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ABSTRACT: This paper presents the forced vibration analysis of viscoelastic simple supported beam composed of 
functionally graded material (FGM) under temperature environment with considering the temperature dependent 
physical properties. The FGM viscoelastic beam is excited by a transverse triangular force impulse modulated by a 
harmonic motion and temperature rising. Material properties of the beam change in the thickness direction according to 
power-law distributions. The damping effect is considered by using the Kelvin–Voigt viscoelastic model. The 
considered problem is investigated within the Euler-Bernoulli beam theory by using finite element method. The 
obtained system of differential equations is reduced to a linear algebraic equation system and solved in the time domain 
by using Newmark average acceleration method. In the study, the effects of the different material distributions, 
temperature rising and forced dynamic load on the dynamic response of the FGM viscoelastic beams are investigated in 
detail. Also, the difference between the the temperature dependent physical properties and the temperature independent 
physical propertiesis investigated for dynamic responses of FGM beam. 
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I. INTRODUCTION 
 
Functionally graded material (FGM) is a class of composites that has a continuous variation of material properties from 
one surface to another. These materials can be fabricated by varying the percentage contents of two or more materials 
such that the new materials have the desired property gradation in spatial directions. Typically, in an FGM, one face of 
a structural component is ceramic that can resist severe thermal loading and the other face is metal that has excellent 
structural strength. FGMs consisting of heat-resisting ceramic and fracture-resisting metal can improve the properties 
of thermal barrier systems because cracking and delamination, often observed in conventional layered composites, can 
be reduced by proper smooth transition of material properties. The technology of FGM was an original material 
fabrication technology proposed in Japan in 1984 by Sendai Group. Since the concept of FGM was introduced in 1980s, 
these new kinds of materials have been employed in many engineering applications, such as aircrafts, space vehicles, 
defense industries, electronics and biomedical sectors, to eliminate stress concentrations, to relax residual stresses, and 
to enhance bonding strengths. With the increased use of FGM, an understanding the mechanical behavior of GM 
structures is important to the structural designers. 

 
In the literature, much more attention has been given to the dynamic behaviour of FGM beams [1-9]. However, the 
research on the dynamic behaviour of FGM beams under the thermal effect is not studied broadly; Rajesh et al. [10] 
studied buckling and vibration behavior of a FGM sandwich beam having constrained viscoelastic layer in thermal 
environment by using finite element formulation. Free vibration of statically thermal postbuckled FGM beams with 
surface-bonded piezoelectric layers subject to both temperature rise and voltage is studied by Li et al. [11]. Pradhan and 
Murmu [12] investigated thermo-mechanical vibration analysis of FGM beams and FGM sandwich beams. Thermo-
mechanical buckling and nonlinear free vibration analysis of FGM beams resting on nonlinear elastic foundation are 
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investigated by Fallah and Agdahm [13]. Esfahani et al. [14] studied vibrations of a FGM beam under in-plane thermal 
loading in the prebuckling and postbuckling regimes.Zahedinejad [15] investigated free vibration of FGM beams with 
various boundary conditions resting on a two-parameter elastic foundation in the thermal environment. Şimşek and 
Kocatürk [16] studied free and forced vibration of a FG beam subjected to a concentrated moving harmonic load. 
Şimşek [17,18] linear and nonlinear dynamic behavior of FG beams under action of a moving harmonic load.Akbaş 
[19,20,21] studied dynamic behavior of FG beams in thermal environment. 

 
In this study, the effect of material-temperature dependent on the forced vibration analysis of viscoelastic simple 
supported FG beam under a transverse triangular force impulse modulated by a harmonic motion and temperature 
rising.is studied. The considered problem is investigated within the Euler-Bernoulli beam theory by using energy based 
finite element method with the Kelvin–Voigt model. The material properties of the beam are temperature-dependent 
and change in the thickness direction of the beamaccording to power-law distributions. In the study, the effects of 
material distributions and temperature rising on the dynamic response of the FGM viscoelastic beams are investigated 
in detail. Also, the difference between the the temperature dependent physical properties and the temperature 
independent physical propertiesis investigated for dynamic responses of FGM beam. 
 

