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ABSTRACT: In this paper, we introduce the modal type operators on Interval Valued Intuitionistic Fuzzy Sets of
Second Type and establish some of their properties.

KEYWORDS: Intuitionistic Fuzzy Sets (IFS), Intuitionistic Fuzzy Sets of Second Type (IFSST), Interval Valued
Fuzzy Sets (IVFS), Interval Valued Intuitionistic Fuzzy Sets (IVIFS), Interval Valued Intuitionistic Fuzzy Sets of
Second Type (IVIFSST).

2010 AMS Subiject Classification: 03E72

I. INTRODUCTION

An Intuitionistic Fuzzy Set (IFS) for a given underlying set X were introduced by K. T. Atanassov [2] which is the
generalization of ordinary Fuzzy Sets (FS) and he introduced the theory of Interval Valued Intuitionistic Fuzzy Set
(IVIFS) and established some of their properties.

The present authors further introduced the new extension of IVIFS namely Interval Valued Intuitionistic Fuzzy Sets of
Second Type [4]. The rest of the paper is designed as follows: In Section |1, we give some basic definitions. In Section
I11, we define the modal type operators like necessity and possibility and the new operator * on Interval valued
Intuitionistic Fuzzy Sets of Second Type and establish some relations. This paper is concluded in section IV.

1. PRELIMINARIES

In this section, we give some basic definitions.
Definition 2.1[5] Let X be a non empty set. A Fuzzy Set A in X is characterized by its membership function
w,:X —[0,1] and p,(x) is interpreted as the degree of membership of the element x in fuzzy set A, for each x € X.
Itis clear that A is completely determined by the set of tuples

A= {<x,uA(x) > | x € X}

Definition 2.2[2] Let X be a non empty set. An intuitionistic fuzzy set (IFS) A in a universal set X is defined as an
object of the form.

A= {<x w,(x),va(x) > | x € X}
Wherepn, : X - [0,1] and v, : X — [0, 1] denote the degree of membership and the degree of non - membership of the
element x € X respectively, satisfying
O<p,(x)+va(x) <1

Definition 2.3[2] An Intuitionistic fuzzy sets of second type (IFSST) A in a universal set X is defined as an object of

the form.
A= {< X, HA(x)th(x) = | X € X}
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Wherepn, : X - [0,1] and v, : X — [0,1] denote the degree of membership and the degree of non - membership of
the element x € X respectively, satisfying 0 < p, 2(x) +v,%(x) < 1
Definition 2.4[2] Let X be an universal set with cardinality n. Let [0, 1] be the set of all closed subintervals of the
interval [0, 1] and elements of this set are denoted by uppercase letters. If M € [0, 1] then it can be represented as
M = [M,My], where M;, and My, are the lower and upper limits of M. For M € [0,1], M = 1 — M represents the
interval [1 — M, 1 — My] and Wy = My — My, is the width of M.
An interval-valued fuzzy set (IVFS) A in X is given by

A= {<x,My(x) >|x€X}
where M,: X — [0, 1], M, (x) denote the degree of membership of the element x to the set A.

Definition 2.5[3] An interval-valued intuitionistic fuzzy set (IVIFS) A in X is given by

A= {<x,Mp(x),Np(x) > | x € X}
where M,: X — [0, 1], No: X — [0, 1]. The intervals M, (x) and N, (x) denote the degree of membership and the degree
of non-membership of the element x to the set A, where My (x) = [MaL(x), May ()], and Ny (x) = [NaL(x), Nay ()]
with the condition that

May(x) + Nyp(x) < 1 forall x € X

Definition 2.6[4] An Interval Valued Intuitionistic Fuzzy Sets of Second Type (IVIFSST) A in X is given by

A= {<x,Mp(x),Np(x) > | x € X}
Where Ma: X — [0, 1], Na: X — [0, 1]. The intervals Ma(X) and Na(X) denote the degree of membership and
the degree of non - membership of the element x to the set A, where M,y(x) = [Myn(x), Mpy(x)], and
NA(x) = [NaL(x), Nay(x)] with the condition that

MZAu(X) + NZAu(X) <1forallx € X

Definition 2.7[4] Let A = {< x,M,(x),N,(x) > | x € X} and B = {< x,Mg(x),Ng(x) > | x € X} be two IVIFSSTs
ofX = {x;, x5, %3, ... x,.}, then we have the following relations and operations

