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ABSTRACT: Let G be bipartite graph with V vertices and E edges. A topological space X is a topologized graph if it
satisfies the following conditions:

7

«+ Every singleton is open or closed and
s Forall x € X, | 0(x) |< 2, where d(x) is the boundary of a point x.
This work examines some results about the topological approach of theBipartite graphs, Complete Bipartite graphs,

separation axioms and its results in the complete bipartite graph. The results are discussed and generalized here.

KEYWORDS: Topology, Hausdorff space, Normal space, regular Space, Topologized graph, labeling, Bipartite
graph, complete bipartite graph.

. INTRODUCTION

In this paper discussed about topologized graphs referred to Antoine Vella [5]. In 2005 Antoine Vella [5] tried to
express combinatorial concepts in topological language. As a part the investigation classical topology, pre path, path
[6], pre cycle, compact space, cycle space and bond space [6], locally connectedness and ferns were defined. Given a
hypergraph H [4], the classical topology on V, U E,, is the collection of all sets U such that, if U contains a vertex v,
then it also contains all hyperedges incident with v. It is interesting to note that all these topologies are either defined on
the vertex set, or on the union of vertex set and edge set. For Topological graph theory, more important application can
be found in printing electronic circuits where the aim is to print (embed) a circuit on a circuit board without two
connections crossing each other and resulting in a short circuit. And the Bipartite graphs are extensively used in
modern coding theory, especially to decode code words received from the channel. Factor graphs and Tanner graphs
are examples of this. A Tanner graph is a bipartite graph in which the vertices on one side of the bipartition represent
digits of a codeword, and the vertices on the other side represent combinations of digits that are expected to sum to zero
in a codeword without errors. In this paper discussed about some new methods of topology for bipartite graphs[19].

All graphs are finite, simple, undirected graphs with no loops and multiple edges and planar. Every topological space

considered here are finite. And the topology is defined on the set X which is the union of vertices (V) and edges (E) of
the graph G.
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1. BASIC DEFINITIONS IN TOPOLOGICAL GRAPH THEORY

2.1 Definition [17]: A topology on a set X is a collectiont of a subset of X with the following properties:

i. ® and X are in T.
il The union of the element of any sub collection of t is in T (arbitrary union).
iil. The intersection of the element of any finite sub collection of T isin z.

The set X for which a topology 7 has been specified is called a topological space. The element of t are called open set
in X. A subset of X is said to be closed if its complement is inz. (i ,e., its complement is open) A subset of X may be
open, closed both (clopen set), or neither. The empty set and X itself are always both closed and open.

2.2 Definition [5]: A topologized graph is a topological space X such that

» Every singleton is open or closed.
> VYV X €X, |0 (x)|=<2.since d(x) is denoted by the boundary of a point x

2.3Definition: [5]
A topological space is weakly Hausdorff if, for any distinct points x, y, thereexist neighborhoods Ux, Uy of x, y
respectively such that | Ux N Uy | is finite.

2.4 Definition: [5]
A topological space is almost Hausdorff if, for any distinct points X, y, thereexist neighborhoods Ux, Uy of x, y
respectively such that | Ux N Uy | is finite, andwhich contains atmost one element.

2.5 Definition: [5]
A topological space is finitely adjacent if, for all distinct points x, y, we havex’ N y° is finite.

2.6 Definition: [5]
A topological space is uniquely adjacent if, for all distinct points x, y, we havex’ N y° is finite and which intersection is
always consist of atmost one element.

