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I. INTRODUCTION 

 
N.Levine [6] proposed the notion of generalized closed (briefly g-closed) sets in topological spaces. J.Dontchev [4], 
H.Maki, R.Devi and K.Balachandran [9], A.S.Mashhour, M.E.Abd-El-Monsef and SN.El-Deeb [10], and D.Andrijevic 
[1]  introduced and investigated the concepts of generalized semi-preclosed sets, generalized α-closed sets, preclosed 
sets and semi-preclosed sets respectively. D.Andrijevic [2], initiated a new class of generalized open sets in a 
topological space called b-open sets. A.A.Omari and M.S.M.Noorani [13] studied the concept of generalized b-closed 
sets (briefly gb-closed) in topological spaces. A new class of sets called g*b -closed set was defined by D.Vidhya and 
R.Parimelazhagan [15], which is between the class of  b-closed sets and the class of     gb-closed sets. 
 
In 1963, Levine [8] formulated the idea of simple extension of a topology ߬ as τ(B) = {O ∪ (O′ ∩ B) / O, O′ ∈ τ}. 
Sr.I.Arockiarani and F.Nirmala Irudayam [11] introduced the concept of b+-open sets in extended topological spaces. In 
this paper, we have coined the concept of generalized *b-closed sets in simple extension topology and study some of 
their characterizations. Throughout this paper X is a simple extension topological space in which no separation axioms 
are assumed unless and otherwise stated. For any subset A of X, the interior of A is same as the interior in usual 
topology and the closure of A is newly defined in simple extension respectively.    

 
II. PRELIMINARIES 

 
Definition 2.1 [10]: Let A subset A of a topological space (X,	߬) is called a pre-open set if A ⊆ int(cl(A)) and    pre-
closed set if cl(int(A)) ⊆ A. 
 
Definition 2.2 [7]: A subset A of a topological space (X,	߬) is called a semi-open set if A ⊆ cl(int(A)) and        semi-
closed set if int(cl(A)) ⊆	A. 
 
Definition 2.3 [12]: A subset A of a topological space (X,	߬) is called a α-open set if A ⊆	int(cl(int(A))) and a       α-
closed set if cl(int(cl(A))) ⊆ A. 
 
Definition 2.4 [1]: A subset A of a topological space (X,	߬) is called a semi-preopen set (β-open set) if                   A ⊆ 
cl(int(cl(A))) and semi-preclosed set if int(cl(int(A))) ⊆ A. 



  

           

                         ISSN(Online) : 2319-8753 
                                                                                                                                                                         ISSN (Print) :  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(An ISO 3297: 2007 Certified Organization) 

Vol. 5, Issue 5, May 2016 
 

 
 

Copyright to IJIRSET                                                                  DOI:10.15680/IJIRSET.2016.0505068                                         7108 
 

    

Definition 2.5 [7]: A subset A of a topological space (X,	߬) is called a b-open set if A ⊆ cl(int(A)) ∪ int(cl(A)) and b-

closed set if cl(int(A)) ∪ int(cl(A)) ⊆	A. 
 
Definition 2.6 [6]: A subset A of a topological space (X,	߬) is called a generalized closed set (briefly g-closed) if cl(A) 
⊆ U, whenever A ⊆ U and U is open in X. 
 
Definition 2.7 [9]: A subset A of a topological space (X,	߬) is called a generalized α-closed set (briefly gα-closed) if 
cl(A) ⊆ U, whenever A ⊆ U and U is α-open in (X,	߬ ). 
 
Definition 2.8 [13]: A subset A of a topological space (X,	߬) is called a generalized b-closed set (briefly gb-closed) if 
bcl(A) ⊆	U, whenever A ⊆	U and U is open in X. 
 
Definition 2.9 [13]: A subset A of a topological space (X,	߬) is called a generalized preclosed set (briefly            gp-
closed) if pcl(A) ⊆	U, whenever A ⊆	U and U is open in X.  
 
