7
| |
@ ISSN(Online) : 2319-8753

l]IRéIi'E‘ ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An I1SO 3297: 2007 Certified Organization)
Vol. 5, Issue 10, October 2016

Paired Domination in Subdivision Graphs

A.Muthukamatchi®, S.Arumugam?
Department of Mathematics, R.D. Government Arts College, Sivagangai, Tamil Nadu, India*

Dean(Research), Kalasalingam University, Anand Nagar,Krishnankoil, Tamil Nadu, India’

ABSTRACT: A dominating set S of G is called a paired dominating set if <S> has a perfect matching. If S is a paired

dominating set with perfect matching M, then two vertices u and v are said to be paired in S if the edge uv is in M.
Every graph without isolated vertices has a paired dominating set. Let G be a graph without isolated vertices. The
minimum cardinality of a paired dominating set of G is called the paired domination number of G and is denoted by
Y pr(G).

An edge e = uv of a graph G is said to be subdivided if e is replaced by the edges uw and wv for some vertex w not
in V (G). The graph obtained from G by subdividing each edge of G exactly once is called the subdivision graph of G
and is denoted by S(G).In this paper, we initiate a study of the paired domination number of subdivision graphs. We
determine the paired domination number of the subdivision of some standard graphs. We also obtain bounds for the
paired domination number of S(G).

KEYWORDS: paired domination , paired domination number, subdivision graph,Paired domination number of a
subdivision graph.

I.LINTRODUCTION

Haynes and Slater [7] introduced the concept of paired domination in graphs. Arumugam and Paulraj Joseph [1]
have studied the domination parameters of the subdivision graph S(G).

The graphs considered in this paper are finite, undiected, without loops,multiple edges and isolated vertices.we
need the following theorems.

Theorem 1.1.For any graph G, y(S(G))<n-1
Theorem 1.2.For any graph G, 7(S(G))<m(G)
Theorem 1.31f a graph G has no isolated vertices, then y,,. (G) <2 Y (G).
Theorem 1.4. y,, (Pn) =¥,y (Cr) = 2’_%—|
Theorem 1.5. If T is a tree of order n 2 3 with s support vertices, then v, (G) s%
Since S(C,)) = C,, and S(P,) = Py, it follows from Theorem 1.4 that
Yor(SC) = 23 | and . (S(Pr) = 2 25 ]

Il. MAIN RESULTS

Theorem 2.1. For any graph G of order n, y,,,. (S(G)) < 2(n — 1),and this bound is sharp.

Proof : Let G be any graph of order n. It follows from Theorem 1.1 and Theorem 1.3 that y,,,. (S(G)) < 2(n—1). For the
graph G = Ky n1, we have y,, (S(G)) = 2(n — 1) and hence the inequality is sharp.

Problem 2.2. Characterize graphs G for which v, (S(G)) =2(n - 1).

Theorem 2.3. For any connected graph G, y,,- (S(G)) <2m(G) where m(G) is the number of edges of G. Further
equality holds if and only if G is the star Ky,
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Proof. It follows from Theorem 1.2 and Theorem 1.3 that y,,. (S(G)) < 2m(G).
Now, suppose ¥, (S(G)) = 2m. Since y,, (S(G)) < 2(n — 1), we have m <n — 1. Since G is connected,
m=n-—1,sothat m=n—1and G isatree. Now suppose G # K; . Then G contains a path P = (U, Uy, U, Us3).
Let vy, v, and v; be the vertices of S(G) subdividing the edges uguy, Uiu, and uyug respectively. Let e; = Xiy;, 1 <i<n
n-4
— 4 be the remaining edges of G and let z; be the vertex of S(G) subdividing the edge Xy;. Now D = (U {Xi , y}]
1
i=1
U {v1, uy, v3, Uz} is a paired dominating set of S(G) and |D| = 2(n — 2). Hence y,,- (S(G)) < 2(n — 2), which is a
contradiction. Hence G = Ky,
Conversely, if G = Ky, then obviously y,, (S(G)) =2 m(G).
Theorem 2.4. Let G be a connected unicyclic graph of order n. Then y,,,. (S(G)) = 2(n — 1) ifand only if G = C;,
Proof. Let G be a connected unicyclic graph of order n with y,,,. (S(G)) = 2(n — 1).
Let C = (uy, Uy, . . . Uy, Uy) be the cycle in G. We claim thatdeg u;=2 for alli=1, 2, .. ., k. Suppose there exists a
vertex, say u;, with deg u; =2 3. Then G = {u,u,, u;uthas two nontrivial components, say G; and G,.
Now ¥, (S(G1)) =2(|V (Go)l — 1) and v, (S(G2)) = 2(|V (G2)| — 1) so that y,,, (S(G)) =2(n — 2), whichis a
contradiction.
Thusdegu;=2foralli=1,2,..., kand G=C. If G=C, nz4, theny,, (S(C,)) =2 ’_%—| <2(n - 2).
Thusn=3and G = Cj The converse is obvious.
Theorem 2.5. Let G be a graph of order n. Let G® be the graph obtained by attaching k pendant edges to each vertex
of G. Then y,, (S(GY)) = 2nk.
Proof. Let V (G) ={uy, Uy, U, . . ., Uy} Let Vi = {vig, Vi, . . ., Vik} be the set of pendant vertices which are adjacent to u;.
Let w; be the vertex in S(G®) which subdivides the edge uv;; .
NowS = {vyjw;:1<isk-11<j<sk- 1}U {uwi : 1 <i<n}is apaired dominating set of S(G®). Hence
Yor (S(GY)) = 2nk. Thus y,,, (S(GY)) = 2nk.
Theorem 2.6. Let T be a tree of order n. Then's + I <y, (S(T)) <n + 1 — 1 where | is the number of pendant vertices
of T and s is the number of support vertices of T.