2.7 Definition: [5]
Let X be a topological space. Then, X is feebly Hausdorff if for any twodistinct points x, y there exist open sets UX,
Uywith x € Ux, y € Uyand Ux N Uy x°

2.8 Definition: [5]
Let X be a topological space. Then, X is feebly regular if for any point x andany closed set C not containing x, there
exist open sets Ux, UC with x € Ux, y € Uc and( Ux N Uy ) <x’ N C°

2.9 Definition: [5]
Let X be a topological space. Then, X is feebly normal if for any two disjointclosed sets C, D there exist open sets C
C Ue, D cUpand Uc N Upc C°

2.10 Definition: [5]
Let X be a topological space. Then, X is weakly normal if for every twodistinct closed sets C, D, there exist
neighborhoods UC, Up of C, D respectivelyUc N Uy is finite.
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2.11 Definition: [5]

Given a subset of A of a topological space, the surrounding set of A denote by
A’ is the intersection of all the open sets containing A.

2.12 Definition: [18]

A bipartite graph ‘G’, G = (V, E) with partition V = {V, W} is said to be a complete bipartite graph if every
vertex in V is connected to every vertex of W.
In general, a complete bipartite graph connects each vertex from set V to each vertex from set W.

2.1 Theorem:[19]
K1, is a topologized graph (for 0<n<2)

2.2 Theorem:[19]
Every bipartite graph is topologized if degree of every vertex is at most two

1. RESULTS ON SEPARATION AXIOMS

3.1 Theorem:

If G is a Complete Bipartite graph Ky, swith discrete topology, then
i). Feebly Hausdorff.

ii). Weakly Hausdorff if and only if finitely adjacent.

iii).Almost Hausdorff if and only if uniquely adjacent.

iv). Feebly normal and Weakly normal.

V). Feebly regular.

Proof:

Let G be a complete Bipartite graph Ky, » with topology defined on V U E. Let (X, 1) be

a discrete topological space.

(i) Given any two distinct points X, y there exists corresponding openneighborhoods U, V with finite intersection. For

any point z € U N V not in x°, thereexists an open set A, which contains x but not z;now the set U ﬂ Az is
z(UWV)\x

containedin x° and, since U N V is finite, is open and so can be taken as the neighborhood of Xtogether with V as the

neighborhood of .

Hence X is feebly Hausdorff and weakly Hausdorff.

(ii) The necessary part has been proved already, so now to prove the converse partonly.

Let X be a weakly Hausdorff space. For any two distinct points u, v thereexists two neighborhoods U, V such that U N
V is finite.

For any point z € U N V not in u® N v°, then there exists an open set A whichcontains u and v but not z. Then, Un N 4
is contained in u’ and also VV N N 4 iscontained in v°. Hence u’n v* is finite.

Hence X is finitely adjacent.

(iii) Let X be almost Hausdorff space. For any two distinct points X, y there existsneighborhoods U and V such that U
N V contains atmost one element.

For any fixed point x, x € x” and for any pointy, y € y’, so there exists an

open set containing y but not x, which yields X\{x} is open. That is {x} is closed.

Copyright to IJIRSET DOI:10.15680/1JIRSET.2017.0612041 23101


http://www.ijirset.com

(%)
1
ISSN(Online): 2319-8753

I[JIRSET ISSN (Print): 2347-6710
International Journal of Innovative Research in Science,
Engineering and Technology

(A High Impact Factor, Monthly, Peer Reviewed Journal)

Visit: www.ijirset.com
Vol. 6, Issue 12, December 2017

Hencey € x’N y°.

Hence X is uniquely adjacent.
Conversely,

Suppose X is uniquely adjacent space.
To prove X is almost Hausdorff.

For any two distinct points x, y there exists two neighborhoods U, Vrespectively. We have any point z € x° N y° such
that z € (N Ux) N (N Vy)).Therefore,z€e UN V.

Hence X is almost Hausdorff.

(iv) Let (X, 7) be a discrete topological space.

For any two distinct closed sets C, D there exist neighborhoods U, V such thatU N V is finite. Now z € U N V not in
C’ and the set U N (NY) is contained in C’and since U N V is finite, is open and so can be taken as the neighborhood
of Xtogether with V as the neighborhood of D. This is true for all disjoint pair of closed

sets in the topological space.

Hence X is feebly normal and weakly normal.