II. THEORY AND FORMULATIONS 
 

Consider a simple supported FG beam of length L, width b, thickness h as shown in Figure 1. The beam is excited by a 
transverse triangular force (P) impulse modulated by a harmonic motion at the midpoint of the beam and under uniform 
temperature rising ∆T as seen from figure 1. 
 

 
 

Fig. 1 A simple supported FG beam subjected to a force impulse under uniform temperature rising. 
 
In this study, the material properties are both temperature-dependent and position-dependent. The effective material 
properties of the functionally graded beam, P,i.e., Young’s modulus E,  and mass density ρ vary continuously in the 
height direction (Y axis) and a function of temperature T (see Touloukian [22]) as follows; 

 
푃(푇) = 푃 (푃 푇 + 1 + 푃 푇 + 푃 푇 + 푃 푇 )   (1) 
 
wherePT and PB  are the material properties of the top and the bottom surfaces of the beam that depends on temperature 
(T), T=T0+ΔT, where T0 is installation temperature and ΔT is the uniform temperature rise. In this study, the material 
properties of the FG beam vary continuously in the thickness direction (Y axis) according to the power law distribution 
as follows; 
 

 
푃(푌,푇) = 푃 (푇) − 푃 (푇) + + 푃 (푇)(2) 
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It is clear from equation (2) that when Y=-h/2, P=PB, and when Y=h/2, P=PT. Where n is the non-negative power-law 
exponent which dictates the material variation profile through the height direction of the beam. In Eq. (2), P-1, P0, P1, 
P2 and P3indicate the coefficients of temperature T and are unique to the constituent materials. In this study, the unit of 
the temperature is Kelvin (K), the unit of the Young’s modulus E is Pascal (Pa) and the unit of the mass density ρ is 
kg/m3.  
 
The beams considered in numerical examples are made of Zirconia and Aluminum Oxide. The bottom surface of the 
functionally graded beam is Zirconia and the top surface of the functionally graded beam is Aluminum Oxide. The 
coefficients of temperature T for Zirconia and Aluminum Oxide are given from Reddy and Chin [23]. 
 
Acoording to the coordinate system (X,Y,Z) shown in figure 1, based on Euler-Bernoulli beam theory,the axial and the 
transverse displacement field are expressed as   
 
   푢(푋,푌, 푡) = 푢 (푋, 푡)− 푌 ( , )   (3) 
   푣(푋,푌, 푡) = 푣 (푋, 푡)     (4) 
   푤(푋,푌, 푡) = 0     (5) 
 
whereu, v, w are x, y and z components of the displacements, respectively.Also, u0 and v0 are the axial and the 
transverse displacements in the mid-plane, t indicates time. 
 
By using equation (3) and strain- displacement relation can be obtained: 
 
휀 = = ( , ) − 푌 ( , ) (6) 
 
The Kelvin–Voigt viscoelastic model is used for the material. The constitutive relations for the Kelvin– Voigt 
viscoelastic model between the stresses and strains become 
 
휎 = 퐸(푌,푇)(휀 + 휂 (푌,푇)휀̇ − ⍺ (푌,푇)∆푇)(7) 
 
where휎 indicates normal stresses, 휀 indicates normal strains in the X direction, 휀̇  is the time derivatives of the 
normal strains, ⍺  is the thermal expansion coefficient, η1 is the damping ratio of the viscoelastic FG beam, as follows 
 
휂 (푌,푇) = ( , )

( , )
 (8)       

 
wherec is the coefficient of damping of the beam, their dependence on Y coordinate and temperature are given by 
equations (1-2). 
Substituting equation (6) into equation (7), the stresscan be obtained as follows 
 

휎 = 퐸(푌,푇) ( , ) − 푌 ∅( , ) + 휂 (푌,푇) ( , ) − 푌 ∅( , ) − ⍺ (푌,푇)∆푇 (9) 
 
