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ABSTRACT: The Integral transform expressing the equation of physical system in the new form that can be solved by
simple computation. An example is the Fourier transform which convert the Cartesian Coordinates into the functions of
frequencies and The Stieltjes transform is depend on parameterp > 0 which is useful in large random matrices.

This paper includes the generalization of Fourier-Stieltjes Transform and we have obtained the Fourier-Stieltjes
Transform of some functions.
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I. INTRODUCTION

Integral transform provides way to solve the problems in different manner. The Integral transform expressing the
equation of physical system in the new form that can be solved by simple computation. The integral transform express
in the following way as-

F(s) = [2 K(t.9)f (t) dt,
Where, F(s) is output, K(t, s) is Kernel, f(t) is input. In this, the Kernel and Interval remain the same for a transform
irrespective of the input function. The input and output functions changes depending on the problems we are solving.
Integral Transforms are Linear Operators. This is a key point because it provides a way to understand exactly what an
integral transform does [1]. There are various integral transform such as Fourier Transform, Laplace Transform, Mellin
Transform, Stieltjes Transform, Hankle Transform etc. We know that generalized form of the Integral Transform is
very much important in engineering sciences, applied mathematics, Mathematical physics.
The Fourier Transform is an important image processing tool which is used to decompose an image into its sine and
cosine components [4]. Fourier transform is essential to understand how a signal behaves when it passes through filters,
amplifiers and communications channels [2]. Fourier transform can be used as high-pass, low-pass, and band-pass
filters and it can also be applied to signal and noise estimation by encoding the time series [3]. The Fourier transform
applicable for image segmentation and pattern recognition [5].
Similarly, the Stieltjes transform which is very much important in limiting behavior of certain classes of random
matrices [7]. The spectral analysis of large dimensional random matrices is often carried out with the help of the
Stieltjes transform. The Stieltjes transform of a matrix X is known, then one can retrieve its eigenvalue distribution,
which is often more difficult to obtain in the spectral domain than in the Stieltjes transform domain[8]. In the present
work we have obtained Fourier-Stieltjes transform of some function.
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Il. FOURIER-STIELTJES TRANSFORM OF SOME FUNCTION
2.1 If FS{f(t, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then

1
R T (D)
Proof: - We have-
FS{f(t.x)} = [ f, f(t.x) et (x +y)P dt dx
If £(t,x) = 1 then
Fs{1} = fowfowl e st (x + y)7P dt dx
= fowe‘iSt dt fow(x +y)7P dx

_ e—ist 0o (x+y)—p+1 ©
- [ —is ]0 -p+1 ]0
FS{1} :% [Y_;”:] :—?i y;?] ......... (2.1.1)

2.2 If FS{f (t, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then

FS{6(t — a)6(x — b)} = K(a,b,s,p)

Proof:-
FS{f(t.0)} =[] J; F(t.x) ™ (x +y)7P dt dx
If f(t,x) =6(t —a)d(x — b) then
FS{6(t — a)6(x — b)} = fow foch(t —a)d(x —b) et (x +y) P dtdx

= fow foch(t —a)d(x —b) et (x +y) P dt dx

= foch(t —aq) e St dt foch(x —b) (x+y)? dx
FS{6(t —a)s(x — b)} =e~ 5% (b +y)P {since, fow §(t—a) o) dt = (D(a)}

2.3 If FS{f (¢, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-
_ -1
FSitd = oo
Proof: - We have
FS{f(t.x)} = [ J, f(t.x) et (x + y)P dt dx
If £(t,x) = tx then
Fs{tx} = fowfow tx e Bt (x +y) 7P dt dx
= fowt e st dt fowx (x+y)™? dx

_ e—ist\® o e—ist (x+y)~P+1 o (x+y)~P*1
- [(t —is )0 N fO —is dt] [(x -p+1 )0 N fo —-p+1 dx]
= [O + %fowe“'“ dt] [O + pfllfow(x + y) P*t dx]

1 e_i“]oo 1 (x+y)_7"+2]Oo
0

is L —is p—-1 -p+2

=) Ak
is p-1L p-2
_y—P+2

— y
FS(d= 5250 e (2.3.1)

