a
) |
ISSN(Online): 2319-8753

IJIRSET ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An 1SO 3297: 2007 Certified Organization)

Vol. 5, Issue 3, March 2016

Steady State Analysis of M/M(a,b)/1/MWV/Br
Queuing Model

R.Rajalakshmi', J. Pavithra’, Dr. K. Julia Rose Mary®
M.Sc Student, Department of Mathematics, Nirmala College for Women, Coimbatore, India *
M.Phil Research Scholar, Department of Mathematics, Nirmala College for Women, Coimbatore, India 2

Associate Professor, Department of Mathematics, Nirmala College for Women, Coimbatore, India ®

ABSTRACT: In this paper Steady state Analysis of M/M(a,b)/1I/MWV Queueing model for an unreliable server is
evaluated. The general bulk service rule introduced by Neuts[17] is considered. The Steady state queue size Problem
are obtained by solving difference equations. Further their performance measures are also analysed.
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I.INTRODUCTION

In queueing models, there are situations particularly in transportation system, where the service provided is
such that a group of customers can be served simultaneously. Examples include shuttle-bus service, freight trains,
express elevators, tour guides and batch servicing in manufacturing process. The theory of batch queues originated with
the work of Bailey [3]. He considered a queue with Poisson arrival and fixed size service. Numerous authors (Jaishwal
[5]&Madil and Choudhury [15]) have investigated a variety of extensions of the basic model. Neuts[16] has introduced
the most general bulk service rule in considering a queueing system with Poisson arrival and general service time
distribution.

Most of the general bulk service queueing models with servers vacation have been analysed by many authors
using matrix geometric method. Some of the notable works for matrix geometric method can be seen in Neuts [18].
Analytic solution of bulk service queueing models can be found in (Madhil and choudhury [15] and Medhi [16]. But
these works do not include vacations. In general it is difficult to obtain a closed form solution for bulk service queueing
models with servers vacation. Afthab Begum [1] has obtained analytic solutions for M/M(a,b)/1 queue, E,/M(a,b)/1
queue and GI/M(a,b)/1 queue with servers single and multiple vacation in her Ph.D. thesis and presented the steady
state results.

In 2002, Servi and Finn introduced a class of semi vacation policies,in which servers work at a lower rate
rather than completely stopping primary service during vacation. Such a vacation is called Working vacation (WV). In
working vacation queues, the server works at a lower service rather than completely stopping service during the
vacation period. At the vacation termination epochs, if there are customers in the system, the server will start a new
regular busy period, otherwise, he takes another working vacation or joins the system and stays idle according as, he
follows multiple or single working vacation policy. Zhang and Xu [30] have analysed the M/M/1 queue with multiple
working vacations and N-Policy. The M/M/1 queueing system with working vacation has been analysed by Servi and
Finn [20] and Tian .N, Zhao .X and Wang .K[22] Most of the general bulk service queueing models with servers
vacation have been analysed by many authors using matrix geometric method. Tian, Li and Zhang [23] provided a
survey of the results of working vacation queues. Moreover, Julia Rose Mary and Afthab Begum [7] have analysed the
Markovian M/M(a,b)/1 queueing model under multiple working vacation and derived the steady state probability
distribution and the mean queue length for the model.

Tian et al., [21], Li and Tian [11], Xu et al., [28] considered M/M/1 queue with different working vacation
policies. Baba[2], Li et al., [13], Banik[4] studied the GI/M/1 type working vacation queues. Using different methods,
Kim et al., [9], Wu and Takagi [27], Li et al., [14] discussed several M/G/1 type working vacation queues. Due to the
wide applications in the performance analysis of communication and computer systems, the discrete-time queues with
various working vacation policies have been considered in Tian et al., [21], Li and Tian [12], Li et al.,[10] and in Yi et
al., [29]. Recently Tian et al., [23] provided a survey of the results of working vacation queues and demonstrated that
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the matrix analytic methods developed by Neuts([18] & [19]) are powerful tools for analyzing the working vacation
queues and can be considered as a unified approach to this class of queueing models.