The elastic strain energy (Ui)of the beam is expressed as 
 
푈 = ∫ ∫ 휎 휀 푑퐴	푑푋      (10) 
 
By substituting equations (6) and (9) into equation (10), elastic strain energy (Ui) can be rewritten as follows: 
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푈 = ∫ 퐴 ( , ) − 2퐵 +퐷 ( , ) + 퐴 + 2퐴 + 퐴 훼(푌, 푡)훥푇 푑푋(11) 
 
where 
(퐴 ,퐵 ,퐷 ) = ∫ 퐸(푌,푇)(1,푌,푌 )푑퐴(12a)                                             

(퐴 ,퐴 ) = ∫ 퐸(푌,푇)훼(푌, 푡)훥푇(1,푌)푑퐴(12b)                                              
 
Kinetic energy (V) of the FGM beam are expressed as follows: 
 

푉 = ∫ ∫ 휌(푌,푇) + 푑퐴	푑푋(13) 
 

By substituting equations (3) and (4) into equation (13), Kineticenergy (V) can be rewritten as follows: 
 

푇 = ∫ 퐼 − 2퐼
	

+ 퐼 + 퐼
	

푑푋(14) 
 
where 
(퐼 , 퐼 , 퐼 ) = ∫ 휌(푌,푇)(1,푌,푌 )푑퐴 (15) 
 
The potential energy of the external load can be written as 
 
푈 = −∫ [푃(푥, 푡)	푣(푥, 푡)]푑푋(16)  
The dissipation function of the microbeam at any instant t is 
 

푅 = ∫ 퐸(푌,푇)휂 (푌,푇)  (17) 

By substituting equations (6) into equation (17) and reducing the volume integral to a one-dimensional integral, the 
dissipation function (R) can be rewritten as follows: 
 

푅 = ∫ 퐶 − 2퐶 + 퐶 푑푋(18)   

 
where 
(퐶 ,퐶 ,퐶 ) = ∫ 퐸(푌,푇)휂 (푌,푇)(1,푌,푌 )푑퐴       (19)               
Lagrangian functional of the problem is given as follows: 
 
퐼 = 푇 − (푈 +푈 )(20) 
 
The problem is solved by using Lagrange’s equations and time integration method of Newmark [24]. 

 
Total nodal displacements q which is written for a two-node beam element, each node has three degrees of freedom, are 
defined as follows:    
 
{푞(푡)} = 푢( )(푡),푣( )(푡),∅( )(푡),푢( )(푡),푣( )(푡),∅( )(푡)  (21) 
 
The displacement field of the finite element is expressed in terms of nodal displacements as follows 
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푢( )(푋, t) = φ( )(푋)	푢 (푡) +φ( )(푋)	푢 (푡) (22) 
푣( )(푋, t) = φ( )(푋)	푣 (푡) + φ( )(푋)∅ (푡) + φ( )(푋)	푣 (푡) + φ( )(푋)∅ (푡)(23) 
 
whereui, vi and ∅i are axial displacements, transverse displacements and rotations at the two end nodes of the beam 
element, respectively. φ( )andφ( ) are shape functions for axial and transverse degrees of freedom, respectively, and 
are given from [19]. 
 
After substituting Equations (2.23) and (2.24) into Equation (2.21) and then using the Lagrange’s equations gives the 
following equation; 

 

( ) − ̇ ( ) + 푄 = 0,k=1,2,3,4,5,6(24) 

where 
 
푄 = −

̇( )(25) 

 
푄 is the generalized damping load which can be obtained from the dissipation function by differentiating R with 
respect to푞̇( ). Where 푞̇( ) indicates the time derivatives of nodal displacements q. 
 
The Lagrange’s equations yield the system of equations of motion for the finite element and by use of usual assemblage 
procedure the following system of equations of motion for the whole system can be obtained as follows 
 
[퐾]{푞(푡)} + [퐷]{푞̇(푡)} + [푀]{푞̈(푡)} = {퐹(푡)}(26) 
 
where, [K] is the stiffness matrix, [D] is the damping matrix, [M] is  mass matrix and {F(t)} is the load vector.  
 