0
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2.4 If FS{f (¢, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-

(n)? (i)_("+1) y—p+(n+1)

n,ny —
FSt ™ = e e o= D]

Proof:-
FS{t"x"} = fow fow t"x™ eIt (x + y) 7P dt dx
= [t et de ["x" (x +y)7P dx
- [( _l“) — [ et 2 — dt” " (x+y)—p+1)°° — J, nxnt Gy P dx]

—is -p+1 0 -p+1
— [; . —ist dt] [_f XM 1 (x +y)—p+1 dx]
n
s

e
L, [(t”‘1 .m) —Jitn—-1)t2 2 - dt]

—ls

p+2 —p+2
n_ (xn_1 (x+¥)~ ) —f (n—1) x"2 (x+y) dx]
0

p—1 —p+2 —p+2
:% anlf L e dt]p 1[(n 1)f X" (x+3/) P dx]
(n-1) - ( 1)
_n(z)z U tn—2 p-ist dt] (p:) (:_2) [fo X2 (x + y)TP*2 dx]

Integrating up to n™ term we get-

n(n-1)(n-2).....3.2.1 n-n o—ist n(n-1)(n-2)....3.2.1 n-n —p+n
_[ " (s)n f t dt ][(p D(p-2)....(p-n) fo X" (x +) dx]

[ nl e—ist ][ nl ((x+y) p+(n+1)) ]
0% (s)" —is p-1)@-2)...(p-1) \ —p+(n+1) /4

n! y~pH(n+1)

[(L)" ()" Ls] [(p 1)(p—-2)......(p—n) [p—(n+1)]
(n')2 @~ (n+1) y -p+(n+1)

s (p-1)(p-2)......(p—n)[p—(n+1)]

FS{t"x"} =

2.5 If FS{f (¢, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-

y~P+2

at N\ —_ Y "
FS{e® x} (is—a)(p-2)

Proof: - We have

FS{e® x} = fowfowe“t x et (x +y) 7P dt dx
=[e e7tdr [“x(x+y)P dx
= [ el qr [“x (x +y)‘p dx

—(lS a)t (x+y)~ p+1 o (x+y)—p+1 ]
[ (is— a)] [ —p+1 _fo -p+1 dx

- sl [ e ]
= [(isia)] [p_il Iy +yyr dx]
= [ [ (e |
=

(is— a)1 o Y

FS{e% x} =

(LS a)p 1 p-2
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2.6 If FS{f(t,x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-

(is) (y"P*?)

FS{xcosat} = (2+a?)(p-1(p-2)

Proof: We have
FS{xcosat} = [ ["xcosat et (x +y)P dt dx
= fwcosat e st dt fwx (x +y)‘p dx

p+2
(—iscosat +asin at)] [m]

ist

-1
= [( is)2+a?

- [© - ()] [ ]
(is) (y"P*?)
(s2+a?)(p-1)(p-2)

{Since, by using the above result}

FS{xcosat} =

2.7 If FS{f (¢, x)} denotes generalized Fourier-Stieltjes Transform of f (¢, x) then-

(is) (y"P*?)

FS{XSIH at} = m

Proof:- We have
FS{xsinat} = fowfowxsin at e”t (x + y)P dt dx
= fwsinat e st dt fwx (x +y)‘p dx

_ e—ist y p+2
[( Ls)2+a2( is smat—acosat)] [—(p o 2)]

[(O) N (s +a2 )] [(p 1;: 2)]

a(y~P*?)
(s2+a?)(p—1)(p-2)

{Since, by using the above result}

FS{xsinat} =

2.8 If FS{f(t,x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-
FS{x" cosat} = Sy 2
x"CoSaty = (s2+a?)(p—1)(P=2)...c....... (p—n)[p—(n+1)]
Proof:- We have
FS{x"cosat} = [ ["x" cosat et (x +y) P dt dx
= fow cosat est dt fowx” (x +y)? dx
By using result (2.4) & (2.6) we get-

n — is n! y P+l
F${x" cosat} [(s2+a2>] [(p—1>(p—z> ........ - -+ D]
(is) n! y—p+(n+1)

FS{x™ cosat} =

(s2+a?)(p-1)(p—2).......... (r—n)[p—(n+1)]

