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ABSTRACT: The Integral transform expressing the equation of physical system in the new form that can be solved by 
simple computation. An example is the Fourier transform which convert the Cartesian Coordinates into the functions of 
frequencies and The Stieltjes transform is depend on parameter푝 > 0 which is useful in large random matrices. 
This paper includes the generalization of Fourier-Stieltjes Transform and we have obtained the Fourier-Stieltjes 
Transform of some functions.    
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I. INTRODUCTION 
 

Integral transform provides way to solve the problems in different manner. The Integral transform expressing the 
equation of physical system in the new form that can be solved by simple computation. The integral transform express 
in the following way as-                 
                                  퐹(푠) = ∫ 퐾(푡, 푠)푓(푡) 	푑푡 ,  
Where, 퐹(푠) is output, 퐾(푡, 푠) is Kernel, 푓(푡) is input. In this, the Kernel and Interval remain the same for a transform 
irrespective of the input function. The input and output functions changes depending on the problems we are solving. 
Integral Transforms are Linear Operators. This is a key point because it provides a way to understand exactly what an 
integral transform does [1]. There are various integral transform such as Fourier Transform, Laplace Transform, Mellin 
Transform, Stieltjes Transform, Hankle Transform etc. We know that generalized form of the Integral Transform is 
very much important in engineering sciences, applied mathematics, Mathematical physics.  
The Fourier Transform is an important image processing tool which is used to decompose an image into its sine and 
cosine components [4]. Fourier transform is essential to understand how a signal behaves when it passes through filters, 
amplifiers and communications channels [2]. Fourier transform can be used as high-pass, low-pass, and band-pass 
filters and it can also be applied to signal and noise estimation by encoding the time series [3]. The Fourier transform 
applicable for image segmentation and pattern recognition [5]. 
Similarly, the Stieltjes transform which is very much important in limiting behavior of certain classes of random 
matrices [7]. The spectral analysis of large dimensional random matrices is often carried out with the help of the 
Stieltjes transform. The Stieltjes transform of a matrix X is known, then one can retrieve its eigenvalue distribution, 
which is often more difficult to obtain in the spectral domain than in the Stieltjes transform domain[8]. In the present 
work we have obtained Fourier-Stieltjes transform of some function.  
 
 
 
 
 
 



  
                        
                   
                    
                   ISSN(Online) : 2319-8753 

                                                                                                                                                                   ISSN (Print)  :  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(An ISO 3297: 2007 Certified Organization) 

Vol. 5, Issue 11, November 2016 
 

Copyright to IJIRSET                                                               DOI:10.15680/IJIRSET.2016.0511136                                          19473 

    

II. FOURIER-STIELTJES TRANSFORM OF SOME FUNCTION 

 
2.1 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then  

퐹푆{1} =
1

(푝 − 1)(푖푠) 

Proof: - We have- 
퐹푆{푓(푡, 푥)} = ∫ ∫ 푓(푡, 푥)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
If 푓(푡, 푥) = 1 then  
퐹푆{1} = ∫ ∫ 1∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
            = ∫ 푒 	푑푡∞ 	∫ (푥 + 푦) 	∞ 푑푥  

            = 	
∞
								 ( ) ∞

  

퐹푆{1} = 	   = 	                                                            ……… (2.1.1) 
 
 
2.2 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then 

퐹푆{훿(푡 − 푎)훿(푥 − 푏)} = 퐾(푎,푏, 푠, 푝) 
Proof:- 
 퐹푆{푓(푡,푥)} = ∫ ∫ 푓(푡,푥)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
If 푓(푡, 푥) = 훿(푡 − 푎)훿(푥 − 푏) then  
퐹푆{훿(푡 − 푎)훿(푥 − 푏)} = ∫ ∫ 훿(푡 − 푎)훿(푥 − 푏)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                                     = ∫ ∫ 훿(푡 − 푎)훿(푥 − 푏)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                                     = ∫ 훿(푡 − 푎)∞ 	푒 	푑푡	 ∫ 훿(푥 − 푏)	(푥 + 푦) 		푑푥∞   
퐹푆{훿(푡 − 푎)훿(푥 − 푏)} = 푒 	(푏 + 푦)                     푠푖푛푐푒, ∫ 훿(푡 − 푎)∞ 	∅(푡)	푑푡 = ∅(푎)  
 
 
2.3 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 
                  퐹푆{푡푥} = ( )( )

  
Proof: - We have 
퐹푆{푓(푡, 푥)} = ∫ ∫ 푓(푡, 푥)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
If 푓(푡, 푥) = 푡푥 then 
퐹푆{푡푥} = ∫ ∫ 푡푥∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
             = ∫ 푡∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   