(v) Let (X, 7) be a discrete topological space.

For any closed set C and any point x which is not contained in C, then thereexists two disjoint neighborhoods U and V
respectively. There exists a point y € Cwith neighborhood Z such that y is different from x. But y € x0, since y
maycontained in some neighborhood of x.

Hence y € x’N C°, so that X is feebly regular.

3.2Theorem:

If G is a complete Bipartitegraph K, with connected topology, then

i). Feebly Hausdorff and Weakly Hausdorff.

ii). Almost Hausdorff.

iii).Feebly regular.

iv). Feebly normal and Weakly normal.

Proof:

Let G be a complete graph Kn with topology defined on V U E. Let (X, ) be

a connected topological space.

Given any two distinct points X, y there exists corresponding openneighborhoods U, V with finite intersection. For any

point z € U N V not in x°, there exists an open set Az which contains x but not z; now the set U N ﬂAZ is containedin

x* and, since U N V is finite, is open and so can be taken as the neighborhood of Xtogether with V as the neighborhood
of y.

Hence X is feebly Hausdorff and weakly Hausdorff.

(i1) Let (X, ) be connected topological space.

To prove X is almost Hausdorff.

For any two distinct points x, y there exists two neighborhoods U, Vrespectively. We have any point z € x° N y° such
that z € (N Ux) N (N Vy)).Therefore,z€ UN V.

Hence X is almost Hausdorff.

(iii) Let (X, 1) be a connected topological space.

For any closed set C and any point x which is not contained in C, then there exists two disjoint neighborhoods U and VV
respectively. There exists a point y € C with neighborhood Z such that y is different from x. But y € x°, since y may
contained in some neighborhood of x.

Hence y € x’N C°, so that X is feebly regular.

(iv) Let (X, 1) be a connected topological space.
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For any two distinct closed sets C, D there exist neighborhoods U, V such thatU N V is finite. Now z € U N V not in
C’ and the set U N (N Y) is contained in C’and since U N V is finite, is open and so can be taken as the neighborhood
of Xtogether with V as the neighborhood of D. Hence X is feebly normal space.

Now prove that X is weakly normal. For that to show all pair of disjoint closedsets in a topological space is having the
neighborhoods with finite intersection. Butthe only closed disjoint from C and D in a connected topological space is the
emptyset ¢. Clearly, X is a weakly normal.

3.2.1 Corollary:

If G is a Complete Bipartite graph Ky, , with topology, then
i). Feebly Hausdorff and feebly regular.

ii). Weakly Hausdorff if and only if finitely adjacent.
iii).Almost Hausdorff if and only if uniquely adjacent.

iv). Feebly normal and Weakly normal

3.2.1.(a)Example:
Let G be a complete Bipartite graph Ky ;. The vertex set and the edge sets are defined as
V = {vi}; W={v,}, E ={e;}, the edges are labeled as fs(e;) = {Vvi,V-}.
Let X = {vy, Vo, €} be a discrete topological space and a topology defined by,
T= {Xa ¢1 {V1}1 {V2}1 {el}i {V11 V2}1 {e11 V2}1 {V11 el}}
= { ¢1 X,{ Va2, el},{Vl, el},{Vl, Vz},{el},{ Vl}i{VZ}}
=

vVl @ o\

Let vy, v, be two distinct points in X.

For v, there exists a neighborhoods {v:}, {vi, €1}, {vi, vo} and X.

For v, there exists a neighborhoods {v,}, {vi, v>}, {e1, v.} and X.

V:|_<> = {Vl}.

(UVl) N (UVz) = {Vl} N {Vz} = (I) c Vl<>

(UV]_) N (UVz) = {Vl} N {Vl, V2} = {Vl}g V:|_<>

(Uvy) N (Uvy) = {vy, Vo} N {vy, o} = {v1, Vo }.Clearly, | (Uv;) N (Uvy) | is finite and which also contains atmost one
element.

