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ABSTRACT: With the help of the geometric dual of graphs, this paper defines SD graphs and proves the related
results. This paper proves “How many minimum or maximum numbers of edges are there for an SD graph with n
vertices?” Therefore, the first geometric number and the greatest geometric number come into the centre of attention. It
proves formulae for geometric numbers as well as the number of graphs with the particular number of vertices.
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I. INTRODUCTION

In this section, we present a brief survey of those results of graph theory, which we shall need later. The reader is
referred to [5, 6, 9, 10, 11] for a fuller treatment of the subject.

A. GRAPHS

A graph G is an ordered pair (V (G), E (G) ) where i) V(G) is a non empty finite set of elements , known as vertices.
V (G) is known as vertex set. ii) E(G) is a family of unordered pairs ( not necessarily distinct ) of elements of V, known
as edges of G. E(G) is known as Edge set.

Each vertex of graph G is represented by a point or small circle in the plane. Every edge is represented by a continuous
arc or straight line segment. A certain pairs of vertices of graph are joined by two or more edges, such edges are known
as multiple or parallel edges. An edge joining a vertex to itself, is called a loop. A graph without loops or multiple
edges is called a simple graph. Non-simple graphs are known as multiple graphs. The degree or valency of a vertex v of
graph G is the number of edges incident at that v. It is denoted by d (v). A vertex of degree 1 is called a pendent vertex.
A vertex of zero degree is said to be isolated vertex. An edge, whose one end vertex is a pendant vertex, is known as
pendant edge [9].

B. PLANAR GRAPH

A graph G is a planar graph if it is possible to represent it in the plane such that no two edges of the graph intersect
except possibly at a vertex to which they are both incident. Any such drawing of planar graph G in a plane is a planar
embedding of G [4].

If x any point in the plane of a planar graph that is neither a vertex nor a point on an edge, the set of all points in the
plane that can be reached from x by traversing along a curve that does not have a vertex of the graph or a point of an
edge as an intermediate point, is the region of the graph that contains x. Thus the plane graph G partitions the plane into
the different regions of G. Among these regions there is exactly one region whose area is not finite, is called exterior or
infinite region. Every other region is an interior region. The boundary of a region is a sub-graph formed by the vertices
and edges encompassing that region. If the boundary of the exterior region of a planar graph is a cycle, that cycle is
known as the maximal cycle of that graph. The degree of the region is the number of edges in a closed walk that
encloses it. The region formed by three edges is known as triangular region. The region formed by four edges is known
as rectangular region [6].

Theorem 1.1: If a connected planar graph of n vertices, m edges has f regions or faces, then n - m + f = 2, [9]
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C. GEOMETRIC DUAL

Let G be a plane graph with n regions or faces say Ry, Ry, Rs, . . .R, . Let us place points (say vertices) Vi, Vo, Vs, . ..

V., one in each of the regions. Let us join these vertices V; according to the following procedure.

i) If two regions R; and R;are adjacent then draw a line joining vertices V; and Vjthat intersect the common edge
between R;and R;exactly once.

ii) If there are two or more edges common between R;and R; , then draw one line between vertices V;and V; for each
of the common edges.

iii) For an edge ‘e’ lying entirely in one region say R; draw a self loop at pendant vertex V; intersecting e exactly once.
By this procedure, we obtain a new graph G* consisting of Vq, V,, V3, . .. V,vertices and edges joining these
vertices. Such a graph G* is called a geometric dual of G (a dual of G) [2].

Theorem 1.2: The geometric dual of a planar graph is planar [9].

1.4 * isomorphism of Graphs

Two graphs are said to be *isomorphic if their geometric duals are isomorphic. Every graph is * isomorphic to itself.

The definition is symmetric, and if G; and G, are *isomorphic to G, and Gs, respectively, then G; and G; are *

isomorphic. Thus *isomorphism is an equivalence relation [1].

Suppose two graphs are * isomorphic, then it is clear that the two graphs must have same number of edges and same

number of regions formed by an equal number of edges. There is no any condition on number of vertices of the two

graphs. Thus these conditions are necessary for two graphs to be *isomorphic. However, these conditions are not

sufficient [3].

Il. RELATED WORK

A. SD GRAPHS

A planar graph G is said to be SD graph if it’s geometric dual G* is a simple graph. The geometric dual of the null
graph is a null graph, so every null graph is a SD graph. The complete graph on 4 vertices is SD graph. Graphs K, and
Kz are not SD graphs.

Theorem 2.1 A planar graph G is a SD graph if and only if any two distinct regions of G do not have two or more
boundary edges common and no bridges.

Proof: Suppose planar graph G is a SD graph. So Graph G* is a simple graph. G* is free from loops and parallel edges.
By the definition of geometric dual, G has no bridges. Two parallel edges are present in the dual graph if the graph has
two boundary edges common between their regions. As G* has no parallel edges, so two distinct regions of G do not
have two or more boundary edges common.

