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ABSTRACT: In this paper a multi graded organization in which depletion of man powers occur due to its policy
decisions taken by the organization is considered. Four cases are constructed by taking exponential thresholds for the
loss of man powers in each grade, where the loss of man powers (wastages) are correlated and inter decision times
form i) an ordinary renewal process ii) an order statistics iii) a geometric process iv) correlated. Mean time to
recruitment is obtained using an univariate CUM policy of recruitment (i.e)“The organization survives iff at least
r, (1 < r < n)out of n-grades survives in the sense that threshold crossing has not take place in these grades”,. The
influence of the nodal parameters on the system characteristics is studied and relevant conclusions are presented.
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I. INTRODUCTION

Exits of personal which is in other words known as wastage, is an important aspects in the study of manpower
planning. Many models have been discussed using different types of wastages and also different types of distribution
for the loss of man powers, the thresholds and inter decision times. Such models are seen in [1] and [2].In [3],[4],[5]
and [6] the authors have obtained the mean time to recruitment in a two grade manpower system based on order
statistics by assuming different distribution for thresholds . In [8] for a two grade manpower system with two types of
decisions when the wastages form a geometric process is obtained. The problem of time to recruitment is studied by
several authors for the organizations consisting of single grade/two grade/ three grades .More specifically for a two
grade system, in all the earlier work, the threshold for the organization is minimum or maximum or sum of the
thresholds for the loss of manpower in each grades, no attempt has been made so far to design a comprehensive
recruitment policy for a system with two or three grades. In [10],[11]&[12] a new design for a comprehensive
univariate CUM recruitment policy of manpower system is used with n grades in order to bring results proved
independently for maximum, minimum model as a special case. In all previous work , the problem of time to
recruitment is studied for only an organization consisting of atmost three grades. In[11],[12] author has worked on this
comprehensive univariate policy when wastages form ordinary renewal process and inter decision time form geometric
and order statistics. In this paper an organization with n-grades is considered and the mean time to recruitment are
obtained using an appropriate univariate CUM policy of recruitment (i.e)*“The organization survives iff atleast r, (1 <
r < n)out of n-grades survives in the sense that threshold crossing has not take place in these grades”, when wastages
form an order statistics.

I1. MODEL DESCRIPTION AND ASSUMPTIONS

1) An organization having n grades in which decisions are taken at random epochs in (0, ) and at every
decision making epoch a random number of persons quit the organization. There is an associated loss of man
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hours to the organization if a person quits.

2) Itis assumed that the loss of man hours is linear and cumulative.

3) The loss of manpower at any decision epoch forms a sequence of independent and identically distributed
random variables which form order statistics.

4) The inter-decision times are independent and identically distributed random variables.

5) The loss of manpower process and the process of inter-decision times are statistically independent.

6) The thresholds for the n-grades are independent and identically distributed exponential random variable.

7) Univariate CUM policy of recruitment: “The organization survives iff atleast r, (1 < r < n)out of n-grades
survives in the sense that threshold crossing has not take place in these grades”

Notations

X;:The continuous random variable denoting the amount of depletion caused to the organization due to the
exit of persons  corresponding to the j" decision,j=1,2,3... and X;’s ' are exchangeable and constantly
correlated exponential random variables

G (x): distribution function of x such that G(x) =1 — e~%* , g(x): probability density function.

Gy (.): The distribution function of S, = XX, X;

i () its probability density function.

R: be the correlation between X; and X; where i # j,v = %

U;:i = 1,23... the inter decision time between (i — 1)t* and i**decision.
F()ILf()I: distribution (density) function.

F. (), f (.) : The distribution (density) function of Y, U;.

V. (t) : The probability that there are exactly k decision making epoch in (0, t].
N(t): the number of policy decisions.

V. (t): probability that there are exactly k decisions taken in (0,t].

Y;:The continuous random variable denoting the thresholds for the j™ grade.

Y: The continuous random variable denoting the thresholds for the organization.
H(.): the distribution function of Y.

T;: Time taken for threshold crossing in the jt" grade,j=1,2,3...n.

T : Time to recruitment of the organization

E(T): mean time to recruitment.

