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ABSTRACT: In this paper the concept of topology extended to the topologized graph by the S; space and the
boundary of every vertex and edge of a graph G. The space is called S;space if every singleton in the topological space
is either open or closed. Boundary of a vertex contains the adjacent vertices and incident edges, and the boundary of an
edge consists both of its end vertices. This paper contains some results about the topological approach of the Euler
graph and Supereulerian graph and also the results were generalized through this work.
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1. INTRODUCTION

Topological approach of the graphs deals with a different type of geometry. Topological graph theory deals with
embedding the graphs in Surfaces, and the graphs considered as a topological spaces. It studies the embedding of
graphs in surfaces, spatial embeddings of graphs, and graphs as topological spaces. It was developed to the other
invariants such as skewness, thickness, crossing number, local crossing, coloring and covering[5], [13], [14], [16].In [1]
a graph G a closed walk contains all the edges of the graph, and then the walk is called an Euler line and the graph an
Euler graph [20]. Through the comparative study between the Euler and Hamiltonian graphs [15] the idea of Euler
graph topologically developed.Through spanning subgraph the new class of graphs were developed and named as
supereuleian graph. A graph is supereulerian if it has a spanning Euler subgraph which was developed by Paul A.
Catlin[11]. Some reduction methods and algorithms were found to extract the spanning subgraphs and supereulerian
graph[12]. In 2005 Antoine Vella [2] tried to express combinatorial concepts in topological language as a part of
investigation in the field of classical topology using hypergraph [3], topologized graph, prepath, precycle, edge spaces,
separation axioms were defined. It is interesting to note that all these topologies are either defined on the vertex set, or
on the union of vertex set and edge set.For topological graph theory the more important applications can be found in
printing electronic circuits where the aim is to print (embed) a circuit (the graph) on a circuit board (the surface)
without two connections crossing each other and resulting in a short circuit.All graphs are finite, simple, undirected
graphs with no loops, multiple edges and planar. Every topological space is finite. And the topology is defined on the
set X which is the union of vertices (V) and edges (E) of the graph G.

1. PRELIMINARIES
Definition 1: [7]A topology on a set X is a collection T of a subset of X with the following properties:
i ® and X are in .
il The union of the element of any subcollection of 7 is in T (arbitrary union).

iil. The intersection of the element of any finite subcollection of T is in t.

The set X for which a topology t has been specified is called a topological space.
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Definition 2: [2]A topologized graph is a topological space X such that
»  Everysingleton is open or closed.
 Forall xe X, | d(x) |[<2, where d(x) is the boundary of a point x.

Definition 3: [2]Ahyperedge of a topological space is a point which open but not closed. A hyperedge of a topological
space is an edge if its boundary consists of at most two points. An edge of a topological space is a loop if it has
precisely one boundary point, a proper edge otherwise.

Definition 4: [10]A simple graph in which there exists an edge between every pair of vertices is called a complete
graph.

Definition 5:[10]In a graph G a closed walk contains all the edges of the graph, and then the walk is called an Euler
line and the graph an Euler graph.

Definition 6:[11]A Graph is supereulerian if it has a spanning Euler subgraph.

Lemma 1:If G is a Complete graph K, then it is not a topologized graph, for n>4. [18]

Lemma 2: A graph G is topologized graph if and only if it is a path or a circuit. [18]

Lemma 3:Every Hamiltonian circuit in a complete graph is topologized graph. [18]

Lemma 4:1If G has a two edge — disjoint spanning subgraphs then G is supereulerian.[11]
1. MAIN RESULTS

Theorem: 1Every Euler circuit of a topologized graph is topologized.

Proof:Let G be any topologized graph with topology defined on V U E. Let (X, 1) be a topological space. A graph G is
called Euler if it is possible to start at a vertex and move along each path so as to pass along each edge without going
over any of them more than once the graph has an Euler path. If the path ends at the same vertex at which started it is
called an Euler circuit. So, the whole graph is covered by the Euler circuit. By Lemmaz2, A graph isa topologized graph
if and only if it is a path or a circuit. Hence, Every Euler circuit in a topologized graph is topologized.