Conversely, suppose G has no bridges. So G* has no loops. Moreover, two distinct regions of G do not have two or
more boundary edges common, so G* has no parallel edges. Therefore, G* has no loops and parallel edges. Thus, graph
G* is a simple graph. Hence, graph G is SD graph. o

Theorem 2.2 Every wheel graph on n > 4 vertices is SD graph.
Proof: Every wheel graph is a simple graph and its geometric dual is also a wheel graph. Therefore, every wheel graph
isa SD graph. o

B. THE GEOMETRIC NUMBER OF GRAPHS

Let G, be a simple planar connected graph with n vertices. The non-zero integer m is called the geometric number of
graph G, if there exist at least one graph with m number of edges, whose geometric dual is a simple graph. The first and
the greatest geometric numbers of graphs play an important role in the geometric numbers of graphs which are defined
as follows.
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i. First Geometric Number of Graphs

Let G, be a simple planar connected graph with n vertices. The smallest non-zero integer m is called the first geometric
number of graph G, if there is at least one graph with m number of edges whose geometric dual is a simple graph. It is
denoted by F (G,). The first geometric number of graph G, is 6.

ii. Greatest Geometric Number of Graphs
Let G, be a simple planar connected graph with n vertices. The greatest non-zero integer m is called the greatest
geometric number of graph G, if there is at least one graph with m number of edges whose geometric dual is a simple
graph. It is denoted by G (G;,). The greatest geometric number of graph Ky is 6.
Let G, be a SD graph with n vertices. Consider the following table which represents

n = number of vertices of graph, F (G,) = First geometric number of graph with n vertices,

G (Gy) = Greatest geometric number of graph with n vertices.

Number ch]f Vertices I:\:Lsr;t(ierogwc(ag:)c Greatest G(?T(ESIC Number Number of SD Graphs

4 6 6 1

5 8 9 2

6 9 12 4
7 11 15 5
8 12 18 7
9 14 21 8
10 15 24 10
11 17 27 11
12 18 30 13
13 20 33 14
14 21 36 16
15 23 39 17
16 24 42 19
17 26 45 20
20 30 54 25
30 45 84 40
40 60 114 55
50 75 144 70
60 90 174 85
70 105 204 100
80 120 234 115
90 135 264 130
100 150 294 145

Table 1 List of F (G,) and G (G,) of graphs with respect to the number of vertices n
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The complete graph on 4 vertices is the only graph in which the first and the greatest geometric numbers are equal.
There are unique graphs with geometric numbers 6, 8 and 10. There is no any graph whose geometric number is 7.
There exist graphs whose greatest geometric number is 3p or the first geometric number is 3p. If H is a graph with n
vertices whose first geometric number is 3p then there is no any graph on n vertices whose first geometric number is
3p — 1. But there exists a graph on n + 1 vertices whose first geometric number is of the form 3p — 1 and there is no any
graph whose greatest geometric number is 3p — 1.

Theorem 2.3 If G, is a simple planar connected graph on n > 4 vertices, then the first geometric number of G, is
n
n+|—
[ 2 —l

n
n+ | —
Proof: If n = 4, then F (G,) = 6 and { 2 —l
n=4
Assume that result is true for n = k, where k =4, 5,..., n -1.
Case 1: nis an odd integer.

. n-1iseven. Add one vertex say x in the inner circle of G,.; between vertices a and b, join x to vertices u or v as
shown in figure 2.3 (A). The new graph is denoted by G;.

:4+|—%—|:4+2:6

Therefore the result is true for

Fig. 1 Anillustration of the First Geometric Number of Graphs

In figure A, there are an odd number of vertices. Inner and outer circles of graph have [”_1} +1 and [”_1} vertices
2 2

respectively. There is an even number of vertices in figure B. Inner and outer circles of graph have {“ _1}vertices.
2

FG, )= (-1 |2 o0 |22
2 2
n
FG, ,)+1=n+ {Z—W
n

F@G,)=n+ {Z—W
Case 2: nis an even integer.
. n—1isan odd integer. The inner circle of G,.; has one less vertex then that of the outer circle. Add one vertex say X

between vertices v and w. Remove an edge {u, w} and join vertex u to vertex x as shown in figure 2.2 (B). The
geometric dual of G, is a simple graph.
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FCRICEEIE=S]

: F(Gn):n—1+{n2_1—‘+1:n+{n2_1—‘
: F(Gn)=n+H—1

Hence the proof. o

Theorem 2.4 If G, is a simple planar connected graph on n > 4 vertices, then the greatest geometric number of G, is
3n-6.

Proof: Let G, be a simple planar connected graph on n > 4 vertices. By the definition of the greatest geometric number
of a graph, G, must have triangular regions. Therefore, G, is the maximal planar graph. We know that the geometric
dual of the maximal planar graph is a simple graph and it has 3n — 6 edges. Thus, the greatest geometric number of
graph G, is3n-6. o

Theorem 2.5 If G is a simple planar connected graph with n > 4 vertices then prove that F (G,) < G (G,) and
F (Gy) = G (Gy) only if G, = K,.
Proof: We have

F(Gn)=n+{%1 and G(G,)=3n-6

Assume that result is true for a graph with n-1 vertices. Therefore

n-1

n—1+{ Ws3(n—1)—6:3n—9

n—1+{”2_ﬂ+3s3n—9+3=3n—6

n+lDl<ns2q n-1 <3n-6
2 2

Thus F (G,) < G (Gy) , for all n.
Suppose F (G,) =G (Gy)
If n is an even integer, then

n+ﬂ=3n—6:> 3n—n—%=6
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If nis an odd integer, then

n+n—+1=3n—6:> 3n—n—n—+1=6

2 2
.'.2n—nT+1:6:> in-n-1=12
3n=13=> n:%

n = 13/3 is not possible.
Thus F (G,) =G (Gy) ifandonlyifn=4. o

Theorem 2.6 The number of graphs with distinct geometric numbers on n > 4 verticesis , _ 5 _ {ﬂ]

Proof: We have
F(Gn)=n+[2——‘ and G(G,)=3n-6

Let p be the number of graphs with distinct geometric numbers on n vertices. Therefore

p=(3n-6)-{n %2}1}

n
=2n-5—-|—
P M

1. CONCLUSION

We have defined SD graphs by using the geometric dual of planar graphs and proved few related results. This paper has
defined the first geometric number, the greatest geometric number of graphs and proved formulae for it. We have also
proved that the number of graphs with distinct geometric numbers on particular number of vertices.
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