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ABSTRACT: In this paper, we consider the graph of Mobius function for zero, ܩ൫ߤ

()൯. For an integer ݊ ≥ 1,	the 
graph of Mobius function for zero is a graph with vertex set {1, 2, 3, …, n} and an edge, between two vertices ܽ,ܾ if 
the Mobius function value, ߤ(ܾܽ) = 0. We study the connectedness of this graph based on the number of vertices. We 
proved that it has vertex induced sub graph for any positive integer ݇, ݇ ≤ ݊. Also studied and noted the values of 
some parameters viz. Radius, Diameter and girth of the graph with illustrations. 
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I. INTRODUCTION 
 
The Mobius function in [8] is a well known function in Number theory and it is defined as (1)ߤ = 1 and if ݊ > 1, we 

write ݊ = 	 ଵ
ఈభଶ

ఈమଷ
ఈయ … 	

ఈೖ , then, ߤ(݊) = 	 ൜(−1) 	, ଵߙ	݂݅ = ଶߙ = ⋯ = ߙ = 1
݁ݏ݅ݓݎℎ݁ݐ																								,				0 . Here we consider the graph    G (V, 

E) by defining on the powerful arithmetic function called Mobius function. The graph of Mobius function for 0 was 
introduced by Vasumathi [10] and is denoted by ܩ൫ߤ

()൯. The vertex set is the set of first n natural numbers and two 
vertices a, b are adjacent if and only if ߤ(ܾܽ) = 0. The graph considered in this paper is simple graph. A graph is 
connected if there exists a path between every pair of vertices. From [9], the eccentricity of a vertex u in a graph is the 
maximum distance from u to any other vertex. The minimum eccentricity among all the vertices is called the Radius of 
the graph and the maximum eccentricity is called the Diameter of the graph. If the eccentricity of any vertex is not 
defined then the Radius and Diameter of the graph are infinite. And the Center of the graph is the set of vertices whose 
eccentricity equal to the Radius. From [3], a tree is a connected acyclic graph. The length of the shortest cycle in a 
graph is called girth of the graph. If a graph has no cycle then girth is infinite. Let G (V, E) be a graph and V1 be the 
subset of V. Then the sub graph of G whose vertex set is V1 and whose edge set is the set of edges of E whose both 
ends are in V1 is called the vertex induced sub graph and is denoted by <V1>. 
The concepts of Number theory were applied in Graph theory to design a graph is introduced in 1980 by Nathonson 
[6]. He used the theory of congruences for defining the adjacency between two vertices of a graph. Later in 1994, 
Vasumathi [10] introduced a new class of graph called Mobius graph by applying the Mobius function on the adjacency 
of two vertices in a graph and in [7], Srimitra, Sajana and Bharathi studied this graph and discussed the adjacency, 
degree of the vertices of this graph. In recent years, many researchers of graph theory are working on the parameters of 
the graph like Radius, Diameter for different graphs. A. Saha [1], B. Bollobas, O. Riordan [2], F. F. Dragon [4], S. C. 
Li, Y. Y. Wu, L. L. Sun [4] were discussed the eccentricity, Radius and Diameter for different graphs. 
 

II. MAIN THEOREMS 
 
Now we discuss the vertex inducedness of sub graph of a graph of Mobius function for 0 by the following theorem.       
Theorem 1:- ߤ)ܩ

()) is a vertex induced sub graph of ܩ൫ߤ
()൯,	where k ≤ n. 

Proof: - Consider the graph of Mobius function for ‘0’, ܩ൫ߤ
()൯ 

Let ݑ, ߤ൫ܩ be two adjacent vertices in ݒ
()൯, ݇ ≤ ݊  
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Then, 	(ݒݑ)ߤ = ,ݑ			,0 ݒ ≤ ݇  
For k ≤ n,  (ݒݑ)ߤ = 0, ݒ,ݑ ≤ ݇ ≤ ݊  
Implies that,  (ݒݑ)ߤ = 0, ,ݑ ݒ ≤ ݊ 
Therefore, ݑ, ߤ൫ܩ are adjacent vertices in ݒ

()൯ 
i.e., every edge in ܩ൫ߤ

()൯ is an edge in ܩ൫ߤ
()൯,݇ ≤ ݊ between the same vertices in both the graphs. 