The components of the stiffness matrix [K] : 
 

[퐾] = [퐾 ] [퐾 ]
[퐾 ] [퐾 ] ,   (27) 

where 

[퐾 ] = ∫ 퐴
( ) ( )

푑푋,      (28a)                                               

[퐾 ] = −∫ 퐵
( ) ( )

푑푋,   (28b) 

[퐾 ] = ∫ (퐷 )
( ) ( )

푑푋,  (28c) 
 
where Le indicates the length of the finite beam element. The mass matrix [M] can be expressed as a sum of four sub-
matrices as shown below: 

 
[푀] = [푀 ] + [푀 ] + [푀 ] + [푀 ]    (29) 
 
where[푀 ], [푀 ]and [푀 ] are the contribution of u, v and θ degree of freedom to the mass matrix, [푀 ]is coupling 
mass matrix due to coupling between u and θ. Explicit forms of [푀] are given as follows 
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[푀 ] = ∫ 퐼 휑( ) 휑( ) 푑푋	     (30a) 
 
[푀 ] = ∫ 퐼 휑( ) 휑( ) 푑푋  (30b) 
 

[푀 ] = ∫ 퐼
( ) ( )

푑푋	(30c) 
 

[푀 ] = −∫ 퐼 휑( )
( )

+
( )

휑( ) 푑푋 (30d) 

 
The components of the damping matrix [D] : 
 

[퐷] = [퐷 ] [퐷 ]
[퐷 ] [퐷 ] ,   (31) 

where 
 

[퐷 ] = ∫ 퐶
( ) ( )

푑푋,                          (32a) 

[퐷 ] = −∫ 퐶
( ) ( )

푑푋,                                (32b) 

[퐷 ] = ∫ 퐶 + 푙 퐶
( ) ( )

푑푋,                      (32c) 

 
The load vector {F(t)} is expressed as               
 
{퐹(푡)} = ∫ {휑(X)} 	퐹(X, 푡)푑푋(33) 
 
The motion equations which are given by equation (26) are solved in the time domain by using Newmark average 
acceleration method (Newmark [24]). 
 

III. NUMERICAL RESULTS  
 

In this section, various numerical examples are presented and discussed to investigate the effects of the different 
material distributions and temperature rising on the forced vibration responses of the FG beam in figures. The beams 
considered in numerical examples are made of Zirconia and Aluminum Oxide. The bottom surface of the FG beam is 
Zirconia and the top surface of the FG beam is Aluminum Oxide. When the power index n=0, the beam material is 
reduced to full Aluminum Oxide (homogeneous Aluminum Oxide). The coefficients of temperature T for Zirconia and 
Aluminum Oxide are listed in Reddy and Chin [23]. In this study, the unit of the temperature is Kelvin (K). In 
numerical examples, the initial temperature (installation temperature) of the beam is assumed to be T0= 300 K. In 
numerical calculations, the number of finite elements is taken as 120 elements. Unless otherwise stated, it is assumed 
that the width of the beam is b=0.1m, height of the beam is h=0.1m and length of the beam is L=3m in the numerical 
results. In the numerical integrations, five-point Gauss integration rule is used. 
 
Numerical calculations in the time domain are made by using Newmark average acceleration method. The system of 
linear differential equations which are given by equation (26), is reduced to a linear algebraic system of equations by 
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using average acceleration method. The beam is excited by a transverse triangular force impulse (with a peak value 1 
N) modulated by a harmonic function (Figure 2). 
 

 
Fig. 2 The shape of the excitation impulse in the a) time domain and b) frequency domain. 

 
Young’s Modulus versus temperature rising is illustrated in figure3 by using equation (1) for Zirconia and Aluminum 
Oxide.  
 

 
Fig. 3 Young’s Modulus versus temperature rising for Zirconia and Aluminum Oxide. 

 
As seen from figure 3, with increase in temperature, Young’s modulus decreases. With the temperature increase, the 
intermolecular distances of the material increase and intermolecular forces decrease. As a result, the strength of the 
material decreases. 
 