Definition 2.10 [13]: A subset A of a topological space (X,	߬) is called a generalized semiclosed set (briefly        gs-
closed) if scl(A) ⊆	U, whenever A ⊆	U and U is open in X. 
 
Definition 2.11 [13]: A subset A of a topological space (X,	߬) is called a generalized semiclosed set (briefly        sg-
closed) if scl(A) ⊆	U, whenever A ⊆	U and U is semi-open in X. 
 
Definition 2.12 [4]: A subset A of a topological space (X,	߬) is called a generalized semi-preclosed set (briefly   gsp-
closed) if spcl(A) ⊆	U, whenever A⊆U and U is open in X. 
 
Definition 2.13 [14]: A subset A of a topological space (X,	߬) is called a generalized*closed set (briefly g*-closed) if 
cl(A) ⊆	U, whenever A ⊆	U and U is g-open in X. 
 
Definition 2.14 [15]: A subset A of a topological space (X,	߬) is called a g*b-closed set if   bcl(A) ⊆ U whenever  A ⊆ 
U and U is g-open in X. 
 
Definition 2.15 [11]: Let A subset A of a topological space (X,	߬ା) is called  

(1) a pre+-open set if A ⊆ int(cl+(A)) and semi+-open set if A ⊆ cl+(int(A)). 
(2) an α+-open set if A ⊆	int(cl+(int(A))) and β+-open set if A ⊆ cl+(int(cl+(A))). 
(3) a b+-open set if A ⊆	cl+(int(A)) ∪ int(cl+(A))   
 
Definition 2.16 [11]: A subset A of a topological space (X, ߬ା) is called a generalized α+-closed set (briefly       gα+-
closed) if α+cl(A) ⊆ U, whenever A ⊆ U and U is α+-open in (X,	߬ା ). 
 
Definition 2.17 [11]: A subset A of a topological space (X,	߬ା) is called a generalized b+-closed set (briefly       gb+-
closed) if b+cl(A) ⊆	U, whenever A ⊆	U and U is open in X. 
 

III. CHARACTERIZATION OF g*+b-CLOSED SETS 
 
Definition 3.1: A subset A of a topological space (X,	߬ା) is called a generalized pre+closed set (briefly               gp+-
closed) if p+cl(A) ⊆	U, whenever A ⊆	U and U is open in X.  
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Definition 3.2: A subset A of a topological space (X,	߬ା) is called a generalized semi+closed set (briefly             gs+-
closed) if s+cl(A) ⊆	U, whenever A ⊆	U and U is open in X. 
 
Definition 3.3: A subset A of a topological space (X,	߬ା) is called a generalized semi+closed set (briefly             sg+-
closed) if s+cl(A) ⊆	U, whenever A ⊆	U and U is semi+-open in X. 
 
Definition 3.4: A subset A of a topological space (X, ߬ା) is called a generalized+closed set (briefly g+-closed) if cl+(A) 
⊆ U, whenever A ⊆ U and U is open in X. 
 
Definition 3.5: A subset A of a topological space (X,		߬ା) is called a generalized semi-pre+closed set (briefly    gsp+-
closed) if sp+cl(A) ⊆	U, whenever A ⊆	U and U is open in X. 
 
Definition 3.6: A subset A of a topological space (X,		߬ା) is called a generalized*+closed set (briefly g*+-closed) if 
cl+(A) ⊆	U, whenever A ⊆	U and U is g+-open in X. 
 
Definition 3.7: A subset A of a topological space (X,		߬ା) is called a g*+b-closed set if  b+cl(A) ⊆ U whenever       A ⊆ 
U and U is g+-open in X. 
 
Theorem 3.8: Every closed set is g*+b-closed set.  
 
Proof: Let A be a closed set in X such that A ⊆ U, where U is g+-open. Since A is closed, cl+(A) = A. Since b+cl(A) ⊆	
cl+(A) = A. Therefore, b+cl(A) ⊆	U. Hence A is a g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.9: Let X = {a, b, c} with the topology ߬ = {X, ∅, {a}, {a,b}} and ߬ା = {X, ∅, {a}, {b}, {a,b}}. Let      A = 
{b}. Here A is a g*+b-closed set but not a closed set of   (X, ߬ା ). 
 