1. AcB iff Myy(x) < Mpy(x) & My, (x) < Mg, (x) & Nyy(x) = Npy(x) & Ny (x) = Ny (x)
2. ADB iff Myy(x) = Mpy(x) & My (x) = Mp; (x) & Nyy (x) < Npy(x) & Ny (x) < Ny (x)
3. A=BiffAcB & BcA

4. A={<x[Nap(x),Nay(®)], [MaL,(x), May (x)] > | x € X}

5. AU B ={< x,[max(M (x), Mp.(x)), max(May(x), Mgy (x))],

[min(NAL(x)x NBL(x))xmin(NAU(x)x NBU(x))] > | x € X}
6. AnB= {< X, [min(MAL(x), MBL(x)) , min(MAU(x), MBU(x))],
[maX(NAL(x)x NBL(x)) . maX(NAU(x)x NBU(x))] > | x € X}

111.  SOME OPERATORSON IVIFSST

In this section, we define the modal type operators like necessity and possibility. Also establish some of their relations
Definition 3.1 For every IVIFSST, we define the following operators:
The Necessity operator

04 = {< 2, Ma (), Mag ()], [N (), /T = M2, 0] > | € X
The Possibility operator

04 = {< 2 [My () VT= N7y @] [NaL (. Nay @] > | x € X]

Definition: 3.2 An operator which associates to every IVIFS and IFS. Then we define
* A= {<x,Mp(x),NaL(x) > | x € X}
Where Ma: X — [0, 1], Na: X — [0, 1]. The intervals Ma (X) and Na(X) denote the degree of membership and the
degree of non-membership of the element x to the set A with the condition that,
M?py(X) + N2ay(x) < 1 for all x € X.
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Proposition 3.1 For every IVIFSST A, we have the following
(). (@A) =0A
(ii). (0A) = oA
(iii). oo A= oA
(iv),. oO0A=0A
(v). 0oA=A
(vi). 00A=0A

Proof:
(). Let A = {< x, [MaL(x), May (¥)], [NaL (%), Npy (x)] > | x € X}
Then, A = {< x, [NaL (x), Nay ()], [Ma,(x), May ()] > | x € X}
04 = {< x, INALG), Nay ()], [Ma, (), VT = N7 ()] | x € X}
©A) = {< 0, [May (), T= N2 G, INAL (), Nag (9] | x € X}
=0A
(ii). Let A = {< X, [MaL(X), Mau(X)], [NaL(X), Nau(X)] > | x € X}
Then, A = {< x, [Ny (x), Nay ()], [MaL(X), Mpu(x)] > | x € X}
0 4= {< 2, [Ny (), VT= M7 ], M (1), May (0] | x € X}
(08 = {< 2, Mp (1), May (], [N, (0, VT = M2, @] x € X}
= DA
(iii). Let A = {< x, [M4;, (x), Mgy (x)], [NAL(X), Noy (x)] > |x € X}
Then, 04 = {< 2, Ma, (), Mag ()], [N, (), T = M2, ()] > |x € X
004 = {< 2, ML (), Mag (], [N, (0, T= M2, 6] > Ix € X}

=pA
(iv). Let A = {< x, My (x), Msy (X)], [NAL (), Nay ()] > |x € X}

Then, 0 A = {< %, [Map (), /1 = N2,5 ()], [NaL (%), Npy ()] | x € X}

004 ={<x,[My,(x),{/1 = N?,, ()], NAL(x),\/l -(V1- NZAU(x))Z] > |x € X}
={<x, [MAL(x)x v1- NZAU(x)]x [Nz (%), Nay ()] > |x € X}
=04
(V). Let A = {< x, My, (x), Msy ()], [NaL, (), Npy (6)] > |x € X}
Then, oA = {< x, My (), May (0], [Ny, (), T = M2, ()] > |x € X}

MAL(x)r\/l - (\/ 1- MZAU(x))Z ] ) [NAL(x)x\/ 1- MZAU(x)] >|x € X}

= {< x, My (%), Myy ()], [NAL(x)x\/ 1- MZAU(x)] >|x € X}
=pA
(vi). Let A = {< x, [My, (x), Msy ()], [Na (x), Nay ()] > |x € X}