I11. MAIN RESULT

The survival function of the time to recruitment is given by
P(T >t) = Z P(Exactly k decision epoch(0, t]and the threshold and level Y is not crossed

k=0
by the total loss of manhours in these k decisions in atleast r grades)

0 k
i.e P(T>t)= Z Vk(t)P(Z X;<Y)
k=0 i=1

1)
Conditioning upon Y and using law of total probability
k k
PQY X<y = [ PLY %<V /¥ =yIntey
i= ) . 0 = )
= [ r (Z X < y) ")y = [ 6oy
0 = 0

)
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The cumulative distribution function Gy (.) is given by Gurland(1955) as
c )_( 1-R )i( kR )jfﬂ(k"'j,%)
0= 1-R+kR)&\1=R+kR/ (k+j—1)!
=

y
—R y v .
+il) = —€ Ek+]—1 €.
and(p(k ]’v) f e d

wherev =
0
@)
n .
1-H®y)= Z nC; [e‘ay]L[l - e‘ay]n_L
i?lr
HO)=1- ) G [yl [1-e]"
i=r
=1- Z nCie [l —(n—i)Ce™® +n—1i)Ce~ D +  + (=1)nlegn0¥]
=1- Z nCi [e—iey _ (n _ i)cle—(i+1)9y + (n _ i)Cze—(i+2)9y + (_1)n—ie—n9y]
h(y) = _Z nC; [_iee—iey +(n—i)C,(i+ 1)9e—(i+1)ey —(n=1i)C,(i+ 2)ee—(i+2)9y + (_1)n—i+1nee—n9y]
h(y) = Z nC; [i8e71% — (n —i)C, (i + 1)0e~0+D% 4+ (n —i)C,(i +2)0e~ D — (—1)""nge %]
(4)
Using (4) in (2)
k [ee)
PQx <1 = [ ahoy
i=
f Gk(y)z nC; [i6e7®Y — (n —i)C, (i + 1)0e~0+D8y  + (n —i)C, (i + 2)pe~(+26y
- (= 1)n inge~"9y]dy
©)
Consider
[ cueorey==g(= L oG L . T
k 1—R+kR/&\L—R+kR) (k+j—1)!, v
=
Simplfying
11 [ . kRv0 !
8 (1+ve)k (1-R)(1 + vB)
-1
_1 k kRvO
T e [(1 +v6) [1 (1- R)(1+v9)]] W(k 9)
(6)
_ k kRvO
Where W(k, 8) = [(1 + vB) |1+ — R)(me)]]
@)
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Using (6) in (5)

k n
P (Z X, < y) = Z nC; [W(k, i8) — (n — i)C,W(k, (i + 1)8) + (n — i)C,W(k, (i +2)8) — ... (—1)""'W(k, n®)]

8)
From renewal theory Vi (t) = F (t) — Fy,, () with Fo() =1
P(T>1) = Z[Fk(t) Frot D] Z nC, [W(K,i8) — (n — I)C,W(K, (i + 1)8) + (n — i)C,W(k, (i + 2)6)
- (=D ‘W(k no)]
L(t)=1- P(T >t)
L =1- Z[Fk(t) Fk+1(t)]z nC, [W(K, i8) — (n — I)C,W(K, (i + 1)8) + (n — i)C,W(k, (i + 2)6)
- (=1 lW(k no)]
} ©)
I(t) = —Z[fk(t) fk+1(t)]z nC, [W(k,i68) — (N — ), W(k, (i + 1)8) + (n — 1)C,W(K, (i + 2)6)
k=0
- (= 1)n 'W(k,n8)]
(10)
I(s) = Z[fk(s) fk+1(s)]ZnC [W(K,i8) — (n — D)C,W(K, (i + 1)8) + (n — I)C,W(K (i + 2)0)
- (= 1)n 'W(k,n8)]
(11)
We now obtain the analytical result for variance of time to recruitment in closed form for four different cases on
inter-decision times {U;}7
Case(i) {U;};2, form an ordinary renewal process.
The inter decision times are assumed to be independent and identically distributed hyper exponential random
variable with probability density function f(t) = pe~nt + ge Mt p + g = 1.Where A,,, A, are high and low attrition
rate ,p,q are the proportion of decisions having high and low attrition.
F PAn qh P’lh q;
(s):—+ FO) ="t +""=p+q=1,
! Apts A+ /{ An 3 A P
—P4An —q/
wU0) =Gty
= (P4 + ‘Mh) oy
(ds (f(s))> - ( )T =1
S=
(12)

From equation (11)

—(z(s))— Z[k[f(s)] -k DO = - (f(s))ch [W(K, 0) — (n — i)C, W(K, (i + 1)6)

(= DCWK, (1 +2)0) — . (—1)™W(k no)]
Since f(0) =1
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d rd =
[F(S))L:o - ; [g (f(s))Lzo Z nC, [W(K.i0) — (n — I)C,W(k, i + 1)6) + (n — )C,W(k (i + 2)0)