Theorem 3.10: Every b+-closed set is g*+b-closed set. 
 
Proof: Let A be a b+-closed set in X such that A ⊆ U, where U is g+-open. Since A is b+-closed, b+cl(A) = A. Therefore 
b+cl(A) ⊆	U. Hence A is a g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.11: Let X = {a, b, c} with the topology ߬ = {X, ∅, {a}, {a,c}} and ߬ା = {X, ∅, {a}, {b}, {a,b}, {a,c}}. Let 
A = {a,b}. Here A is a g*+b-closed set but not a b+-closed set of (X,	߬ା). 
 
Theorem 3.12: Every g*+b-closed set is gb+-closed set. 
 
Proof: Let A be a g*+b-closed set in X such that A ⊆ U, where U is open. Since every open set is g+-open and  g*+b-
closed, b+cl(A) ⊆	U. Hence A is gb+-closed.  
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.13: Let X= {a, b, c, d} with the topology ߬ = {X, ∅, {a}, {b}, {a,b}} and                                               ߬ା = 
{X, ∅, {a}, {b}, {c}, {a,b}, {b,c}, {a,c}}. Let A = {d}. Here A is a gb+-closed set but not a g*+b-closed set of (X,	߬ା). 
 
Theorem 3.14: Every α+-closed set is g*+b-closed set. 
  
Proof: Let A be a α+-closed set in X such that A ⊆ U, where U is g+-open. Since A is α+-closed, b+cl(A) ⊆ α+cl(A) ⊆ 



  

           

                         ISSN(Online) : 2319-8753 
                                                                                                                                                                         ISSN (Print) :  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(An ISO 3297: 2007 Certified Organization) 

Vol. 5, Issue 5, May 2016 
 

 
 

Copyright to IJIRSET                                                                  DOI:10.15680/IJIRSET.2016.0505068                                         7110 
 

    

U. Therefore, b+cl(A) ⊆ U. Hence A is g*+b-closed. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.15: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a,b}} and ߬ା = {X, ∅, {b}, {a,b}}. Let A = {b,c}. Here 
A is a g*+b-closed set but not a α+-closed set of (X,	߬ା). 
 
Theorem 3.16: Every semi+-closed set is g*+b-closed set . 
 
Proof: Let A be a semi+-closed set in X such that A ⊆ U, where U is g+-open. Since A is  semi+-closed,         b+cl(A) ⊆	
s+cl(A) ⊆	U. Therefore, b+cl(A) ⊆	U. Hence A is a g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.17: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a,b}} and ߬ା = {X, ∅, {b}, {a,b}}. Let A = {b,c}. Here 
A is a g*+b-closed set but not a semi+-closed set of (X,	߬ା). 
 
Theorem 3.18: Every pre+-closed set is g*+b-closed set . 
 
Proof: Let A be a pre+-closed set in X such that A ⊆	U, where U is g+-open. Since A is pre+-closed,               b+cl(A) ⊆	
p+cl(A) ⊆	U. Therefore, b+cl(A) ⊆	U. Hence A is g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.19: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a}, {a,c}} and ߬ା = {X, ∅, {a}, {b}, {a,b}, {a,c}}. Let 
A = {a,b}. Here A is a g*+b-closed set but not a pre+-closed set of (X,	߬ା). 
 
Theorem 3.20: Every g+*-closed set is g*+b-closed set . 
 
Proof: Let A be a g+*-closed set in X such that A ⊆ U, where U is g+-open. Since A is g+*-closed, b+cl(A) ⊆	cl+(A) ⊆	
U. Therefore, b+cl(A) ⊆	U. Hence A is a g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.21: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a}} and ߬ା = {X, ∅, {a}, {b}, {a,b}}. Let A = {b}. Here 
A is a g*+b-closed set but not a g+*-closed set of (X,	߬ା). 
 