             = 푡	
∞
− ∫∞ 	푑푡 푥	 ( ) ∞

− ∫ ( )∞ 	푑푥   

             = 0 + ∫ 푒∞ 	푑푡 0 + ∫ (푥 + 푦)∞ 	푑푥   

             =
∞
				 ( ) ∞

  

             = 				   

퐹푆{푡푥} = 	 ( )	( )
                                                                            ………………. (2.3.1) 
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2.4 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 

          퐹푆{푡 푥 } = ( !) 	( ) ( )		 ( )

	( )( )……..( )[ ( )]
  

 Proof:- 
퐹푆{푡 푥 } = ∫ ∫ 푡 푥∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                 = ∫ 푡∞ 	푒 	푑푡	 ∫ 푥 	(푥 + 푦) 		푑푥∞   

                 = 푡 	
∞
− ∫ 푛푡 	∞ 	푑푡 푥 	( ) ∞

− ∫ 푛푥 	 ( )∞ 	푑푥   

                = ∫ 푡 	푒∞ 	푑푡 ∫ 푥 	(푥 + 푦)∞ 	푑푥   

                = 푡 	
∞
− ∫ (푛 − 1)	푡 	∞ 	푑푡 		  

                                    푥 	 ( ) ∞
− ∫ (푛 − 1)	푥 	 ( )∞ 	푑푥   

                = ∫ 푡 	푒∞ 	푑푡 ( )∫ 	푥 	(푥 + 푦)∞ 	푑푥   

                = ( )
( )

∫ 푡 	푒∞ 	푑푡
( )

( )
( )

∫ 	푥 	(푥 + 푦)∞ 	푑푥   
Integrating up to nth term we get-  
                  = ( )( )……. . .

( ) 	( )
∫ 푡 	푒∞ 	푑푡 ( )( )……. . .

( )( )……..( )
∫ 	푥 	(푥 + 푦)∞ 	푑푥   

                   = !
( ) 	( )

	
∞

!
( )( )……..( )

( ) ( )

( )

∞
   

                   = !
( ) 	( )

!
( )( )……..( )

( )

[ ( )]
     

퐹푆{푡 푥 } = ( !) 	( ) ( )		 ( )

	( )( )……..( )[ ( )]
  

  
 
2.5 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 

                퐹푆{푒 	푥} = ( )( )
 

Proof: - We have 
퐹푆{푒 	푥} = ∫ ∫ 푒 	푥∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                  = ∫ 푒∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   
                  = ∫ 푒( )∞ 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   

                  =
( )

( )

∞
푥 	( ) ∞

− ∫ 	( ) 	푑푥∞   

                  = ( ) −∫ 	( ) 	푑푥∞    

                  = ( ) ∫ 	(푥 + 푦) 	푑푥∞   

                  = ( )
	( ) 	

–

∞
  

                  = ( )
	 	 	  

퐹푆{푒 	푥} = ( )
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2.6 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 

            퐹푆{푥 cos푎푡} = ( )	( )
( )( )( )

 
Proof: We have  
퐹푆{푥 cos푎푡} = ∫ ∫ 푥 cos푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                      = ∫ cos푎푡∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   

                      =
( )

(−푖푠 cos푎푡 + 푎 sin푎푡)
∞

( )( )
               {Since, by using the above result} 

                      = (0) − (−푖푠) ( )( )
  

퐹푆{푥 cos푎푡} = ( )	( )
( )( )( )

  
 
 
2.7 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 

               퐹푆{푥 sin푎푡} = ( )	( )
( )( )( )

 
 Proof:- We have  
퐹푆{푥 sin푎푡} = ∫ ∫ 푥 sin푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                     = ∫ sin푎푡∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   

                    =
( )

(−푖푠 sin푎푡 − 푎 cos푎푡)
∞

( )( )
               {Since, by using the above result} 

                    = (0) − (−푎) ( )( )
  

퐹푆{푥 sin푎푡} = ( )
( )( )( )

  
 
 
2.8 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 

 퐹푆{푥 cos푎푡} = ( )	 !		 ( )

( )( )( )………..( )[ ( )]
 

Proof:- We have 
 퐹푆{푥 cos푎푡} = ∫ ∫ 푥 cos푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                         = ∫ cos푎푡∞ 	푒 	푑푡	 ∫ 푥 	(푥 + 푦) 		푑푥∞   
By using result (2.4) & (2.6) we get- 

 퐹푆{푥 cos푎푡} =
( )

!
( )( )……..( )

( )

[ ( )]
  

퐹푆{푥 cos푎푡} = ( )	 !		 ( )

( )( )( )………..( )[ ( )]
  

 
 