Hence X is feebly Hausdorff, weakly Hausdorff and almost Hausdorff.

Let {e;} and {v1, v} be two disjoint closed sets of X.

For {e;} there exists a neighborhoods {e;}, {e1, -}, {v1, €1} and X.

For {vi, v} there exists a neighborhoods {vi, v,} and X.

{e}’ = {e:}.

{e} N {vi, v} = o € {&1}’

{el, V2} N {Vl, V2} = {Vz}.

Hence X is feebly normal.

Here1 [¢1 X], [{V21 E1}a {Vl}]1 [{V11 E1}a {VZ}]1 [{V11 V2}1 {el}]1 [{V1}1 {VZ}]1 [{V2}1
{e1}], [{vi}, {e:}] are the all disjoint pairs of closed sets in X.

For ¢ there exists a neighborhoods X, ¢, {vi},{ v.}.{ e.}.{ v1, o}, {e1,Vv2 }{v1.e1}.
For X there exists a neighborhood X.

XNX=X.

XNo=¢

XN Ava}={vi}

For {v,, e.} there exists a neighborhoods {v,, e;} and X.

For {v,} there exists a neighborhoods {v:}, {vi, vV»}, {v1, &1} and X.

{vz, e} N {vi}=¢
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{Va, €1} N {vy, Vo} = {v2}

For {vi, e1} there exists a neighborhoods {v;, e;} and X.

For {v,} there exists a neighborhoods {v,}, {vi, Vo}, {Vv2, €1} and X.

{vi, e} N{va}=¢

{vi, e} N {vy, vo} ={v1}

For {v,} there exists a neighborhoods {v1}, {vi, Vo}, {v1, e} and X.

For {v,} there exists a neighborhoods {v,}, {vi, Vo}, {Vv2, €1} and X.

{vi, Vo} N {vy, Vo} ={vy, Vu}

{vi} N {vi, vo} = {v1}

For {v,} there exists a neighborhoods {v,}, {vi, Vo}, {Vv2, €1} and X.

For {e;} there exists a neighborhoods {e;}, {ei, v}, {vi, 1} and X.

{v} N{e}=¢

{v2} N {e1, vo} = {v2}

For {v,} there exists a neighborhoods {v1}, {vi, Vo}, {v1, e} and X.

For {e;} there exists a neighborhoods {e;}, {e1, v}, {vi, 1} and X.
{vi}N{ei}=¢

{vi} N {eg, vi} ={vi}

Here for all pair of disjoint closed set having the neighborhoods with finiteintersection. Hence X is weakly normal.
Let {v,} be any closed set and e; be any point which is not contained in the closed set.
For v, € {v,} there exists a neighborhoods {v,}, {v1, .}, {v, €.} and X.
For e, there exists a neighborhoods {e;}, {ei, v}, {vi, 1} and X.

{2} = {v}

e’ = {ei}

¥ Ne=¢

{v2} N {e} =9 S {v} Ney’

{v2} N {eg, vo} = {vz}

Hence X is feebly regular.

3.3 Theorem
If G is Complement graph K with discrete topology, then

m,n
i). Feebly Hausdorff and Weakly Hausdorff.
ii). Almost Hausdorff.
iii).Feebly normal and Weakly normal.
iv). Feebly regular.

Proof:
The proof is obvious from Theorem 3.1and Theorem 3.2.

3.3.1.(a)Example:
LetG bea Klv2 graph. The vertex set and the edge sets are defined as V = {v,}; W = {w;,w,};

Let X = {vi, wy, W,} be a discrete topological spaceand a topology defined by,t = {X, ¢, {vi}, {wi}, {w.}, {v1, W1},
{wa, Wi}, {vi, wo}}
Tc = { ¢1 X,{Vz, WZ}a {Vl, W2}1{V11 Wl}i {W2}1 {V1}1 {Wl}}
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Let vy, w; be two distinct points in X.