Corollary:1.1Every graph with Euler Circuit is not topologized graph.
Theorem: 2For n >4, Every Euler Circuit in a complete graph K, is not a topologized graph.

Proof:Let G be complete graph K. Let (X, 1) be a topological space with topology defined on V U E. By Lemma 1“If
G is a Complete graph K,, then it is not a topologized graph, for n>4” and by the Theorem 1 it is easy to verify that
Euler circuit in a complete graph is not topologized for n > 4.

Example: 2.1Let G be complete graph K; which is topologized graph The vertex set and the edge sets are defined as
V = {vy, Vo, 3}, E = {a, b, c}, the edges are labeled as fg(a) = {v1,V2}fc(b) = {V2,v3}, f(C) = {v1,vs}.Let X = {vy, Vs, V3,
a, b, c} be a topological space and a topology defined by © = {X, ¢, {a}, {b}, {vi, a}, {a, b}, {vi, a, b}} and every
singleton is open or closed.Let v; a v, bvs ¢ v; be an Euler circuit in K; Clearly it is a topologized graph, since the
boundary for each vertex and each edge is atmost 2. LetH = {v1, v,, V3, &, b, ¢} be a topological space with the topology
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defined byt = {X, ¢,{Vo}.{Vvs}.{Vs, Vo.},{a, b},{V2, a, b},{vs, a, b}, {Vvs, V2, &, b}}.Here for every x € H,| 6(x) |[< 2. Hence
it is a topologized graph. Hence an Euler circuit in a topologized graph is a topologized.

Example:2.2Let G be a complete graph Kswith topology defined on V U E and it is an Euler graph.The vertex set and
the edge sets are defined as V = {vi, Vo, V3, V4 Vs}, E = { €1, €5, €3, €4, €5, €6, €7, €3, €9, €10}, the edges are labeled asfs(e;)
= {vi, o} fo(€2) = {vi,va}, fo(es) = {vi,vs}, fo(es) = {vi,vs}, fo(es) = {va,vs}, fo(es) = {va,vs}.fo(er) = {v2,vs}.fo(es) =
{V2,Va}fo(eg) = {vs,va} and fg(ero) = {Va,va}.LetX = {vy, Vy, V3, V4, Vs €1, €, €3, €4, €5 €5, €7, €3, €9, €10} be a topological
space.The Euler circuit in Ks is vie; Vo €19 Va3 €9 V4€s V€4 V1 € V4 €5 Vo €7 V5 €6 V3 €3 V1. We know that Ks is not a
topologized graph. From this can easily say that the Euler circuit is not a topologized graph.

Theorem: 3Every Euler graph in a complete graph with n vertices is a (n-1)/2 edge-disjoint union of a topologized
Hamiltonian circuits.

Proof:Let G be a complete graph with topology defined on V U E. Let (X, t) be a topological space.A complete graph
G of n vertices has n(n-1)/2 edges, and it contains more than one Hamiltonian Circuits. Now we have to determine the
number of edge-disjoint Hamiltonian circuits.Let the Hamiltonian circuit in G consists of n edges. Therefore, the
number of edge-disjoint Hamiltonian circuits in G cannot exceed (n-1)/2. That there are (n-1)/2 edge-disjoint
Hamiltonian circuits, when n is odd.When n is even, then the degree of each vertex is odd. So, that graph does not
contain the Euler circuit.We know that a connected graph G is an Euler graph if and only if it can be decomposed into
circuits. By Lemma 3, Every Hamiltonian circuit is a topologized graph.Hence Every Euler graph is edge-disjoint union
of topologized Hamiltonian circuits.