Theorem 3.22: Every gα+ -closed set is g*+b-closed set. 
 
Proof: Let A be a gα+-closed set in X such that A ⊆	U, where U is g+-open. Since A is gα+-closed,                b+cl(A) ⊆ 
α+cl(A) ⊆ U. Therefore, b+cl(A) ⊆ U. Hence A is a  g*+b-closed set in X. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.23: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a}} and ߬ା = {X, ∅, {a}, {a,b}}. Let A = {a,c}. Here A 
is a g*+b-closed set but not a gα+-closed set of (X,	߬ା). 
 
Theorem 3.24: Every g+-closed set is g*+b-closed set. 
 
Proof: Let A be a g+-closed set in X such that A ⊆ U, where U is g+-open. Since A is g+-closed, b+cl(A) ⊆ cl+(A)   
⊆ U. Hence A is g*+b-closed. 
The converse of the above theorem need not be true as seen from the following example. 
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Example 3.25: Let X= {a, b, c} with the topology ߬ = {X, ∅, {a}, {a,c}} and                                                          ߬ା = 
{X, ∅, {a}, {b}, {a,b}, {a,c}}. Let A = {a,b}. Here A is a g*+b-closed set but not a g+-closed set of (X,	߬ା). 
 
Theorem 3.26: Every g*+b-closed set is gsp+-closed set. 
 
Proof: Let A be a g*+b-closed set in X such that A ⊆ U, where U is open. Since every open set is g+-open and  g*+b-
closed, sp+cl(A) ⊆	b+cl(A) ⊆	U. Hence A is gsp+-closed. 
The converse of the above theorem need not be true as seen from the following example. 
 
Example 3.27: Let X= {a, b, c, d} with the topology ߬ = {X, ∅, {a}, {b}, {a,b}} and                                               ߬ା = 
{X, ∅, {a}, {b}, {c}, {a,b}, {b,c}, {a,c}}. Let A = {a,b,c}. Here A is a gsp+-closed set but not a g*+b-closed set of 
(X,	߬ା). 
 
Remark 3.28: We have the following implications but none of this implications are reversible. 
 
                                                                                          closed 

                                         α+-closed                                                                     g+-closed 

                       semi+-closed                                                                                          gsp+-closed 

              b+-closed                                                   g*+b-closed                                        gb+-closed 

                       pre+-closed                                                                                               gα+-closed 

                                                                                                 g*+-closed 

 
Theorem 3.29: A set A is g*+b-closed iff  b+cl(A) ‒ A contains no non-empty g+-closed set. 
 
Proof:  
Necessity: Let F be a g+-closed set of (X, ߬ା) such that F ⊆ b+cl(A) ‒ A. Then A ⊆ X ‒ F. Since A is g*+b-closed and X 
‒ F is g+-open then b+cl(A) ⊆ X ‒ F. This implies F ⊆ X ‒ b+cl(A). So   F ⊆ (X ‒ b+cl(A)) ∩ (b+cl(A) ‒ A)  ⊆ (X ‒ 
b+cl(A)) ∩ b+cl(A) = ∅. Therefore F = ∅.  
Sufficiency: Assume that b+cl(A) ‒ A contains no non-empty g+-closed set. Let A ⊆ U, U is g+-open. Suppose that 
b+cl(A) is not contained in U, b+cl(A) ∩ Uc is a non-empty g+-closed set of b+cl(A) ‒ A which is a contradiction. 
Therefore b+cl(A) ⊆ U and hence A is g*+b-closed. 
 
Theorem 3.30: A g*+b-closed set A is b+-closed iff  b+cl(A) ‒ A is b+-closed. 
 
Proof: Let A is b+-closed, then b+cl(A) ‒ A = ∅. Conversely, suppose b+cl(A) ‒ A is b+-closed in X. Since A is g*+b-
closed, by theorem 3.29, b+cl(A) ‒ A contains no non-empty g+-closed set in X. Then b+cl(A) ‒ A = ∅. Hence A is b+-
closed. 
 
