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ABSTRACT: A graph G(V, E) is said to have a vertex prime labeling if its edges can be labeled with distinct integers
from {1, 2,3,...,|E \} such that for each vertex of degree at least 2, the greatest common divisor of the labels on its

incident edges is 1. A graph that admits a vertex prime labeling is called a vertex prime graph.

In this paper, we prove that mKss, mKgs, MK 7 and mKggare vertex prime graphs, where m is any positive
integer.
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I. INTRODUCTION

Let G(V, E) be a graph. For notations and terminology, we follow [1]. G is called a vertex prime graph if there is a

bijection f: E — {1,2,3, o |E \} such that for any vertex v, gcd {f(uv)} = 1. The bijection f is called a vertex
uv e E

prime labeling of G.

For example, vertex prime labelings of some known graphs are illustrated in Figure 1.

Figure 1
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The concept of vertex prime graphs has been introduced by T. Deretsky, S.M. Lee and J. Mitchem [3] in
1991. They proved that the forests; any connected graph; Cocu Ch; Coku Conu Cokst; Com U Conu Caru Cy; and
5C,m are vertex prime. They have further proved that a graph with exactly 2 components, one of which is not an odd
cycle has a vertex prime labeling and a 2 — regular graph with at least two odd cycles does not have a vertex prime
labeling. They have conjectured that a 2 — regular graph has a vertex prime labeling if and only if it does not have two
odd cycles. Let G = UCZni and N = Zt:ni . In [2], I. Borosh, D. Hensley and A. Hobbs proved that there is a

i=1 i=1

positive constant ny such that the conjecture of Deretsky et al., is true for the following cases:

i) G is the disjoint union of at most seven cycles, or

ii) G is a union of cycles all of the same even length 2n if n <1,50,000

or if n >ng, or
iii) n; > (log Ny"99°N for all i=1,2,3,...,t,0r

iv) Each ¢, isrepeated at most n; times.
2ni

In [4], Selvam Avadayappan and R. Sinthu proved that mKj3 is vertex prime. In [5], Selvam Avadayappan and R.
Sinthu proved that mK; 3 and mK, 4 are vertex prime.

In this paper, we prove the vertex primeness of the union of m disjoint copies of the complete bipartite graphs
Ks s Kes K77and Kgg.

Il. RELATED WORK

Mean Graphs, Super Mean Graphs, Irregular Graphs, Domination Parameters in Graphs are the related works.

I1l. PRESENTATION OF THE MAIN CONTRIBUTION OF THE PAPER / SCOPE OF RESEARCH

We prove that MKss, MKgs, MK77 and mKgg are vertex prime graphs through the definition of vertex

prime graphs. We also work on the general case of this theorem.
IV. EXPERIMENTAL RESULTS

We proved that mKs s, mKg s, m K77 and mKg g are vertex prime graphs.

Theorem 1 For any positive integer m, mKs,s is a vertex prime graph.
Proof
Let V(MKs,5) = {ur’, Uz, ush, ugh, us’; ug?, ug?, ug?, ugd, ug®s . ug™, U™, ug™, ug™, us™; vt vl it it st v,
Y Y R VAN VAL VAL VAL RAL Y
and

E(MKss) ={ui v :1<i<5/1<j<51<r<m}
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Define f: E(MKs,5) —» {1, 2,3,...,25m} as follows:
f(uy'v) = 25(r-1) +j, 1< j<51<r<m;
f(uvi) =25r—(j+14),1<j<51<r<m;
f(us'vf) =25r—(j+9),1<j<51<r<m;
fus'vi) =25r— (j+4),1<j<51<r<m;
fus'vi) =25r—(j-1),1<j<5/1<r<m.

Consider the vertex u;",

ged((f(us'yy), 1 <j<5,1<r<m))
=ged(25(r-1) +j, 1<j<5,1<r<m)
=1

Similarly one can check for the remaining vertices uy', us', Us’, Us', va', Vo', V3" v4" and vs'.