- (=D W(k,no)]
(13)
Using (12) in (13)

[% (z‘(s))] 0 Z (pAlA:A?Ah)Z nC; [W(k,i6) — (n = )C; W(k, (i + 1)0) + (n —DC,W(K, (i + 2)6)
s= k=0 i=

(D)™ W(K )]
The mean time to recrUItment is

By =[5 aol

Z (p’ll T q’l") Z nC; [W(k,i6) — (n —)C;W(k, (i + 1)) + (n—)C,W(k, (i +2)0) — ...(—1)"'W(k,n6)]
Ak, )

(14)
Equation (14) gives the mean time to recruitment together with (7)
Case(ii) {U;};=, form an order statistics
Consider the populatlon {U;}52, of independent and identically distributed interdecision times with hyper exponential
cumulative distribution F(t) = 1 — pe~nt — ge~t and the corresponding density function f(t). Assume that {U;}}*, be
a sample of size m selected from this population .Let U;,U,, ..., U ,, be the order statistics corresponding to this sample
with respective probability density function fy_ fy,,.....fy_ . Uy isthe first order statistics and Uy, is the m™ order
statistics such that U; < U, < ---.... < Uy, and hence not independent.

The probability density function of jth order statistics is given by[Sheldon M.Ross2005]
m . .
fu, @ =i () FOI HOLL - FOI™ 1 = 1.23...m

15
Therefore the probability density function of U; and U, are given by o
fu, () =m f(O)[1 - F@OI
(16)
fu, (O =m FOIF@®]™
(17)

SubCase(i) If £(t) = fy, (1)

I(s) = Z [Foey®I = oy ] ]ch [W(K,i0) — (n — )C,W(K, (i + 1)8) + (n — I)C,W(k, (i + 2)6)
S G DL (¢ ne)]

(18)
d
(s = —kzo[k[fuu)(s)] — (D@ S ¢ (s))ch [W(k,i6) — (n — )C, W(k, i + 1)6)
(= DC,WK (+2)0) — ... (~1)"W(k.n0)]
(19)
Since f(0) =1
d
[g(l(s))]s Z[ = (o) ] ch [W(k,i0) — (n — )C, W(K, (i + 1)8) + (n — )C,W(k, (i + 2)0)
— L (EDMiwk, ne)]
(20)
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Fs) =T () = f “emst mf(B)L — FOI™dt
0
- f e~ [~ [d(1 — FO)]™]
0

f(s) = f e~ [~ (d(pe™*n* + geMt)m]
0
By using binomial expansion

fs)—f e d(Z( ) prigqm-Tig=(hri—hrithmy]
1

Z ( 1) g (G = Wy + m) [(s+7»hr1 — My +2m)
@)= 3 (Morar s, i
fs - q nfi = Af A (s + 1y — Nyry +24ym)?

r;=0

1

[d (76 )] Z( ) prqm [(khrl—k1r1+k1m)

(21)

Using (20) and (21)
d -
E(T) = - [ 06))

=0

i i ( ) P [(%hrl - erl Tam) in: nC; [W(k,i6) — (n — i)C; W(k, (i + 1)6)
k=0 i
+(n—

r;=0 =

DC,W(K, (i +2)0) — ... (=1)"'W(k, n6)]
(22)

Equation (22) along with (7), gives the mean time to recruitment.

Subcase(ii)
f@) = fum(t) mf ()[F@OI™!
1(s) = Z[[fu(m)(s)] ~ Fum @] ]Z nC; [W(k, i0) — (n — )CW(k, (i + 1)0) +
(= DCW(K (i +2)0) — .. (~1)™W(k,n6)]
(23)

d /- < 1 _ d,.
=) =- kz [[fum @] = e+ Dlfoem©)] ] (fom ®)
Z nC; [W(k,i0) — (n — i)C,W(K, (i + 1)0) + (n —)C,W(K, (i + 2)0) — ... (=1)""'W(k, n0)]

i=r

(24)

Since f(0) =1

[%(l_(s))]s Z [ = (fum®) ] ch [W(k,i0) — (n — I)C,W(k, (i + 1)0) + (n — i)C,W(k, (i + 2)0)

- L CEDMWCK, nG)]
(25)

F6) = fons) = [ et mf@UF @1t
0
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0