For v, there exists a neighborhoods {v1}, {vi, W}, {vi, w1} and X.

For w; there exists a neighborhoods {w;}, {vi, wi}, {w,, w;} and X.
V:|_<> = {Vl}.

(Uvy) N(Uw) ={vi} N {wik=¢ < v’

(Uvy) N (Uwy) = {vi} N {vg, Wil = {vi} < v’

(UV]_) N (UW]_) = {Vl, Wl} N {Vl, Wl} = {Vl, Wl}.

Clearly, | (Uvy) N (Uwy) | is finite and which also contains atmost one element.
Hence X is feebly Hausdorff, weakly Hausdorff and almost Hausdorff.
Let {w,} and {vi, w;} be two disjoint closed sets of X.

For {w.,} there exists a neighborhoods {w-}, {w,, wi}, {vi, o} and X.
For {vi, wy } there exists a neighborhoods {v;, w;} and X.

{w}’ = {w,}.

{wo} N vy, Wil = ¢ S{wo}’

{wz, wit N {vy, wi} = {wi}.

Hence X is feebly normal.

Here1 [¢1 X], [{W11 W2}1 {Vl}]1 [{V11 W2}1 {Wl}]1 [{Vla Wl}i {WZ}]1 [{Vl}, {Wl}]1
[{w}, {w.}, [{vi}, {W.}] are the all disjoint pairs of closed sets in X.
For ¢ there exists a neighborhoods X, ¢,{vi},{ Wi}, { W.},{ v1, Wi}, { W, wy },{v1, Wo}.
For X there exists a neighborhood X.

XNX=X.

XNo=¢

XN Ava}={vi}

For {wy, w,} there exists a neighborhoods {w;, w,} and X.

For {v,} there exists a neighborhoods {v1}, {vi, w1}, {vi, W} and X.
{wi, W} N {vi}=¢

{wi, wo} N {vy, wi} = {wi}

For {vi, w,} there exists a neighborhoods {v;, w,} and X.

For {w;} there exists a neighborhoods {w}, {vi, w1}, {w, wo} and X.
{vi, wo} N {wi}=¢

{vi, Wo} N {vy, Wi} = {vl}

For {v,} there exists a neighborhoods {v1}, {vi, w1}, {vi, W} and X.
For {w;} there exists a neighborhoods {w}, {vi, w1}, {w, wo} and X.
{Vl, Wl} N {Vl, Wl} = {Vl, Wl}

{vi} N {vi, wi} = {vi}

For {w;} there exists a neighborhoods {w}, {vi, w1}, {w, wo} and X.
For {w.,} there exists a neighborhoods {w-}, {w,, wi}, {vi, Wwo} and X.
{wi} N {w}=¢

{wi} N {w, wi} = {w;}
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For {v,} there exists a neighborhoods {v1}, {vi, w1}, {vi, W} and X.

For {w.,} there exists a neighborhoods {w-}, {w,, wi}, {vi, o} and X.

{vi} N {wa} = ¢

{vi} N {wy, vi} = {vi}

Here for all pair of disjoint closed set having the neighborhoods with finite
intersection. Hence X is weakly normal.

Let {w,} be any closed set and el be any point which is not contained in the closed set.
For wy € {w,} there exists a neighborhoods {w.}, {vi, Wi}, {w;, w,} and X.
For w, there exists a neighborhoods {w.}, {w,, w;}, {v1, w,} and X.

{w,}’ = {w}

w,’ = {w,}

{wi}’ Nwy’ = ¢

{wik 0wl = S{wid ' Ny’

{wi} N {wa, wi} = {w;}
Hence X is feebly regular.

V. CONCLUSION

The above resultswe discussed about some new results on bipartite graph. We have applied and verified some
new separation axioms on topologized graphfor,bipartite graphs,Complete Bipartite Graphs. Further the work is
extended to matching and coloring of a bipartite graph.
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