Wang[24] first proposed Markovian queueing system under the N-policy and server break downs. Wang[25]
and Wang et al., [26] extended the model proposed by Wang [24] to M/E,/1 and M/H,/1 queue system respectively. Ke,
J.C and Pearn, W. L [8] discussed the optimal management policy of heterogenous arrival M/M/1 queue with server’s
break down and vacations. Later Ke, J.C[6] studied the operating system characteristics of M*/G/1 queueing system
under vacation policies with start up and break down times in which the server may breakdown according to a Poisson
process while working and his repair time has general distribution. With the help of available literature in this paper we
are analysing M/M(a,b)/1/MWYV queueing model, for an unreliable server.

Il. MODEL DESCRIPTION

In this model, it is assumed that the arrival process is Poisson with parameter A . The server processes the
customers in batches according to the general bulk service rule (GBSR) introduced by Neuts [17].

According to this rule the server starts service only when a minimum of ‘a’ customers are present in the
system. If the server after a service completion finds a (or) more but at most b customers present in the system, then he
takes them all in a batch, and if he finds more than b, then he takes in the batch the first b- customers for service, while
others wait. Thus each batch for service contains a minimum of ‘a’ units and a maximum of ‘b’ units. This rule is
called general bulk service rule(GBSR).The service time of batches of size S (a <s <b) is assumed to be independent
identically distributed random variable with exponential distribution of parameter .

The server subject to break downs at any time while working, with Poisson rate a. Whenever the system fails,
the server is sent immediately for repair facility where the repair time is an independent and identically distributed
random variable Br following an exponential distribution (1—e~) the customer, who is just being served when the

server break down, joins the head of waiting line and resumes the service as soon as the server returns from the repair
facility. This type of service continues until the system becomes empty again.

Whenever the server completes a service and finds less than ‘a’ customers in the queue he begins a vacation
which is an exponentially distributed random variable V with parameter 1. After completing a vacation, if the system
length is still less than ‘a’ he takes another vacation and the vacations are continued until the server finds at least ‘a’
customers in the queue (i.e) multiple vacation is adopted. Suppose during vacation if the queue size becomes at least ‘a’
the server starts his service under the GBSR with service rate p, which is different from the regular service rate L.

When the vacation ends he switches his service rate from g, to p when the server is working, the size of the batch in

service is X with a<x <b and the service rates are independent of the size of the batch in service, The server may
breakdown at any time, and it is sent for repair and thus it is completing repaired. Then the server continues the service.

The above queueing model is denoted by M/M(a,b)/L/MWV/Br. The steady state results including the
probability distribution of the queue size and the expected number of units in the queue are obtained.

I11. SYSTEM SIZE DISTRIBUTION

Let No(t)=the number of customers in the queue at time t and J(t)=0,1,2 or 3 according as the server is idle on vacation,
busy on vacation or in regular busy state or in break down period respectively.

Let Ry(t)=Pr{Ng(t)=n, J(t)=0}; O<n<a-1

Qn(®)=Pr{No(t)=n, J(1)=1}; n=0

Po()=Pr{No(t)=n, J()=2}; n=0

Bn()=Pr{No(t)=n, J(t)=3}; n>0

When J(t)=0 the queue size and the system size are same. When J(t)=1,2 or 3 the number of customers in the system is
the sum of the number of customers in queue and the size of the service batch containing a<x<b customers also by
assuming the steady state probabilities as,

R, = !im R, (t); Q, =1limQ, (t); P, = !im P.(t); B, = !im B, (1);
—®© t—o —>0 —0
Thus, the chapman kolmogrov equations satisfied by them in the steady state are given by,

AR, = 1Py + 14,Qq 1)
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AR, =AR ,+uP + 1 Q, ; (1<n<a-1)
(o ,)Q = 1Ry, + 30,
(+1+1,)Q = AQs + 1,Qui (121)
A+pu+a)k, = uzb:Pn +1Q, + BB,

n=a

A+u+a)P, =P, + 4P, +1Q, + B, (n=1)
()L+ﬂ)B0 =oP,

(A+B)B, =aP, +1) B, g, (=)
k=1

IV. STEADY STATE SOLUTION

()
3)

(4)
()

(6)
(")