= f e Std(F(t))™ = f e~st [d(1 — pe~*nt — ge~Mt)]m
0 0

:f e~st d(z (m) (_1)m—r11r1 (pe_)“ht + qe_llt)m_rl)
0 g r1

(26)
m M-Iy
)= Z Z T I(mnilr —r,)! pragrTRTE X (s(ih;r_ilzzr_il;:ilr;?n)
1120 152 1-12 1 2 hl2 112 111 1
27)
m M-Iy
[i(f(s) ] Z Z( 1)m-ri+1 m! I Oy — My — Ny + 4ym)
ds 0 12=0 rit(m—r —r,)! (8 +Mpry — N1y — Nyry +3ym)?
r{=0ro= o
m M-I
d /- m! 1
—_ m-ry+1 Iy yMm—-r{—r
[ds (f(s))]s 0 FZO ;0( D r/drt(m—r; — rz)lp e (yry —Nry, — Ny +4m)
(28)
Using (25) and (28)
d /-
() =-|= (s))L=0
0 m M-Iy ml L N
= m-r1+1 ryqm-ri—r . .
; Zo Z v 1 rylr;! (m— ry—= rz)l P=d n (xhrz —Nr, — N1 + 7\,1m) Z nG; [W(k,i0)
= ri{=0ry =0 =
—(n- I)C W(k, (i+1)0) + (n- |)C W(k, (i +2)0) — (—1)“W(k, no)]
(29)

Equation (29) gives the mean time to recruitment together with (7)

Case(iii) {U;}i2, form an geometric process

Assume that the inter decision times U;,i = 1,2,3... form a geometric process with rate b ,(b>0).It is assumed that the
probability density function of U, is hyper exponential density function f(t) = pA,e * + qle ™, p+q = 1.

P pAn qA
=t
1) Ap+s A +s
pAn q/ll
= +—=p4+g=1
f(0) = 7 /1[ p+q

—PAn —ah [
H0) =Gy oy

_ pA, +qA
(@ (f(s))>s=0 - _( l,1h,11 h)

)
[F0o] =2 G0 - [ @) 3w -0 - e+ o
+(n = DC,W(K (i +2)0) — ... (=1)"IW(K, nb)]
&

k
fo=][7G=)
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/ U
&
—~
]
~
(7]
~
~—
~
Il
—
&l =
—
N =
=-n|
~~
<
|' 7]
[ury
~—
N~ — —
~—
17}
Il
=)

Il
(=9
&=
~—
jong]
—~
1%
~
N—r
N——

i=1 $s=0 i=1
Eonsider y (32)
; [[% (fk(s) ] [ds fk+1(5) ] ] Z pll,l:,{jllh [Z pi-1 Z pi- 1]
(pflz + qlh) Z
Iy bk
[% (7(5))L=0 = (m;:s/lh) i ikz nC; [W(k,i6) — (n — i)C, W(k, i + 1)6)
o ':'(rn —DC,W(K (i+2)0)— ..(—=1)"'W(k, no)]
(33)
E(T) = [ = (1) ]
(pll;lqlh) i %i nC; [W(k,i0) — (n — i)C;W(k, (i + 1)0) + (n —i)C,W(k, (i + 2)0)
't —
)lHSiW(k, no)]
(34)

Equation (34) gives the mean time to recruitment together with (7)
Case(iv) When U;s are correlated.
The inter decision times are assumed to be exchangeable and constantly correlated exponential random variables with

mean i(p > 0).Let p be the constant correlation between U; and U;,i # |.
By taking Laplace Stieljes transform both side using

I(s) = Z[Fk(s) Frui()] XZ nC, [W(K,i6) — (n — )C,W(k, (i + 1)0) + (1 — I)C,W(K (i + 2)0)
S G 1)“W(k no)]

(35)
The cumulative distribution function of the partial sum U; + U, + --- + U, is given by Gurland(1955) as

& i gk +j,5
F"(t):(l—lp—flm);(l—];pJfkp) (iﬂ+i )

t
t u .
whereu = p and ¢ (k +j'£) = fue‘e ek+i-1 4 e.
0
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F"(S)_(l p+kp)2(1 p+kp) (k+j1—1)!fow"’(k+j’£)e_“dt

simpiifiying =

o @-pmt __ ¢

F.(s) = 1= p+kp—kpm wherem—1+us

d _ o ([ -v) k) —kpu| o —ku

75 k()] B =1-p) [ (1-p)2 ] T (1-p)
d d _ —ku  (k+Du_ u
R I k+1(5)]L0 “a-p T a-e  a-n