2.9 If 퐹푆{푓(푡, 푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡,푥) then- 
 퐹푆{푥 sin푎푡} = 	 !		 ( )

( )( )( )………..( )[ ( )]
 

Proof:-  We have 
 퐹푆{푥 sin푎푡} = ∫ ∫ 푥 sin푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                         = ∫ sin푎푡∞ 	푒 	푑푡	 ∫ 푥 	(푥 + 푦) 		푑푥∞   
By using result (2.4) & (2.7) we get- 
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 퐹푆{푥 sin푎푡} =
( )

!
( )( )……..( )

( )

[ ( )]
  

퐹푆{푥 sin푎푡} = 		 !		 ( )

( )( )( )………..( )[ ( )]
  

 
 
2.10 If 퐹푆{푓(푡,푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡, 푥) then- 
 퐹푆{푥 cosℎ푎푡} =

( )
	 ( )( )

 
Proof: We have  
퐹푆{푥 cosℎ푎푡} = ∫ ∫ 푥 cosℎ푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                        = ∫ cosℎ푎푡∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   
By using the result (2.5) we have, 
                        = ∫∞ 	푒 	푑푡	 ( )( )

  

                        = ∫ 푒 ( )∞ 	푑푡 + ∫ 푒 ( )∞ 	푑푡 	 ( )( )
  

                        =
( )

( )

∞
+ 	

( )

( )

∞
	 ( )( )

  

                        =
( )

+ 	
( )

	 ( )( )
  

                        =
( )

	 ( )( )
  

퐹푆{푥 cosℎ푎푡} =
( )

	 ( )( )
  

 
  
2.11  If 퐹푆{푓(푡,푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡, 푥) then- 
 퐹푆{푥 sinℎ푎푡} =

( )
	 ( )( )

 
Proof: We have  
퐹푆{푥 sinℎ푎푡} = ∫ ∫ 푥 sinℎ푎푡∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                       = ∫ sinℎ푎푡∞ 	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥∞   
By using the result (2.5) we have, 
                       = ∫∞ 	푒 	푑푡	 ( )( )

  

                       = ∫ 푒 ( )∞ 	푑푡 − ∫ 푒 ( )∞ 	푑푡 	 ( )( )
  

                       =
( )

( )

∞
−

( )

( )

∞
	 ( )( )

  

                       =
( )

−
( )

	 ( )( )
  

                       =
( )

	 ( )( )
  

퐹푆{푥 sinℎ푎푡} =
( )

	 ( )( )
  

 
 
2.12 If 퐹푆{푓(푡,푥)} denotes generalized Fourier-Stieltjes Transform of 푓(푡, 푥) then- 
퐹푆{푓(푡, 푥)} If 푓(푡, 푥) = 푎푥,				푎 < 푡 < 푏, 0 < 푥 < 푐 
                                       = 0,			푡 > 푏, 푥 > 푐  
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Proof: We have  
퐹푆{푓(푡, 푥)} = ∫ ∫ 푓(푡, 푥)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
The given function is discontinuous function. So, we have  
                   = ∫ ∫ 푓(푡, 푥) 	푒 	(푥 + 푦) 	푑푡	푑푥 + ∫ ∫ 푓(푡, 푥)∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                   = ∫ ∫ 푎푥	푒 	(푥 + 푦) 	푑푡	푑푥 + ∫ ∫ 0∞∞ 	푒 	(푥 + 푦) 	푑푡	푑푥  
                   = ∫ ∫ 푎푥	푒 	(푥 + 푦) 	푑푡	푑푥	  
                    = ∫ 푎	푒 	푑푡	 ∫ 푥	(푥 + 푦) 		푑푥  

                    = 푎 푥 	( ) − ∫ 	( ) 		푑푥   

                    = [1− 푒 ] 푐 	( ) + ∫ 	(푥 + 푦) 		푑푥   

                    = [1− 푒 ] 푐 	( ) + 	( )   

                    = [1− 푒 ] 푐 	( ) + 	( ) +
( )

  

                    = [1− 푒 ] 푐 	( )
( )

+
( )( )

[−(푐 + 푦) + 푦 ]   

                    = [1− 푒 ]
( )

−푐	(푐 + 푦) +
( )

[−(푐 + 푦) + 푦 ]   

 퐹푆{푓(푡,푥)} = [1− 푒 ]
( ) ( )

[푦 −(푐 + 푦) ] − 푐	(푐 + 푦)   
If 푓(푡, 푥) = 푎푥,				푎 < 푡 < 푏, 0 < 푥 < 푐 
                                       = 0,			푡 > 푏, 푥 > 푐  
 

III. CONCLUSION  
 

In the present paper, we have obtained the Fourier-Stieltjes transform of some functions. 
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