Let ଵܸ = ܸ ቀܩ൫ߤ
()൯ቁ = {1, 2, 3, … , ݇} and ଶܸ = ܸ ቀܩ൫ߤ

()൯ቁ = {1, 2, 3, … , ݇, ݇ + 1, … , ݊}  
Implies, ଵܸ ⊆ ଶܸ  
Hence, ܩ൫ߤ

()൯ is a vertex induced sub graph of ܩ൫ߤ
()൯,  ∀	݇ ≤ ݊.   ∎  

It can be illustrated by Figure 3 and Figure 4. It is clear that in Figure 3, the graph with K=15 vertices is vertex induced 
sub graph of the graph in Figure 4 with n=20 vertices. 
Now, we will discuss the connectedness, bipartition of the graph of Mobius function for ‘0’ based on the number of 
vertices ݊ by the following theorems. 
Theorem 2:- A graph ܩ൫ߤ

()൯ is disconnected if and only if ݊ ≤ 3. 
Proof: - Let ܩ൫ߤ

()൯ be a disconnected graph. 
Now assume ݊ ≥ 4 
Since (4)ߤ = 0, then 4 is adjacent to all other vertices of ܩ൫ߤ

()൯ 
So, every vertex is connected to the vertex 4. 
Then, every pair of vertices has a path. 
Therefore,  ܩ൫ߤ

()൯ is connected. This is contradiction to the data. 
Therefore, ݊ ≥ 4 is wrong. And hence, ݊ ≤ 3. 
Conversely, let ݊ ≤ 3. 
Since, (2)ߤ,  ,are non zero (6)ߤ	݀݊ܽ	(3)ߤ
So, there is no edge between the vertices 1, 2 and 3. 
That is, the vertices 1, 2 and 3 are isolated vertices in ܩ൫ߤଷ

()൯ 
Since, from Theorem -1, ܩ൫ߤଵ

()൯ and ܩ൫ߤଶ
()൯  are vertex induced sub graphs of ܩ൫ߤଷ

()൯ 
We have, 1 and 2 are isolated vertices in ܩ൫ߤଵ

()൯,ܩ൫ߤଶ
()൯  

Therefore, ܩ൫ߤ
()൯,݊ ≤ 3 are disconnected.   ∎ 

Theorem 3:- A graph ܩ൫ߤ
()൯ is a tree if ݊ = 4 or ݊ = 5. 

Proof: - Let ݊ < 4, 
Then by the Theorem -2, the graph ܩ൫ߤ

()൯ is disconnected. 
Therefore, the graph ܩ൫ߤ

()൯,݊ < 4 is not a tree.  
Let ݊ > 5, 
Then, 6 is the vertex of ܩ൫ߤ

()൯,݊ > 5 
Since, (2.6)ߤ = (12)ߤ = 0 So, 2 and 6 adjacent in ܩ൫ߤ

()൯,݊ > 5 
Also since, {4} is the Independent dominating set of ܩ൫ߤ

()൯, 
So, the vertex 4 is adjacent to both the vertices 2 and 6. 
Then, the vertices 2, 4 and 6 are adjacent to each other. 
Therefore, (2, 4, 6) is a cycle in ܩ൫ߤ

()൯,݊ > 5 
Hence, ܩ൫ߤ

()൯,݊ > 5 is not a tree. 
Now, if ݊ = 4 or ݊ = 5, 
Then the vertices 1, 2 and 3 are adjacent to 4 only in ܩ൫ߤସ

()൯ and the vertices 1, 2, 3 and            
5 are adjacent to 4 only in ܩ൫ߤହ

()൯. 
Therefore, ܩ൫ߤସ

()൯,ܩ൫ߤହ
()൯ have no cycles. And also from Theorem -2, they are connected. 

Thus, ܩ൫ߤସ
()൯,ܩ൫ߤହ

()൯  are connected and acyclic graphs. 
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Hence, ܩ൫ߤ
()൯,݊ = 4 or ݊ = 5 is a tree.   ∎              

Theorem 4:- The graph ܩ൫ߤ
()൯,݊ ≥ 6 is neither a tree nor a bipartite graph. 

Proof: - Let ܩ൫ߤ
()൯,݊ ≥ 6 be a graph 

Since, ݊ ≥ 6, then 2, 4, 6 are the vertices of ܩ൫ߤ
()൯,݊ ≥ 6. And also since, (4)ߤ = 0 

So, the vertex 4 is adjacent to the vertices 2, 6. 
There exists two edges (2, 4) and (4, 6). 
Now, (2.6)ߤ = (12)ߤ = 0. Then, there is an edge between 2, 6. 
Therefore, the vertices 2, 4, 6 are adjacent to each other. 
i.e., the vertices 2, 4, 6 form a triangle. 
Then there is a cycle in the graph ܩ൫ߤ

()൯,݊ ≥ 6 
Therefore, this graph is not a tree. 
Further, the cycle (2, 4, 6, 2) has length 3, which is an odd number 
Thus, the graph ܩ൫ߤ

()൯,݊ ≥ 6 has an odd cycle. 
By the known theorem, “A graph G is bipartite, if and only if it has no odd cycles” 
So that, the graph ܩ൫ߤ