Example:3.1Let G be a complete graph Ks with topology defined on V U E, The vertex set and the edge sets are
defined as V = {vi, Vo, V3 Vs Vs}, E = {e;, €, €3 €4, € €5 €7, € €, €}, the edges are labeled as
fo(er) = {vi,Va}fe(€2) = {Vi,Va}, fa(€3) = {V1,Va}, fa(€s) = {V1,Vs}, fa(es) = {Va,Vs}, fa(€s) = {Va,Vs}.fe(er) = {Va,vs}.fa(es)
= {va,va}, fa(eo) = {va,Vu} and fo(e10) = {Va,Va}.Let X = {vi, Vo, V3, V4, V5 €1, €, €3, €4, €5, €, €7, €3, €9, €10} DE @
connected topological space with topology defined by, T = {X, ¢, {e1, €2}, {V1, V2, €3, €4, €5}, {V3, V4, Vs, €&, €7}, {V1, Vz,
€1, €2, €3, €4, 5}, {V3, V4, V5 €1, €2, €6, €7}, {V1, V2, V3, V4, V5, €3, €4, €5 €6, €7}, {V1, V2, V3, Vs, Vs, €1, €2, €3, €4, €5, €6, €71}

Edge - Disjoint Hamiltonian Circuits

Among all Hamiltonian circuits in the Ks complete graph there are only two edge- disjoint Hamiltonian circuits. Those
circuits are given below.
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(i) vie1 Vo €19 V3 €9 V4 €5 V3 €4 Vo (i) V1 €5 V4 €3 Vo €7 V5 €6 V3 €3 V)
These two circuits union gives the Euler graph for the Ks.

Example: 3.2Let G be a complete graph K; with topology defined on V U E The vertex set and the edge sets are
defined as V = {vi, Vo, V3 Vs Vs}, E = { ey, €, €3 €4 €5 € €7, € €, €10}, the edges are labeled as
fa(e1) = {Vi,v7}.fe(€2) = {va,Ve}, fa(€s) = {V1,Vs}, fo(€s) = {vi,Va}, fa(es) = {vi,va}, fa(Es) = {Vi,v2},fe(€7) = {V2,Ve},fc(Es)
= {V2,Vs}, fo(€g) = {V2,Va}, fo(€10) = {V2,Va}, fa(€11) = {Ve,Va}, fa(B12) = {Vs,Va}, fo(€13) = {Va,Va}.fe(€14) = {Va,Vs}, fo(E1s)
= {Va,Ve}, fo(€1s) = {Va, i}, fo(€17) = {Vs,V6}, fo(B1s) = {Vs,v7}, fo(€rs) = {Ve,v7}, fo(€20) = {V7,va}and fo(ex) =
{Va,v7}.Let X = {v1, Va, V3, V4, Vs, Vs, V7,81, €2, €3, €4, €5 €5, €7, €5, €9, 10 €11, 12, €13, €14, €15, €15, €17, 18, €10, €20, €21 } bE
a connected topological space with topology defined byt = {X, ¢, {V1, V2, €10, €6}, {V7, V6, €15, €18, €20}, {Va, V4, €5, €11,
€12}, {V1, V1, Ve, V7, €6, €10, €16, €18, €20}, {V1, V2, V3, V4, €5, €6, €10, €11, €12}, {V3, Va4, Vg, V7, €5, €11, €12, €16, €18, €20}, {Vi1, V2,
V3, V4, Vg, V7, €5, €6, €7, €10 €11, €12, €16, €18, €20} }

Euler graph of K; Edge - Disjoint Hamiltonian Circuits

Among all Hamiltonian circuits in the K; complete graph there exists (n-1)/2 (i.e.,) three edge — disjoint Hamiltonian
circuits. These circuits union gives the Euler circuit for the complete graph K;.Those circuits are given below.