(8)

To solve the steady state equations, the forward shifting operator E on P,and Q,are introduced as,

E(R) =P EQ,) =Q,..; E(B,) = B, ;; (=0)

Thus the Equation (4) gives homogeneous difference equation,
(A+n+1,)Q, =AQ,; + 14,Qpp; (R21)

[ B> — (A +n+u,)E+ 1R, =0; (120)

The characteristic equation of the difference equation is given by,

©)

h(z) = [yvzt’+1 —(A+n+up)z+ l]: 0Bytaking f(z)= (A +n+u,)z; 9(2) = u,2°" + 4;

It is found that |g (z)| < | f(2)

on |z| =1 and hence by Rouche’s theorem h(z) has only one root r, inside the contour

|Z|=1.Further the root is real since h(0)=A and h(1)=-n are of opposite sign and hence the solution of the

homogeneousdifferenceequationisgivenby, Q, =1,'Q,; (n>0)
Further the equation (6) can be writtern as,

A+u+a)P, =P +uP,., +1Q, +FB,; (n=1)

[LE** — (A + u+a)E+ AP, =—nQ,.— BE(B,); (n=0)
Again by applying Rouche’s theorem, we find that the equation,

uz®t — (A + u+a)z + A = 0 has unique root with || <1 provided bybi <1
)7,

Thus the equation (8) can be written as,
(A+pB)B, =aP, +AB, ,; (n=1)
B oE(P,)
" (A+B)E-2
By Substituting (12) in (11), we get
aE%(P) }

E"—(A+pu+a)E+ AP, =-nrQ, -
[KE™ ~(A+ w4 @)E + 2P, =1 Q, ﬁ(i+ﬁ)E—i
Hence the solution of the Non homogenous difference equation of (13) is given by,

n+1l

P,=| Ar" - L s
b+1 Q, rv

" -(A+upu+a)r, + A+ —

pr," = (A +pu+a)r, G+ p)r — 7

Qo

(ie) P, = (Ar" +Br'JQ,
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77rv(2’(rv _l) + ﬂrv)
lA(r, 1) + pr, @2+ ar, [A(r, —1) + Br, ] - apr?
The expression for R, (0 <n < a-1) is obtained by adding equations (1) and (2) over 0 to n.
Hence,

n n-1 n n
lan ZAZRK +IUZPK +:UVZQI<
k=0 k=0 K=0 K=0

AR, = IUZ ey ZQK

k=0 K=0
By Substituting for Q, and P, from equations (9) and (14) it is found that
AR, =[u(Ar" +Br)+ u, (rMIQ,

_ pn+l _ N+l 1 _ N+l
R o | 4{ A=) BA-K)) p (1-07 o
AL @-71) 1l-r,) AL 1-r,
Hence the steady state queue size probabilities are expressed in terms of the unknowns A and Qq
Now to calculate A, we consider the equation (5),

b
(A+p+a)Py=u) P, +nQ, + BB,
n=a

By substituting for P, from equation (14) and (12) it is found that

ra _rb+l ra _rb+l aP
A A+B =pul A o] g A— Sl S
(+p+a)(A+BIQ, ”( { - } { 1-t, DQ" s +ﬂ((/l+ﬂ)rv —xj
which can be further simplified as,
AHA=T) _n _Bu(l—fv)+ﬂ P,
@-r @d-r) @-r) (A+B)E-2
a_lma-ry  apr [ n  Bua-r)  aper,
@-r  A(r=D+pr @-r) @-r) A(r, =1 + pr,
Hence the steady state queue size probabilities of the model are expressed in terms of Qq and are given by,
Q,=r'Q,, (nx0)
P, =(Ar"+Br")Q,; (nx=0)

a|#=r)_ apr T n  BuG-r)  aper,
@-r) A(r=2)+pBr @-r) @-r) A(r, =D + pr,
B r,(A(r, =)+ Br,)
IA(r, =2) + ur, @12 +ar, JA(r, ~1) + B, ] apr?