()൯,݊ ≥ 6 is not a bipartite graph. 
Hence the graph ܩ൫ߤ

()൯,݊ ≥ 6 is neither a tree nor a bipartite graph.   ∎ 
 
  
                                                                                                                                                                                                                                                          Fig 1: The graph of Mobius function with 2 vertices, ܩ൫ߤଶ

()൯ 
 

 
 
 
 
Fig 2: The graph of Mobius function with 4 vertices, ܩ൫ߤସ

()൯ 
 
 
 
 
 

   
From Figure 1, we can observe that the graph with n=2 vertices is disconnected and from the Figure 2, the graph with 
n=4 vertices is a tree. 
By using the above theorems, now we can calculate the values of some parameters viz. Radius, Diameter and girth of 
these graphs from the theorems as below. 

Theorem 5:- For a graph ܩ൫ߤ
()൯, the radius, ܴܽ݀ ቀܩ൫ߤ

()൯ቁ = ቄ∞,			݊ ≤ 3
1,				݊ > 3  

Proof: - Let us consider the graph ܩ൫ߤ
()൯ with ݊ vertices.  

Case I: - Let ݊ ≤ 3 
               For ݊ ≤ 3, from the Theorem – 2, the graph ܩ൫ߤ

()൯ is disconnected and has the          
               isolated vertices 1, 2, 3.                                                                 
               So, the eccentricity of 1, 2, 3 are not defined. 
               Therefore, ܴܽ݀ ቀܩ൫ߤ

()൯ቁ = ∞ for ݊ ≤ 3 
Case II: - Let ݊ > 3  
               Every graph ܩ൫ߤ

()൯,݊ > 3 is connected and 4 is one of the vertices of this graph. 
               Since, (4)ߤ = (2ଶ)ߤ = 0 
               Then, the vertex 4 has an edge with all the other vertices in the graph. 
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               Therefore, the eccentricity of the vertex 4 is 1, which is the least value of all     
               eccentricities in the graph.                              
               For, let ݒ,ݑ be any vertices such that ݑ ≠ (ݒ)ߤ and ݒ = 0. 
               Then, there exists a path ݑ − ݒ         with the distance ݓ to another vertex ݑ from ݓ−
(ݓ,ݑ)݀                = 2 
               So, the eccentricity of ݑ, (ݑ)݁ = 2 
               Therefore, ݁(ݒ) = 1 where (ݒ)ߤ = 0, is the least eccentricity of all the vertices of the         
               graph ܩ൫ߤ

()൯,݊ > 3 
               Therefore, Radius of the graph is 1. 
               i.e., Radቀܩ൫ߤ

()൯ቁ = 1,݊ > 3 

               From the above two cases, ܴܽ݀ ቀܩ൫ߤ
()൯ቁ = ቄ∞,			݊ ≤ 3

1,				݊ > 3 							∎  

Theorem 6:- For a graph ܩ൫ߤ
()൯, the diameter, ݉ܽ݅ܦቀܩ൫ߤ

()൯ቁ = ቄ∞,			݊ ≤ 3
2,				݊ > 3 

Proof:- Let ܩ൫ߤ
()൯ be a graph of Mobius function for 0 with ݊	vertices. 

 Case I:- Let ݊ ≤ 3 
                Then, the graph ܩ൫ߤ

()൯,݊ ≤ 3 is disconnected graph. 
                Therefore, ݉ܽ݅ܦ ቀܩ൫ߤ

()൯ቁ = ∞,݊ ≤ 3 
Case II:- Let ݊ > 3  
                 For the graph ܩ൫ߤ

()൯,݊ > 3, 
                 Let ݑ be any vertex such that (ݑ)ߤ ≠ 0 
                 Let ݒ be any other vertex of ܩ൫ߤ

()൯,݊ > 3 such that the distance from ݑ to ݒ is the    
                 eccentricity of ݑ. i.e., ݁(ݑ) =  (ݒ,ݑ)݀
                 Since, ݊ > 3, then 4 is the vertex of ܩ൫ߤ

()൯,݊ > 3 
                 Also since, (4)ߤ = 0, then {4} is a Independent dominating set of ܩ൫ߤ

()൯,݊ > 3 
                 i.e., the vertex 4 is adjacent with all other vertices. 
                 Then, there exists two edges (ݑ, 4) and (4,  (ݒ
                 We have, ݑ − 4 −     .and has the length 2 ݒ to ݑ is a path from ݒ
                 Therefore, ݀(ݒ,ݑ) = 2 
                 i.e., ݁(ݑ) = (ݒ,ݑ)݀ = 2 
                 Since, ݑ is an arbitrary vertex, then the eccentricity of any vertex ݑ such 
                 that (ݑ)ߤ ≠ 0 is 2. 
                 Let ݓ be a vertex of  ܩ൫ߤ

