN : 4 
Consider (3) as  

)(7249)3( 2222 vzvu                                                                                                        (11)  
Write (12) in the form of ratio as  

0,
7)3(
)(727)3(







 B

B
A

vu
vz

vz
vu

 
which is equivalent to the following two equations  

072)772()3(
0)7()3(




BzvABuA
AzvABuB

 

On employing the method of cross multiplication, we get  

22

22

22

7214),(
72),(

35041447),(

BABABAzz
BABAvv

BABABAuu







   

Applying the above values of vu & in equation (2), the corresponding integer solutions of  (1) are given by  

22

22

22

7214),(
35761446),(
34321448),(

BABABAzz
BABABAyy
BABABAxx







 

OBSERVATIONS:  
1. ),(2),(),( AAzAAxAAy   represents a Nasty number. 

2. )111(mod030)1,(6)1,(   AGnoAzAy  

3. )858(mod01377)1,()1,(   AA GnoCSAyAx  

4. )587(mod0356Pr)1,()1,(   AAA GnoStarAxAz
   

 

5. )78(mod06)1,()1,()1,( ,8   AA GnoTAzAyAx  
 
 
Remarkable Note: 
 
Equation (12) can also be expressed in the form of ratio in two different ways as follows.  
  

 

  0,
7)3(
)(8

)(9
7)3(.

0,
7)3(
)(9

)(8
7)3(.


















B
B
A

vu
vz

vz
vuii

B
B
A

vu
vz

vz
vui

 

  Repeating the analysis as above the corresponding integer solutions along with properties are presented below.  
Solutions of (i):  

22

22

22

9148),(
37214448),(
35414464),(

BABABAzz
BABABAyy
BABABAxx
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OBSERVATIONS :  
1.   ),(2),(),(9 AAzAAxAAy   represents a Nasty number. 

2.   ),(3),(),(8 AAzAAxAAy   is  a perfect square. 

3. ).4(mod0512)1,()1,()1,( 2  AA GnoCSAzAxAy  

Solutions of (ii):  

22

22

22

8149),(
36414454),(
34814472),(

BABABAzz
BABABAyy
BABABAxx







 

OBSERVATIONS :  
1. ).8(mod082)1,()1,( ,20   AA GnoTAxAy  

2. ).17(mod030)1,(6)1,(   AGnoAzAy  

3. ).15(mod05012)1,(2)1,(   AA GnoStarAzAy  

IV. CONCLUSION  
 
In this paper, we have presented six different patterns of non-zero distinct integer solutions of the non-

homogeneous cone given by 222 7293311)(6 zyxxyyx  . 
To conclude, one may search for other patterns of non-zero integer distinct solutions and their corresponding properties 
for other choices of ternary quadratic diophantine equations.  
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