Then, 0 A = {< x, [My, (1), T= N2,y ()], [NAL (), Ny ()1 > [x € X}

00A = {< %, [Ma (), /1 = N2, (0)], [Nap, (), Npy ()] > |x € X}

ODA:{<X,

Proposition 3.2 For every two IVIFSSTs A and B, we have the following:
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(i). o(AuB)=o0dAuoB
(ii). o(AnB)=o0An@oOB
(iii). 0(AUB)=0A4U0B
(iv),. 0(AnB)=0AN0B
Proof:
(). Let A = {< x,[M,, (x), Mgy ()], [NaL(x), Naoy (x)] > |x € X},
B = {< x, [Mp,(x), Mgy (x)], [Ng(x), Ngy (x)] > |x € X}
Then,
(AuB) = {< x, [maX(MAL(x)r MBL(x)) , maX(MAU(x)x MBU(x))]r
[Min(Nag,(x), Ng, (), min(Nay (x), Ngy ()1 > | x € X}
0(A U B) = {< x, [max(May, (x), Mg, (x)) , max(May (x), Mgy (x))],

[min(NAL(x), NBL(x)),Jl — min(Nay (x), NBU(x))Z] >|xeX}
= {< X, [maX(MAL(x)x MBL(x)) ' maX(MAU(x)x MBU(x))]r
[min(NAL(x)x NBL(X)), min (\/1 - MZAU(X),\/]- - MZBU(x))] > | x €X}

= {< x, [MaL(x), May ()], [NAL(X),\/ 1- MZAU(x)] > |x€ X}y
{< x, Mgy, (x), Mgy (x)], [NBL(x)x V1- MZBU(x)] > |x €X}

=opAUoB

(ii). Let A = {< x, [M, (x), M4y ()], [NoL (), Nay ()] > |x € X},
B = {< x,[Mp (x), Mgy (x)], [Ngy,(x), Ngy (x)] > |x € X}
Then,

(AN B) = {< x,[min(My, (x), Mg, (x)) , min(Myy (x), Mgy ()],

[maX(NAL(x)x NBL(x)) ' maX(NAU(x)x NBU(x))] >|x eX}
Now,

0(A n B) = {< x,[Min(Ma,(x), Mgy, (x)), min(May (x), Mgy (x))],
[max(NAL(x), NBL(x)),\/l —min(Npy (x), NBU(x))Z] > | x € X}

= {< X, [min(MAL(x)x MBL(x)) ' min(MAU(x)x MBU(x))]r
[ma(Nay (o). Np (D), max (T = M2y (), /T = Mgy ()| > | x € X)

= {< x,[MaL (%), May ()], [NAL(X),\/ 1- MZAU(x)] > |x € X}n
{< x, Mgy, (x), Mgy (x)], [NBL(x)x v1- MZBU(x)] > |x € X}

=oANoB

(iii). Let A = {< x, My (), My ()], [NaL (%), Nay ()] > |x € X},
B ={< x,[Mg, (x), Mgy (x)], [Np (x), Ngy (x)] > |x € X}
Then,

(AuB) = {< X, [maX(MAL(x)x MBL(x)) | maX(MAU(x)x MBU(X))],
[min(NAL(x)x NBL(x)) . min(NAU(x)x NBU(x))] > | x € X}

0(AuB)= {< X, [maX(MAL(x)x MBL(x)) ,\/1 - min(NAU(x)x NBU(X))Z],

[min(NaL(x), Ng (x)), min(Ny (x), Ny (x))] > | x € X}
= {< x max(Ma, (), Mg, (1)), max(yT= N2y (), /T = NZgy ()],
[min(Nap(x), Ng (x)), min(Ny (), Ngy(x))] > | x € X}
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= {< %, My, ),V T= N2 ], INALGO, Nay ()] > [x € X}

{< %, Mg, (), T = N2 )], [Ng (), Ny (0] > | € X}
=0AUOB

(iv). Let A = {< x, [My; (x), My ()], [Na, (x), Nay ()] > |x € X},
B = {< x,[Mp,(x), Mgy (x)], [Ng. (x), Ngy (x)] > |x € X}
Then,