(1) V1 €6 Vo €10 V3 €13 V4 €14 V5 €17 Vg €19 V7 €1 V1 (i) V1 €4 V4 €16 V7 €29 V3 812 V5 85 V2 €7 Vg €2V
(iii)V1 €5V3 €11 Vg €15 V4 B9 V; €31 V7 €15 V5 €3 V)
Theorem: 4Every complete graph K,is supereulerian.

Proof: Let G be a complete graph K,with n vertices. An Euler path is a path that crosses each edges of the graph
exactly once. If the path is closed, we have an Euler circuit. A graph is supereulerian if it has a spanning
Eulersubgraph.Let S be any subgraph in G. Removing a subgraph S from G leaves the graph as a spanning subgraph of
G.Here G — S remains as spanning subgraph of G, and which is an Euler graph for G —S. Therefore, we get the Euler
spanning subgraph G - S for G.Hence, G is a supereulerian graph.

Example:4.1Let G be a complete graph Ks. Let S; ={e,, €3, €4,€5, €7, €, €9, €11, €12, €15, €16, €13, €20 ,621} DE ANY
subgraph of G.
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Supereulerian graph of K;

Removal of the sugraph S from G results v; €5 V2 €10 V3 €13 V4 €14 Vs €17 Vg €19 V7 €1 V1. The above G — S; is the spanning
subgraph and which is also an Eulerian.Let S, = {e; , €3, €5,€,€9, €10, €11, €13, €14, €15, €17, €18, €19 ,€21} DE ANY
subgraph of G. Removal of this sugraph S from G resulting as v €4V, €15 V7 €20 V3 €12 Vs €5 Vo €7 Vg €, V1 The above G -
S, is the spanning subgraph and which is also an Eulerian.Hence K is a supereulerian graph.

Theorem: 5Every topologized Complete graph is a topologized supereulerian graph.

Proof:Let G be a complete graph K, with n vertices.By Lemma 1, If G is a Complete graph K,, then it is not a
topologized graph, for n>4. By Theorem 4, every complete graph K, is Supereulerian graph.Hence a topologized
complete graph is topologized supereulerian.

Example:5.1Let G be complete graph K; Let X = {v;} be a topological space and a topology defined byt = {X, ¢} and
every singleton is open or closed.Clearly is a topologized supereulerian graph.

Theorem: 6Every Euler graph is a supereulerian graph.

Proof:Let G be any graph with n vertices. Let G be an Euler graph. So, can easy to say that G is a supereulerian graph.
Remark:6.1The converse of the above theorem is not true. That is, everysupereulerian graph need not be Euler.
Example:6.2Let G be a complete graph K, The vertex set and the edge sets are defined as V = {vi, v, v3 W4}, E = {a,
b, c, d, e, f}, the edges are labeled as fg(a) = {Vvi,Vo}fo(b) = {V2,Vs}, fo(C) = {Vvs,Va}, fo(d) = {vi,Va}.fe(€) = {v1,vs} and

fo(f) = {vo,va}.Let X = {vi, Vo, V3, V4, 3, b, ¢, d, e, f} be a topological space and a topology defined by t = {X, ¢, {v1},
{va}, {v1, v4, c}, {v1, V4}} and every singleton is open or closed. But it is not an Euler graph.

a

V2
v1 s
P
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e
b N //
a \ L
d il
f N\
p
e N,
™

e ™ S
/ h
.
v
v v3

V4 Vi
c

Complete Graph K, Spanning Eulersubgraph of K,

Let S = {vi, V3, Vo, V4, &, b, d, f} be a spanning subgraph in K4, which is also an Euler Graph. Hence K, is a
supereulerian graph.
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Theorem: 7If a complete graph K,is supereulerian if and only if it has

e (n-1)/2 edge — disjoint spanning subgraphs, when n is odd.
e (n/2) edge- disjoint spanning subgraphs, when n is even.

Proof:Let G be a complete graph K,with n vertices.