Clearly f is a vertex prime labeling of mKss.

Hence mKs,s is a vertex prime graph.

For example, the edge labels of a vertex prime labeling of 4Ks,s is shown in Figure 2. [ |
[ ] [ ] [ J [ J [ ]
{1,2,3,4,5} {10,9,8,7, 6} {15, 14, 13,12, 11} {20,19,18,17,16} {25, 24, 23,22, 21}
[ ] [ J [ J [ ] [ ]
{26, 27, 28, 29, 30} {35, 34, 33,32, 31} {40, 39, 38, 37, 36} {45, 44, 43,42, 41} {50, 49, 48, 47, 46}
[ J [ J [ J [ J [ J
{51, 52, 53, 54, 55} {60, 59, 58, 57, 56} {65, 64, 63, 62, 61} {70, 69, 68, 67, 66} {75,74,73,72, 71}
[ J [ [ ] [ J [ J
{76, 77,78, 79, 80} {85, 84, 83, 82, 81} {90, 89, 88, 87, 86} {95, 94, 93, 92, 91} {100, 99, 98, 97, 96}
4Ks5
Figure 2
Here first set represents the edge labels of the edges incident with the first vertex of the first copy of Kss and
S0 on.
Theorem 2 For any positive integer m, mKg,s is a vertex prime graph.
Proof
Let V(MKs,6) = {ur’, Uz, Us', ug®, Us™, U™ Ur?, Uz, Us®, Ug?, us”, U’ .5 Ur™, U™, U™, ug™, us™, ug™; vit, Vo', vt
Vit s, Vet Vi, Vot vt i vt Vit e v, v v, v v
and

E(mKG,G) :{Uierr . 15156, 1 5]56, 1<r< m}
Define f: E(mKs,6) - {1, 2,3,...,36m} as follows:
f(ui'v) =36(r-1) +j,1<j<6,1<r<m;
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f(u'v) =36r—(j+23),1<j<6,1<r<m;

f(us'v) =36r—(j+17),1<j<6,1<r<m;

fus'vi) =36r-(+11),1<j<6,1<r<m;

f(us'v') =36r—(j+5),1<j<6,1<r<m;

fug'vi) =36r—-(j-1),1<j<6,1<r<m.
Consider the vertex uz"
ged((f(us'yv)), 1 <j<6, 1 <r<m))

=gcd(36r—(j+17),1<j<6,1<r<m)

=1
Similarly one can check for the remaining vertices uy', up', us', Us', Us', vi', Vo', v3', v4', vs' and ve'.
Clearly f is a vertex prime labeling of mKgg.
Hence mKs,s is a vertex prime graph.

For example, the edge labels of a vertex prime labeling of 4Ks,s is shown in Figure 3. B

° ° ° ° ° °
{1,2,3,4,56} {12,11,10,9,8, 7}  {18,17, 16,15 14,13} {24, 23,22, 21, 20,19} {30, 29, 28, 27, 26, 25} {36, 35, 34, 33, 32, 31}

[ ] [ ] [ ] [ ] [ ] [ ]
{37, 38,39, 40, 41, 42} {48, 47, 46, 45, 44, 43} {54, 53, 52, 51, 50, 49} {60, 59, 58, 57, 56, 55} {66, 65, 64, 63, 62, 61} {72, 71, 70, 69, 68, 67}

[ ] [ ] [ J [ J
{73, 74,75, 76, 77, 78} {84, 83, 82, 81, 80, 79} {90, 89, 88, 87, 86, 85} {96, 95, 94, 93, 92, 91}
° °
{102, 101, 100, 99, 98, 97} {108, 107, 106, 105, 104, 103}
° ° ° °
{109, 110, 111, 112, 113, 114} {120, 119, 118, 117, 116, 115} {126, 125, 124, 123, 122, 121} {132, 131, 130, 129, 128, 127}
° °
{138, 137, 136, 135, 134, 133} {144, 143, 142, 141, 140, 139}
4K e
Figure 3
Here first set represents the edge labels of the edges incident with the first vertex of the first copy of Ks¢ and
S0 on.
Theorem 3 For any positive integer m, mK5,; is a vertex prime graph.
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Proof