(36)
The mean time to recruitment is

o0 d _ n
E(T) KZ: _[Fk (s)] . ~|z [Fk+1(s)]l _ol x Z nC; [W(k,i0) — (n —)C,W(k, (i + 1)0) + (n—C,W(K,(i
+2)0) —  ..(=1)"W(k no)]
Z ——|x ) nCi[W(Ki0) — (1= )C,W(k (i +1)8) +(n—DCW(KG+20) — .. (D" W(kno)]

37)
Equation (37) gives the mean time to recruitment together with (7)
NUMERICAL ILLUSTRATION
The behavior of the performance measure due to the change in parameter is analyzed numerically for
different valuesof nandr.
Case(i)
Sub Case (i) n=3,r=1
From (14) the mean time to recruitment is given by,
A+ gl
E(T) = (%) Z[w(k, 30) — 3w(k, 26) + 3w(k, 6)]
h/tl k=0
Sub Case (ii) n=3,r=2
From (14)  the mean time to recruitment is given by
A+
E(T) = (p l )Z[3w(k 20) — 2w(k, 30)]
LA
Sub Case (ii) n=3,r=3
From (14) the mean time to recruitmentis given by
)y
E(T k,36
(1) = (F551) Dl 3]
Case(ii) f(t) = fy, (t)
Sub Case (i) n=3,r=1
From (22) the mean time to recruitment is given by,
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E(T =Z< ) fgm—" ]Z k,30) — 3w(k,26) + 3w(k, 6
(T) L Ot~ o Am) [w(k,38) — 3w(k,26) + 3w(k,6)]
r1:0 k=0
Sub Case (ii) n=3,r=2
From (22) the mean time to recruitment is glven by

r1=0
Sub Case (iii) n=3,r=3
From (22) the mean time to recruitment is given by
CCEDNMLE! | 2wt
() 4 A1y Pa Ary — Ary +4m) L O[W( 30)]
r= =

f@® =1y, (©®
Sub Case (i) n=3,r=1
From (29) the mean time to recruitment is given by,

m m-ry

m! 1
E T — Z Z 1 m—-ry+1 r m—rq—rp Z k 36
()= (-1) rirt(m-r, — rz)' q (Apry — Ary — 4yry +A4m) [w( )

ry=0 rp=0
— 3w(k, 26) + 3w(k, 0)]
Sub Case (ii) n=3,r=2
From (29) the mean time to recruitment is given by

m M-I 3}
ml! 1
E(T) = Z Z 1)1+l f2gm-r—r2 Z 3wi(k, 26
() 1) rl'rz'(m—rl—rz)'p f (A = A1y — 41y +4ym) (3w )
r1—0 r2—0 k=0
—2wi(k, 30)]
Sub Case (iii) n=3,r=3
From (29) the mean time to recruitment is given by
m—r
E(T) Z Zl( it pgnrion : 2[ (k 30)]
— m-ri+ W
= rtrt(m—r - rz)' f (Anrz — Arp — A1y + 4m)
r1=0 rp=

The influence of parameters on the performance measures namely the mean time for recruitment is studled numerically.
In the following tables these performance measures are calculated by varying the parameter ‘p’, ‘b’ and ‘R’ one at a
time and taking the parameters p=0.3,q=0.7, m=3,v=0.5,0 = 0.6 A,=0.5 A,=0.6.

Case(i) Table.1 Effect of ‘R’ on the performance measures E[T]

R SubCase(i) SubCase(ii) SubCase(iii)
0.3 7.5652 5.0502 3.1579
0.4 7.1322 47124 2.9931
0.5 6.6344 4.3537 2.8233
0.6 6.0545 3.9660 2.6456
0.7 5.3635 3.5374 2.4564
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Case(ii) Table 2 : Effect of ‘R’ on the performance measures E[T]

f(@) = fu(t)

R SubCase(i) SubCase(ii) SubCase(iii)
0.3 2.5098 1.6754 1.0476
0.4 2.3661 1.5633 0.9930
0.5 2.2010 1.4443 0.9366
0.6 2.0086 1.3157 0.8777
0.7 1.7793 1.1735 0.8149

f(©) = fum(t)
0.3 13.8985 9.2780 5.8016
0.4 13.1029 8.6574 5.4988
0.5 12.1885 7.9984 5.1869
0.6 11.1231 7.2861 4.8604
0.7 9.8536 6.4988 4.5128

« It is observed from tables 1 to 2, that if ‘R’, the correlation factor for wastage increases, the mean time to recruitment
decreases
Similarly for other cases , numerical illustrations and observation can be found.

IVV. CONCLUSION

From the present work we can study about two grade and three grade manpower system. This work also can be
extended in two sources of depletion.Numerical values can be obtained by varying n,r.
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