o {N(A(l—r"“)Jr B(l—rv"”)}ﬂv(l‘rvmﬂq (O<n<a-1)
A (l—l’) (1_rv) A l_rv

Now the expression for Qo can be calculated by using the normalizing condition

0

>Q,+ 3 P, +aiRn +iBn =1
n=0 n=0 n=0

n=0

which yields,
Q,t =F(r,, u,)+ AF(r, ) + BF(r,, u) + AS(r,a) + BS(r,,a)

where F(x,y)_l{“y[a_x(l_xa)ﬂ

where B=

@2-x) A @-x)
X
and S(x,y)= ! y
@-x)| A(x=1+ px
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Thus the value Qo"1 is evaluated.
V. PERFORMANCE MEASURES

In this section, the performance measures of M/M(a,b)/1l/MWV/Br are evaluated.
The expected queue length (L, ) of the model is calculated as,

Zn(Q +P +B )+ZnR (18)

n=1

By Substituting the values of Qn P, Bnand R, from (15) to (17), we get

> (1 r™ @-r™Y o, (@-r"h = arAr" ar,Br,"
Lg =Y n(r + (Ar" +Br, ))+Zn{/l( m +B j+ ( H Z ((/1+/3)r—/1 ]

~ ~ 1- @-r) @-r) = A+ pB)r, -

Moreover L can be simplified as,

L, =AH(r, 1)+ BH(r,, ) + H(r,, ,) + A (r,a) + BJ(r,, ) 29
y a(a-1) ax*(1-x)-x*(1-x?)
where H(x,y) = - x) +ﬂ,(1—x){ 5 + %) }

X Xy
Jxy) = (1-x)? L(x—l) +ﬁx}

Let Py, Pyusy, Pigie and Py, respectively denote the probability that the server is busy in vacation state, regular busy state
idle state and in break down busy state respectively.
Thus, Py, Pyusy, Pigie and Py, are given by,

Np _ _Q
=2 G

(i) S p % n n A B
Pbusy ngopn _é(Ar + BI’v )QO _|:(1—|’) + (1_rv):|Q0

(I”) I:)idle = 324 Rn

) or r Bar, r,
)P nZ;‘B_(/Hﬂ)r {(1—r)2}+(1+ﬂ)rv—A{a—rvf}

VI. CONCLUSION

In this paper we deal with M/M(a,b)/1/Br queueing model under Multiple Working Vacations For this Model the
total probability generating is obtained in a closed form by using Chapman-Kolmogrov balance equations. The various
Performance measures are analysed.

REFERENCES

[1] Afthab Begum, M. 1., “Queueing models with bulk service with vacation”, Ph.D. thesis awarded by Bharathiar University, Coimbatore, 1996.

[2] Baba, Y., “Analysis of a GI/M/I queue with multiple working vacations”, Oper.Res.L etters, vol.33, pp.201-205, 2005

[3] Bailey, N.T.J., “On queueing process with bulk service”, J.R. Statist Soc.B16, pp.80-87, 1954.

[4]Banik, A., “On the GI/M/1/N queue with multiple working vacations analytic analysis and computations”, Appl.Math.Modeling, vol.31,pp.1701-
1710, 2007.

[5] Jaishwal, N.k., “Time dependent solution of the bulk queueing service queueingproblems”, Operations Research Soc, 773-778, 1960.

[6]Ke, J. C., “The optimal control in batch arrival queue with server vacations, start up and break downs”, Yugoslav Journal of Operations Research,
vol.14, pp.41-55, 2004 b.

[7] Julia Rose Mary .K and Afthab Begum .M, “Closed form Analytical solution of the General Bulk service queueing model M/M(a,b)/1 under
working vacation”, International conference on Mathematical and Computational models, PSG College of Tech. 92-100, 2009.

[8] Ke, J.C and Pearn, W.L., “Optimal management policy for heterogeneous arrival queueing systems with server breakdowns and vacations”,
Quality Technology & Quantitative management, vol.1(1), pp.149-162, 2004.

[9]Kim, J., Choi, D.,and Chae,K., “Analysis of queue length distribution of the M/G/1 queue with Working vacations”,International Conference on
Statistics and Related fields, 2003.