Let V(MK7,7) = {ud, uoh ust, ugh, ush, ugh, ur's w? uo? us?, ug?, us, ugs, ur% s u™ up™, us™, us™, us™, ug™,
U™ Vit Vot Vet vt st gt Vet v Vo vt vt s vt vt v v v v, g™, v
and

E(MKz7) ={ui v :1<i<7,1<j<7;1<r<m}
Define f: E(MK7,7) - {1, 2, 3, ..., 49m} as follows:
f(ui'vj) =49(r-1) +j,1<j<7,1<r<m;
f(ua'vi) =49r—(j+34),1<j<7,1<r<m;
f(us'vj) =49r— (j+27),1<j<7,1<r<m;
f(us'vj) =49r - (j+20),1<j<7,1<r<m;
f(us'vj) =49r— (j+13),1<j<7,1<r<m;
f(ue'v) =49r—(j+6),1<j<7,1<r<m;
fu7'v) =49r—(j-1),1<j<7,1<r<m.
Consider the vertex u,"
ged((f(u'vy), 1 <j<7,1<r<m))
=ged(49r—(j+34),1<j<7,1<r<m)
=1
Similarly one can check for the remaining vertices u;', us', Us', Us', Ug', U7, V1", Vo', va', Vi, V5", vg" and v,
Clearly f is a vertex prime labeling of mKj; 7.

Hence mK5,; is a vertex prime graph.

For example, the edge labels of a vertex prime labeling of 4K5,; is shown in Figure 4. [ |
[ J [ J [ J [ ] [
{1,2,3,4,56,7} {14, 13,12, 11, 10, 9, 8} {21, 20, 19, 18, 17, 16, 15} {28, 27, 26, 25, 24, 23, 22} {35, 34, 33, 32, 31, 30, 29}
[ J [ J
{42, 41, 40, 39, 38, 37, 36} {49, 48, 47, 46, 45, 44, 43}
[ J [ J [ J [ J [ J

{50, 51, 52, 53, 54, 55, 56} {63, 62, 61, 60, 59, 58,57} {70, 69, 68, 67, 66, 65,64} {77,76,75, 74,73, 72,71} {84, 83,82, 81, 80, 79, 78}

[ [ J
{91, 90, 89, 88, 87, 86, 85} {98, 97, 96, 95, 94, 93, 92}

[ J [ ] [ J [
{99, 100, 101, 102, 103, 104, 105} {112, 111, 110, 109, 108, 107, 106} {119, 118, 117, 116, 115, 114, 113} {126, 125, 124, 123, 122, 121, 120}

[ ] [ ] [
{133, 132, 131, 130, 129, 128, 127} {140, 139, 138, 137, 136, 135, 134} {147, 146, 145, 144, 143, 142, 141}
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{148, 149, 150, 151, 152, 153, 154} {161, 160, 159, 158, 157, 156, 155} {168, 167, 166, 165, 164, 163, 162} {175, 174,173, 172, 171, 170, 169}

{182, 181, 180, 17;178, 177, 176} {189, 188, 187, 1;6, 185, 184, 183} {196, 195, 194, 1;3, 192, 191, 190}
4K77
Figure 4

Here first set represents the edge labels of the edges incident with the first vertex of the first copy of K;; and
S0 on.
Theorem 4 For any positive integer m, mKg,g is a vertex prime graph.
Proof

Let V(MKg,) = {ur’, Uz, ust, ugh, us', Us™, U7t Ug'; Us?, Uz, Us®, U, Us”, g%, ur?, ugs ... 5 U™, U™, U™, ug™, us™,
U™, U™, U™ Vit Vol vat it Vs, Vet Vit Vet vi?, Vol it P Vet Vs, Vet vt i v, va T, v v v vy
vg'}
and