2.9 If FS{f (¢, x)} denotes generalized Fourier-Stieltjes Transform of f(t,x) then-
Fs{xmsinat} = G S
X“sinaty = (s24+a2)(p-1)(P-2)...c....... (p—n)[p—-(n+1)]
Proof:- We have
FS{x"sinat} = fow fow x"sinat e it (x +y) 7P dt dx
= fowsin at e”st dt fowx” (x+y)P dx
By using result (2.4) & (2.7) we get-
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n! y—p+(n+1)

a
(sz+a2)] [(p—l)(p—z) -------- (p—n) [p—-(n+1)]

a n! y—p+(n+1)

(s2+a?)(p-1)(p—2).......... (r—n)[p—(n+1)]

FS{x"sinat} = [

FS{x"sinat} =

2.10 If FS{f(t,x)} denotes generalized Fourier-Stieltjes Transform of f(t, x) then-

FS h y —-p+2
{xcos hat} = (s2 +a2) -~ 2)]

Proof: We have

FS{x coshat} = fow fowx coshat e~t (x + y)™P dt dx
= fow coshat est dt fowx (x +y)7? dx

By using the result (2.5) we have,

_f (at+e a) o-ist gt [(py p+2 ]

1)(1!J 2)

e e a2

=H%s ], + w5
—p+2
= %{[(isia)] + [(isia)]} (pfl)zlp—z)]

:l{ (szfaz)} (pfl_)zz:—z)]

FS hat} = o
{xCOS at} (S +a2) (p_l)(p—z)]

2.11 If FS{f (t,x)} denotes generalized Fourier-Stieltjes Transform of £ (¢, x) then-

FS h o
{xsinhat} = (s2 +az) (p—l)(P_Z)]

Proof: We have

FS{xsinhat} = fow fowxsin hat e™st (x + y)™P dt dx
= fowsin hat e~st dt fowx (x +y)7P dx

By using the result (2. 5) we have,

_f (e —e ‘1) —ist ¢ [(pyl;: 2)]
== f —(is—a)t dt—f —(a+is)t J¢ y~P+2
1{ (els a)t —(a+ls)te ¥y pj [(p V- 2)]
- E{[ —(is—a) ]0 - [ —(a+is) ]0} 2(p_1)(p_2)]
Lo+
- %{[(isia)] - [(isia)]} (pi]1)(p_2)]
1 2a y—p+2
=it - +a2>} (P—l)(p—z)]

FS hat} = o
{x sin hat} = (s2 +az) (p—1)(p—2)]

2.12 If FS{f (t, x)} denotes generalized Fourier-Stieltjes Transform of f (¢, x) then-
FS{f(t,x)}Iff(t,x) =ax, a<t<b, 0<x<c
=0, t>bx>c
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Proof: We have

FS{F(t 0} = [ J) f(t,x) 7 (x + )P dt dx

The given function is discontinuous function. So, we have
= [V F(tx) e (e +y) P dedx+ [ [T f(t,x) et (x +y) P dt dx
= 7 [Cax e e+ y) P dedx + [7[70 e i (x +y) P de dx
= fob foc ax et (x +y) P dt dx

fba et dt [Fx(x+y)P dx

_ —lst] [ (x+y) p+1)
- —is —p+1

-p+1
foc (x+y) dx]
-p+1

0
=811 = g-isp (c+y)7P*t 1 e -p+1
B =T GRS DR
= & — eish] CMJr;((xw_rp“)C]
is ! -p+1 p-1 —-p+2 0
. - —p+2 —p+2
S| e —“tz’:* o=
a i [ (c+y)~P*1
=—[1— e isb + P+2 4 ,,—D+2
i | [ D= z>[ e+ 4y ]]
=sl—e —c(c+y) P+ +y"’+2]]
:i — _le 1 p+2 _ p+27 _ p+1
FS{f(t.2)} = £[1 ](p S [(p SP—(c )P~ (c +y) ]

Iff(t,x) =ax, a<t<b 0<x<c
=0, t>bx>c

I1l. CONCLUSION
In the present paper, we have obtained the Fourier-Stieltjes transform of some functions.
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