In figure4, the variations of material properties (Young’s Modulus) distributions along the height of the beam are 
presented for some given values of the power-law exponent n for the temperature environment T = 400 K . 
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Fig. 4 Young’s Modulus distributions along the height of the beam for some given values of the power-law exponent n for the temperature 
environment T= 400 K.  

 
As seen from figure4 that, when the material power law index n increases, Young’s modulus decreases. Because when 
the material power law index n increase, the material of the beam get close to the bottom material (pure Zirconia) and it 
is known from the physical properties of the pure Zirconia and the top material (Aluminum Oxide)  that the Young 
modulus of pure Aluminum Oxide is approximately greater than that of Zirconia.  

In figures 5, 6, 7 and 8, the effect of the different material distribution on the forced vibration responses of the FG  
beam is presentedfor temperature T=300 K for various values of the power law index n=0, 0.5, 1 and 5, 
respectively.For these figures, the vertical displacements of the midpint of the FG beam are presented for the 
investigation of the forced vibration. 

 
Fig. 5 Vertical displacements at the midpoint of the FG beam for values of n =0.  

 

 
Fig. 6 Vertical displacements at the midpoint of the FG beam for values of n =0.5.  
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Fig. 7 Vertical displacements at the midpoint of the FG beam for values of n =1.  

 

 
Fig. 8 Vertical displacements at the midpoint of the FG beam for values of n =5.  

 
It is seen from figures 5-8 that with increase the power law index n, amplitude of waves increases seriously. This is 
because by increasing in n, the elasticity modulus and mass density of the beam decrease according to equation (2). As 
result, the strength of the material decreases. Hence, the beam becomes more flexible. Also, it is seen figures 5-8 that 
the waves gradually disappear with increase in time because of the damping effect. It shows that the material 
distributions play important role in the forced vibration response of the FG beam. 
 
In order to see the effects of temperature and the difference between of temperature dependent and independent 
physical properties of the FG beam, the vertical displacements of the midpoint of the FG beam are illustrated for 
different temperature value in figures 9, 10, 11 and 12. 
 

 
Fig. 9 Vertical displacements at the midpoint of the FG beam for the temperature T=300 K.  
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Fig. 10 Vertical displacements at the midpoint of the FG beam for the temperature T=500 K.  

 

 
Fig. 11 Vertical displacements at the midpoint of the FG beam for the temperature T=700 K.  

 

 
Fig. 12 Vertical displacements at the midpoint of the FG beam for the temperature T=1000 K.  

 
As seen from figures 9-12 that, with increase temperature, the amplitude of the additional waves increases. This is 
because: with increase in the temperature, the strength of the material decreases. Also, it is seen from figures 9-12 that 
with increase temperature, with increase in temperature, the difference between the displacements for the temperature 
dependent and independent physical properties increases. the transversal displacements for the temperature-dependent 
physical properties are greater than those for the temperature-independent physical properties. This situation may be 
explained as follows: In the temperature-dependent physical properties, with the temperature increase, the 
intermolecular distances of the material increase and intermolecular forces decrease. As a result, the strength of the 
material decreases. Hence, the beam becomes more flexible in the case of the temperature-dependent physical 
properties. Another result of the figures 9-12 that with the increase the time, he difference between the displacements 
for the temperature dependent and independent physical properties gradually interefere with each other. 

IV. CONCLUSIONS 
 
In this study, the effect of the temperature on the forced vibration responses of a functionally graded simple 

supported beam is studied considering the temperature dependent material properties. The effects of temperature and 
different material distributions on the forced vibration responses of the FGM beams are investigated in detail. It is 
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observed from the investigations that the material distributions and temperature rising play important role in the 
dynamics responses of the FG beams. Also, it is observed from the investigations that there are significant differences 
of the analysis results for the temperature dependent and independent physical properties in the dynamic responses of 
the FG beam. Hence, the temperature-dependent physical properties must be taken into account for obtaining more 
realistic results. Otherwise an important error is inevitable. 
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