Copyright to JIRSET DOI:10.15680/1JIRSET.2016.0503024 2894



OV T ISSN(Online): 2319-8753
IJIRSET ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An 1SO 3297: 2007 Certified Organization)
Vol. 5, Issue 3, March 2016

[10] Li, J.,Tian, N., and Liu, W., “Discreate time G1/Geo/1 queue with multiple working Vacations”,Queueing systems, vol.56, pp.53-63, 2007.

[11] Li, J., and Tian, N., “The M/M/1 queue with working vacations and vacation interruptions”, J.Syst.sci.syst.Engin., vol.16, pp.121-127, 2007a.
[12]Li, J., and Tian, N., “The discreate time GI/Geo/1 queue with multiple working Vacations and vacation Interruptions”, Appl.Math. and Comput.,
vol.85, pp.1-10. 2007b.

[13]Li, J., Tian, N.,and Ma, Z., “Performance analysis of GI/M/I queue with working vacations and vacation interruptions”, Appl.Math.Modeling,
vol.32, pp.2715-2730, 2008.

[14] Li, J., Tian, N., and Zhang, Z.G., “Analysis of M/G/1 queue with exponential working vacations-A matrix analytic approach”, Queueing
systems, vol.61, pp.139-166, 2009.

[15] Madil, B.R., and Choudhury M.L., “Steady state analytic algorithm results on the queueing system GI/M(a,b)/C”, Proceedings of the UGC
Sponsored seminar on stochastic modelling and decision making, University of Delhi, 1986.

[16] Medhi, J., “Recent developments in bulk and queueing models”, John Wiley Eastern Limited, New Delhi, 1984.

[17] Neuts, M. F., “A general class of bulk queues with poisson input”,Ann.Math.Statist., Vol.38, pp.759-770, 1967.

[18] Neuts, M.F., “Matrix geometric solutions in stochastic models” Johns Hopkins universitypress baltmore, 1981.

[19] Neuts, M. F., “Matrix analytic methods in queueing theory in advance queueing”, 1995.

[20]Servi, L. D., and Finn, S. G., “M/M/1 queues with working vacations(M/M/1/WV)”, Performance Evauation, VVol.50, pp.41-52, 2002.

[21] Tian, N., Ma, Z., and Liu, M., “The discreate time Geo/Geo/1 queue with multiple working Vacations”, Appl.Math.Modeling, vol.32, pp.2941-
2953, 2008.

[22] Tian N., Zhao X., and Wang K., “The M/M/1 queue with single working vacation”, International Journal of Information Management Sciences,
Vol.19, pp.621-634, 2008a.

[23] Tian, N., Li, J., and Zhang, G., “Matrix analytic method and working vacation queue-A survey”, International Journal of Information
Management Sciences, Vol.20, pp.603-633, 2009.

[24] Wang, K.H., “Optimal Operation of a markovian queueing system with a removable and non reliable server”, Microelectronics Reliability,
vol.35, pp.1131-1136, 1995.

[25] Wang, K.H., “Optimal control of an M/E/1 queueing system with removable service station subject to break downs”, Journal of Operational
Research Society, vol.48, pp.936-942, 1997.

[26]Wang, K.H., Chang, K.W., and Sivazlian, B.D., “Optimal control of a removable and non reliable server in an infinite and a finite M/H,/1
queueing system”, Appl.Math.Modell., vol.23, pp.651-666, 1999.

[27] Wu, D., and Takagi, H., “An M/G/1 queue with multiple working vacations”, Performance Evalution, VVol.63, pp. 654-681, 2006.

[28] Xu., Zhang, Z., and Tian, N., “The M/M/1 queue with single working vacation and setup times”, Inter.J.Oper.Res., vol.6, pp.420-434,2009 b.
[29]Yi, X., Kim, J., Choi, D., and Chae, K., “The Geo/G/1 queue with disaster and multiple working vacations”, Stoch.models, vol.23, pp.537-549,
2007.

[30] Zhang, Z., and Xu, X., “Analysis for the M/M/1 queue with multiple working vacations and N- Policy”, Information and Management services,
Vol.19(3), pp.495-506, 2008.

Copyright to JIRSET DOI:10.15680/1JIRSET.2016.0503024 2895