Theorem 3.31: If A and B are g*+b-closed, then A ∩ B is g*+b-closed. 
 
Proof: Let A and B are two g*+b-closed sets in X. Let A ∩ B ⊆ U, U is g+-open set in X. Since A is g*+b-closed, 
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b+cl(A) ⊆ U, whenever A ⊆ U, U is g+-open in X. Since B is g*+b-closed, b+cl(A) ⊆ U whenever B ⊆ U, U is      g+-
open in X. 
 
Corollary 3.32: The intersection of a g*+b-closed set and a closed set is a g*+b-closed set. 
Definition 3.33: let A be a subset of a space X. A point x ∈ X is said to be a b+-limit point of A if for each b+-open set 
U containing x, we have U ∩ (A ‒ {x}) ≠ ∅. The set of all b+-limit points of A is called the b+-derived set of A and is 
denoted by ܦା(ܣ). 
Since every open set is b+-open, we have  ܦା(ܣ) ⊆ D+(A) for any subset A ⊆ X, where D+(A) is the derived set of A. 
Moreover, since every closed set is b+-closed, we have A ⊆ b+cl(A) ⊆ cl+(A). 
The proof of the following result is straightforward and thus omitted. 
 
Lemma 3.34: If D+(A) = ܦା(ܣ), then we have cl+(A) = b+cl(A). 
 
Corollary 3.35: If D+(A) ⊆ ܦା(ܣ) for every subset A of X. Then for any subsets F and B of X, we have        b+cl(F ∪ 

B) = b+cl(F) ∪ b+cl(B). 

Corollary 3.36: If A and B are g*+b-closed sets such that D+(A) ⊆ ܦା(ܣ) and D+(B) ⊆ ܦା(ܤ). Then A ∪ B is g*+b-
closed. 
Proof: Let U be an open set such that A ∪ B ⊆ U. Then since A and B be g*+b-closed sets we have b+cl(A) ⊆ U and 
b+cl(B) ⊆ U. Since D+(A) ⊆ ܦା(ܣ), thus D+(A) = ܦା(ܣ) and by Lemma 3.34, cl+(A) = b+cl(A). Similarly, cl+(B) = 
b+cl(B). Thus b+cl(A ∪ B) ⊆ cl+(A ∪ B) = cl+(A) ∪ cl+(B) = b+cl(A) ∪  b+cl(B) ⊆ U, which implies that     A ∪ B is g*+b-
closed. 
   
Let B ⊆ A ⊆ X. Then we say that B is g*+b-closed relative to A if b+clA(B) ⊆ U where B ⊆ U and U is g+-open in A. 
Theorem 3.37: Let B ⊆ A ⊆ X where A is a g+-open and g*+b-closed set. Then B is g*+b-closed relative to A if and 
only if B is g*+b-closed in X. 
 
Proof: We first note that since B ⊆ A and A is both a g*+b-closed and g+-open set, then b+cl(A) ⊆	A	and	thus b+cl(B) 
⊆ b+cl(A) ⊆ A. Now from the fact that A ∩ b+cl(B) = b+clA(B), we have b+cl(B) = b+clA(B) ⊆ A. If B is g*+b-closed 

relative to A and U is g+-open subset of X such that B ⊆ U, then B = B ∩ A ⊆	U ∩ A where U ∩ A is g+-open in A. 

Hence as B is g*+b-closed relative to A, b+cl(B) = b+clA(B) ⊆	U ∩ A ⊆	U. Therefore B is g*+b-closed in X. Conversely if 

B is g*+b-closed in X and U is an g+-open subset of A such that B ⊆ U, then U = V ∩ A for some open subset V of X. 

As B ⊆ V and B is g*+b-closed in X, b+cl(B) ⊆	V. Thus b+clA(B) = b+cl(B) ∩ A ⊆	V ∩ A = U. Therefore B is g*+b-
closed relative to A.      
 
Corollary 3.38: Let A be g+-open and g*+b-closed set. Then A ∩ F is g*+b-closed whenever F ∈ b+cl(X). 