Let G be a supereulerian graph with n vertices and n (n-1)/2 edges, since G is complete graph. A complete graph G
with n vertices has n (n-1)/2 edges, and it contains more than one spanning subgraph. Now we have to determine the
number of edge-disjoint spanning subgraph.If G has spanning subgraph S, then it consist atleast n-1 edges. Removal of
the subgraph S from G results the subgraph G — S with atmost n edges disjoint from S. G — S may also contain the
spanning subgraph S;. Removing S; from G — S results the subgraph with some edges which are different from the
edges in S;. Continue the process until we get all the edge-disjoint spanning subgraphs in G. Now, we will get the
number of edge — disjoint spanning subgraphs as (n-1)/2, when n is odd.When n is even, the number of edge-disjoint
spanning subgraphs in G is (n/2).

Conversely,Suppose a complete graph G has (n-1)/2 edge-disjoint spanning subgraphs, when n is odd and (n/2) edge —
disjoint spanning subgraphs when n is even.To prove G is supereulerian graph.By the Lemma 4, If G has a two edge —
disjoint spanning subgraphs then G is supereulerian. It is easy to say that G is supereulerian graph.Hence the proof.

Example: 7.1Let G be a complete graph Kg, which is supereulerian but not Eulerian.

V6 V1

e3
es €
1 4
Vs a1l wn

=

ed d1s

V4 e1 )

Supereulerian graph K¢ Edge — Disjoint spanning subgraphs
Clearly, G has 3 edge - disjoint spanning subgraphs, since n is even.

Example: 7.2Let G be a complete graph Kz, which is supereulerian and Eulerian.

Supereulerian graph K;  Edge - Disjoint spanning subgraphs
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Clearly, G has 3 edge — disjoint spanning subgraphs, since n is odd.
Theorem: 8If a complete graph Kis supereulerian if and only if it has

e (n-1)/2 edge - disjoint spanning Euler subgraphs when n is odd.
e | (n-1)/2 | edge — disjoint spanning Euler subgraphs when n is even.

Proof:Let G be a complete graph K,with n vertices. Let G be a supereulerian graph with n vertices and n (n-1)/2 edges, since
G is complete graph. A complete graph G with n vertices has n (n-1)/2 edges, and it contains more than one spanning Euler
subgraph. Now we have to determine the number of edge-disjoint spanning Euler subgraph.

By Theorem 7, and the fact given below,If a complete graph Kiis supereulerian if and only if it has

e (n-1)/2 edge - disjoint spanning subgraphs, when n is odd.
e (n/2) edge - disjoint spanning subgraphs, when n is even.

Already know that Hamiltonian circuits are the closed spanning subgraphs in G. The number of edge — disjoint spanning
Euler subgraphs as (n-1)/2, when n is odd.When n is even, the number of edge — disjoint spanning subgraphs in G is |(n-1)/2

I.

Conversely, Suppose a complete graph G has (n-1)/2 edge — disjoint spanning Euler subgraphs, when n is odd and | (n-1)/2 |
edge — disjoint spanning Euler subgraphs when n is even. To prove G is supereulerian graph.By the Lemma 4, If G has a two
edge — disjoint spanning subgraphs then G is supereulerian.So that G is supereulerian graph. Hence the proof.

Example:8.1Let G be a complete graph K-, which is supereulerian and Euler. Clearly, G has 3 edge — disjoint spanning Euler
subgraphs, since n is odd.

Supereulerian graph K;  Edge — Disjoint spanning Euler subgraph

Example: 8.2Let G be a complete graph Kg, which is supereulerian but not Euler.

V6 vl

A e1 v3

Supereulerian graph Kg Edge — Disjoint spanning Euler subgraphs
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Clearly, G has 2 edge — disjoint spanning Euler subgraphs, since n is even.
V. CONCLUSION

In this work the concept of topologized graph was introduced and investigated through the Euler graph, Supereulerian
graph and complete graph. Also, the topologized Euler and topologized Supereulerian graphs were investigated through
the Hamiltonian graph of Complete graph.
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