E(MKg) ={ui v 1 1<i<8,1<j<81l<rs<m}
Define f: E(mKg,g) » {1, 2, 3, ..., 64m} as follows:
f(ui'vj) =64(r-1) +j,1<j<8,1<r<m;
f(u'v) =64r— (j+47),1<j<8, 1<r<m;
f(us'vj) =64r—(j+39),1<j<8 1<r<m;
f(us'vj) =64r—(j+31),1<j<8 1<r<m;
f(us'v') = 64r—(j+23),1<j<8 1<r<m;
f(us'vi') =64r—(j+15),1<j<8, 1<r<m;
f(u/v)=64r—(j+7),1<j<8 1<r<m;
f(ug'vi) =64r—(j-1),1<j<8,1<r<m.
Consider the vertex u,"
ged((f(u'v)), 1 <j<8,1<r<m))
=gcd(64r —(j+47),1<j<8,1<r<m)
=1
Similarly one can check for the remaining vertices u;', us', Us, Us', Ug', U7, Ug', Vi', Vo', Va', Vi)', vs', V', v and vg'.
Clearly f is a vertex prime labeling of mKg .

Hence mKsg,s is a vertex prime graph.

For example, the edge labels of a vertex prime labeling of 4Kg,g is shown in Figure 5. [ ]
[ ] [ ] [ ] [ ]
{1,2,34,56,7,8} {16, 15, 14, 13, 12, 11, 10, 9} {24, 23,22, 21, 20, 19, 18, 17} {32, 31, 30, 29, 28, 27, 26, 25}
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[ ]
{40, 39, 38, 37, 36, 35, 34, 33}
[ ]

{65, 66, 67, 68, 69, 70, 71, 72}

{104, 103, 102, 101, 100, 99, 98, 97}

[ J
{129, 130, 131, 132, 133, 134, 135, 136}

{168, 167, 166, 165, 164, 163, 162, 161}

{193, 194, 195, 196, 197, 198, 199, 200}

{232, 231, 230, 229, 228, 227, 226, 225}

[ J
{48, 47, 46, 45, 44, 43, 42, 41}

[
{80, 79, 78, 77, 76, 75, 74, 73}

{112, 111, 110, 109, 108, 107, 106, 105}

[ J
{144, 143, 142, 141, 140, 139, 138, 137}

{176, 175,174,173, 172, 171, 170, 169}

{208, 207, 206, 205, 204, 203, 202, 201}

{240, 239, 238, 237, 236, 235, 234, 233}

[
{56, 55, 54, 53, 52, 51, 50, 49}
[ J

{88, 87, 86, 85, 84, 83, 82, 81}

{120, 119, 118, 117, 116, 115, 114, 113}

[
{152, 151, 150, 149, 148, 147, 146, 145}

{184,183, 182, 181, 180, 179, 178, 177}

{216, 215, 214, 213, 212, 211, 210, 209}

{248, 247, 246, 245, 244, 243, 242, 241}

[ ]
{64, 63, 62, 61, 60, 59, 58, 57}
[ ]

{96, 95, 94, 93, 92, 91, 90, 89}

{128, 127, 126, 125, 124, 123, 122, 121}

[ J
{160, 159, 158, 157, 156, 155, 154, 153}

{192, 191, 190, 189, 188, 187, 186, 185}

{224, 223, 222, 221, 220, 219, 218, 217}

{256, 255, 254, 253, 252, 251, 250, 249}

4Kgg
Figure 5
Here first set represents the edge labels of the edges incident with the first vertex of the first copy of Kgg and

o on.
V. CONCLUSION

In this paper, we present Vertex Prime Labeling if its edges can be labeled with distinct integers. Thus we
prove that mKss, mKgg, m K;7and mKgg are vertex prime graphs. Some known graphs and unknown graphs are
illustrated in a simple manner.
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