 
Proof: Let A is g*+b-closed and g+-open, then b+cl(A) ⊆ A and thus A is b+-closed. Hence A ∩ F is b+-closed in X 
which implies that A ∩ F is g*+b-closed in X. 
 
Theorem 3.39: If A is g*+b-closed and A ⊆ B ⊆ b+cl(A), then B is g*+b-closed. 
 
Proof: Let U be a g+-open set of X such that B ⊆ U. Then A ⊆ U. Since A is g*+b-closed, then b+cl(A) ⊆ U. Now 
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b+cl(B) ⊆ b+cl(b+cl(A)) = b+cl(A) ⊆ U. Therefore B is g*+b-closed in X. 
  
Theorem 3.40: A subset A ⊆ X is g*+b-open if and only if F ⊆ b+int(A) whenever F is closed set and F ⊆ A. 
 
Proof: Let A be a g*+b-open set and suppose F ⊆ A where F is closed. Then X – A is a g*+b-closed set contained in the 
g+-open set X – F. Hence b+cl(X – A) ⊆ X – F and X – b+int(A) ⊆ X – F. Thus F ⊆ b+int(A). Conversely if F is a 
closed set with F ⊆ b+int(A) and F ⊆ A, then X – b+int(A) ⊆ X – F. Thus b+cl(X – A) ⊆ X – F. Hence X – A is a g*+b-
closed set and A is a g*+b-open set. 
 
Proposition 3.41: Let A be a subset of a topological space (X,߬ା). If A ∈ so+(X), then p+cl(A) = cl+(A.) 
 
A space (X,߬ା) is extremally disconnected if the closure of every open subset of X is open. The following results about 
the class of extremally disconnected space: 

Theorem 3.42: For a space X, the following statements are equivalent: 

(1) (X,߬ା) is extremally disconnected; 
(2) s+cl(A ∪ B) = s+cl(A) ∪ s+cl(B) for all A, B ⊆ X; 
(3) the union of two semi+-closed subsets of X is semi+-closed; 
(4) the union of two sg+-closed subsets of X is sg+-closed; 
(5) every semi-pre+closed subset of X is pre+-closed; 
(6) every sg+-closed subset of X is pre+-closed; 
(7) every semi+-closed subset of X is pre+-closed; 
(8) every semi+-closed subset of X is α+-closed; 
(9) every semi+-closed subset of X is gα+-closed. 
 
Next, we present one more characterization of extremally disconnectedness using generalized closed subsets. 

Theorem 3.43: A space X is extremally disconnected if and only if every gb+-closed subset of X is gp+-closed. 

Proof: suppose that X is extremally disconnected. Let A be gb+-closed and let U be an open set containing A. Then 
b+cl(A) = A ∪ [int(cl+(A)) ∩ cl+(int(A))] ⊆ U, i.e, [int(cl+(A)) ∩ cl+(int(A))] ⊆ U. Since  int(cl+(A)) is closed, we have 

cl+(int(A)) ⊆ cl+[int(cl+(A)) ∩ (int(A))] ⊆ [cl+(int(cl+(A))) ∩ cl+(int(A))] ⊆	U. It follows that                   p+cl(A) = A ∪ 
cl+(int(A)) ⊆ U. Hence A is gp+-closed. To prove the converse, let every gb+-closed subset of X be gp+-closed. Let A ⊆	
X be regular+open. Then, b+cl(A) = A ∪ [int(cl+(A)) ∩ cl+(int(A))] = A ∪ [A ∩ cl+(int(A))]    ⊆ A. Then A is gb+-
closed and so gp+-closed. Since every regular+open is semi+-open set by proposition 3.41 and A is gp+-closed. we have 
cl+(A) = p+cl(A) ⊆ A. Therefore A is closed and X is extremally disconnected. 

 
IV. CONCLUSION 

 
Thus a new class of g*+b-closed sets lies between the class of b+-closed sets and the class of  gb+-closed sets and their 
characterizations are discussed. In futher study the various mappings may be introduced. 
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