()൯,݊ > 3 such that (ݓ)ߤ = 0 
                 Since, (ݓ)ߤ = 0, then {ݓ} is a Independent dominating set. 
                 i.e., ݓ is adjacent with all other vertices. 
                 So, ݁(ݓ) = 1 
                 Therefore, the maximum of eccentricities of all the vertices is 2. 
                 The diameter of ܩ൫ߤ

()൯,݊ > 3 is 2. 
                 i.e., ݉ܽ݅ܦ ቀܩ൫ߤ

()൯ቁ = 2, ݊ > 3 

                 From the above two cases, ݉ܽ݅ܦ ቀܩ൫ߤ
()൯ቁ = ቄ∞			݊ ≤ 3

2,				݊ > 3   ∎ 

Theorem 7:- For a graph ܩ൫ߤ
()൯, the girth, ݃ݎ ቀܩ൫ߤ

()൯ቁ = ൜∞, ݂݅	݊ < 6
3, ݂݅	݊ ≥ 6 

Proof: - Consider the graph of Mobius function for zero, ܩ൫ߤ
()൯ 

Case 1:- Let ݊ ≤ 3  
               Then, the graph ܩ൫ߤ

()൯,݊ ≤ 3 is disconnected and all the vertices        
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               are isolated vertices                      
               Therefore, for ݊ ≤ ݎ݃,3 ቀܩ൫ߤ

()൯ቁ = ∞ 
Case 2:- Let 3 < ݊ ≤ 5 
               i.e., if ݊ = 4 or ݊ = 5 
               Then, by the Theorem -3, the graph ܩ൫ߤ

()൯,݊ = 4 or ݊ = 5 is a tree. 
               Then we have these two graphs have no cycles. 
               Therefore, ݃ݎ ቀܩ൫ߤ

()൯ቁ = ∞ for 3 < ݊ ≤ 5 

               From the these two cases we can say that,   ݃ݎ ቀܩ൫ߤ
()൯ቁ = ∞	for ݊ < 6.                                                                                 

 Case 3:- Let ݊ ≥ 6  
               Then, 2, 4, 6 are the vertices of the graph ܩ൫ߤ

()൯,݊ ≥ 6 
               Since, (2.4)ߤ = (4.6)ߤ = (6.2)ߤ = 0, 
               So, there exists three edges (2, 4), (4, 6), (6, 2) in ܩ൫ߤ

()൯,݊ ≥ 6, which foms a       
               triangle. I.e., there exists a cycle of length 3, which is the least length in ܩ൫ߤ

()൯. 
               Because, we considered the graphs as simple graphs, so these have no cycles of    
               length 2 (i.e., parallel edges) 
               Therefore, ݃ݎ ቀܩ൫ߤ

()൯ቁ = 3 for ݊ ≥ 6 
               From the above all cases, we have, the girth is given by  

ݎ݃																																									 ቀܩ൫ߤ
()൯ቁ = ൜∞, ݂݅	݊ < 6

3, ݂݅	݊ ≥ 6    ∎ 

In Figure 3 and Figure 4, since n>6 then for the graphs ܩ൫ߤଵହ
()൯ and ܩ൫ߤଶ

()൯ the radius is 1, diameter is 2 and the girth 
is 3. Also in Figure 1, for the graph ܩ൫ߤଶ

()൯, n=2 then radius, diameter and girth are all infinite.                                                                      
                      
 

 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
                                                         Fig 3: Graph of Mobius function for 0 with 15 vertices, ܩ൫ߤଵହ

()൯ 
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                                                        Fig 4: Graph of Mobius function for 0 with 20 vertices, ܩ൫ߤଶ

()൯ 
 

III. CONCLUSION 
 
In addition to the Degree of the vertices and the adjacency between two vertices studied by Srimitra [7] for the graph of 
Mobius function for ‘0’, in this paper, we discussed some properties and parameters of this graph. First we studied the 
connectedness: in that the graph has only isolated vertices if the number of vertices n<4, the graph is a tree when the 
number of vertices are 4 or 5 and otherwise the graph is neither a tree nor a bipartite. Next, we proved that every sub 
graph of the graph ܩ൫ߤ

()൯ is an induced sub graph of ܩ൫ߤ
()൯. Also we calculated some parameters Radius, Diameter 

and Girth of this graph and then concluded that, since the graph ܩ൫ߤ
()൯,݊ ≤ 3 has only isolated vertices, the values of 

Radius, Diameter and Girth are infinite, also, if n=4 or 5, the graph is a tree, then girth is infinite. In all other cases i.e., 
if n>3, then the Radius is 1, Diameter is 2 and if n>5, then the Girth is 3. Also, we concluded these results by giving 
some illustrations of graphs as the Figures. 
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