(AN B) = {< x,[Min(My, (x), Mg (x)) , min(May (x), Mgy (x))],
[maX(NAL(x)x NBL(x)) . maX(NAU(x)x NBU(x))] > | x € X}

0(AnB) = {< X, [min(MAL(x)x MBL(x)) ,\/1 - maX(NAU(x)x NBU(X))Z],
[max(NaL (x), Ngp (x)), max(Ny (x), Ny (x))] > | x € X}
= {<x, [min(Ma (), Mg, (), min(yT= N2, (), /T = N2 ()],
[max(Na (x), Ngp (x)), max(Ny (x), Ngy(x))] > | x € X}
= {<x, [Ma, 00,V T= N2 G, INoL GO, Nag (1 > [ € X} 10
{< %, Mg, (), /T = N2 )], [Ng (), Ngy (0] > x € X}

=0ANOB

Proposition 3.3 For every IVIFSST A, we have the following
(i), (@A) =x4
(i) «(A)=+4

(iii). *(A)=%4
Proof:
(i). Let A = {< x,[My;, (x), My ()], [NoL (%), Npy (x)] > |x € X}
Then,

* A ={<x,My (%), Nyy(x) > [x € X},
0A = {< x,[Ma,(x), May ()], [NAL(x)x v1- MZAU(x)l >|x €X}
And 04 = {< 2, [Myy(0.VT= V2,5 6] INwL () Nao ()] > [x € X]

Now,

(i) * (OA) = * {< x, [MaL (x), Moy ()], [NaL (%), /1 — M2, (x)] > | x € X}
= {<x, MAL(x)r NAL(x) >|x € X}
=x A

(ii). * (0 A) =+ {< x, [MAL(x),,ll - NZAU(x)], [NAL(X),Npy ()] > | x € X}
={<x,Mp(x), Nap(x) > | x € X}
=xA

Slllhl) IfA ={<x,[My,(x), Mgy ()], [NoL (%), Npy (x)] > |x € X}
en,
A ={<x,[NgL(), Nay ()], [MaL(x), May (x)] > | x € X},
#(A) =+ {< x,[NaL(x), Nay ()], Mg (x), Moy ()] > | x € X}
:EerAL(x)x Mar(x) > | x € X}
=x A
therefore, * (A) =% 4
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Proposition 3.4 For every two IVIFSSTs A and B, we have the following
(). *(AuB)=+xAuU=xB
(i). *(AnB)=«An=x*B
Proof:
Let (AUB) = {< X, [maX(MAL(x)x MBL(x)) ) maX(MAU(x)x MBU(X))],
A [min(NAL(x)x NBL(x)) ) min(NAU(x)x NBU(x))] >|x €X}
Then,
(i). * (AU B) =« {< X, [maX(MAL(x)x MBL(x)) . maX(MAU(x)x MBU(X))],
[min(NAL(x)x NBL(x)) ) min(NAU(x)x NBU(x))] >|x €X}
= {< X, maX(MAL(x)x MBL(x)) . min(NAL(x)x NBL(x))] > | x € X}
={<x,MpL(x), NoL ()] > | x € X} U {< x, Mg}, (x), Np,(x)] > |x € X}
=*xAU=*B

(ii)- (AN B) = {< x,[Min(Mar,(x), Mg (x)) , min(May (), Mgy ()],
[max(Nag, (), Ngy, (x)) , max(N,y (x), Npy (x))] > | x € X}
Then,
* (AN B) =x {< X, [min(MAL(x)x MBL(x)) . min(MAU(x)x MBU(x))]r
[maX(NAL(x)x NBL(x)) ) maX(NAU(x)x NBU(x))] >|x €X}
= {< X, min(MAL(x)x MBL(x)) . maX(NAL(x)x NBL(x))] > | x € X}
= {< 2, MaL(x), NoL ()] > [ x € X} n{< x,Mp(x), Np,,(x)] > | x € X}
=xAN=x*B

IV. CONCLUSION

We have introduced the modal type operators on Interval Valued Intuitionistic Fuzzy Sets of Second Type (IVIFSST)
and established some relations. In future study, we will define more operators on IVIFSST and study their applications.
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