Proof. Let V; = {uy, Uy, . .., U} be the set of all pendant vertices of T.
Let V, be the set of all y,, (S(GM)) =S| = 2(n(k — 1) + n) = 2nk. Further, since G has nk pendant vertices, we have
support vertices of T and let V3= {vy, v, . . ., |} where v; is the vertex subdividing the edge incident with u;. Then any

paired dominating set D of S(T) contains v, UV, or V, UV;and hence y,, (S(T)) 2 D] 2s + 1.

If T is a tree with | pendant vertices, then S(T) is a tree with (2n — 1) vertices and | supports. Now, it follows from
(2n-1+21-1)
"

Theorem 1.5 that y,,- (S(T)) < -1

Thuss + 1<y, (S(T))sn+1-1
n-1
Theorem 2.7. For the wheel W, = C-; + Ky, we have y,,.(S(Wy)) = 2 + Z[T—l
Proof. Let V (W) = {uo, us, Uy, . . ., Uy13, and
EW,)={uu,,:1<i<n-2}U{uu, , jU{uy, :1<i<n-1}
Letv; (1 <i<n—1) be the vertex of S(W,, which is adjacent to usand u;.

Let w; be the vertex subdividing the edge ujui+1, 1 <i<n— 2 and let w,_; be the vertex subdividing the edge u,-;u;. Let
D be a minimum paired dominating set of the cycle
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n-1
(U, Wy, Up,Wa, Us, . . ., Un_1,Wn_1, U), SO that [Do| = Z[T—l Now, D = DOU{UO,Vl} is a paired dominating set of

S(W,) and hence v, (S(W,)) <2 + Z[nTl—l
Now,, let D be any paired dominating set of S(W,).
Casei.uy €D.

Since D is a paired dominating set, we may assume without loss of generality that v;, u; € D. Now, for each i, 2 <
i <n-—1, at least one of the vertices u;, v; is in D and since D is a paired dominating set, it follows that D] = 2n — 2.
Caseii. uy € D.
Since D is a paired dominating set, we may assume without loss of generality that v; € D. Now, D — {uo, vi}isa

n —
paired dominating set of the path (wy, Us,W5, Us, . . ., Uy—1,W,—1). Hence it follows that, |D| =2 + Z[T—l

n-1 n-1
Hence y,, (S(Wp)) 22 + Z[T—l Thus v, (S(Wr)) =2+ Z[T—l

Theorem 2.8. For the complete bipartite graph K, , with m < n, we have y,,,- (S(Ki)) = 2n.
Proof. Let Vy = {uy, Uy, . .., U} and V, = {vy, Vs, . .., Vo } be a bipartition of Ky, .
Letn=m+rwherer=0. Letw; (1 <i<m,1<j<n) be the vertex of S(Ky,) which is adjacent to u; and v;.

Let S= {Lmj {vj W }]U{ U {vj Wi }] . Clearly S is a paired dominating set of S(Kr,,) and hence

j=1 j=m+1
Ypr (S(Kmn)) < 2n. Also, any paired dominating set of S(Ky,,) contains at least n vertices from Ky, , and at least n
vertices from V (S(Kinp)) =V (K, 80 that v, (S(Kimn)2 2n. Thus v, (S(Kin)) = 2n.
Theorem 2.9. For the complete graph K, we have y,, (S(Ky)) =2(n — 1).
Proof. It follows from Theorem 2.1 that y,,,. (S(K,)) <2(n—1). Now, let V (K;) = {vy, V5, ..., Va} and let

n
W=V (S(Kp) -V (Kp) = {wy,W,, ... W} where I = (2]

Let S be any paired dominating set of S(K,) with|S| = 2k, k = 1. Then S contains k vertices of V (K,) and k vertices of
W =V (S(Kp)) — V (K,). We may assume without loss of generality that S = {vi,wy, Vo,Ws, . . ., Vi,Wi} where k<n.
Consider the first pair (vy,w;) of vertices in S. This pair of vertices dominate (n — 1) vertices in W. Now, the second
pair (v,,w,) dominates (n — 2) vertices in W other than the vertices dominated by (vi,w;). In general the pair (vi,w;)
dominates n—i vertices of W, other than the vertices dominated by {v;,w;, ..., vi;,wi_1}. Since S dominates all the

n
(2] vertices of W, it follows that @ =nk —@ Hence

k% + k(1 — 2n) + (n® — n) = 0. Solving this equation for k, we getk=nork=n— 1.
Hence [S| 2 2(n — 1) 50 that y,,, (S(K»)) = 2(n — 1). Thus 1, (S(Ky)) = 2(n — 1).

111.CONCLUSION

We have found paired domination number of the subdivision of some standard graphs. Using the proof technique we
can find paired domination number of the subdivision of some other graphs also.
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