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ABSTRACT: In this paper we have proved some fixed point theorems of fuzzy function in complete metric spaces.
The presented results generalize the results proved in various spaces and extend of Bose and Mukherjee’s theorems of
common fixed points of a pair of multivalued mappings and a sequence of single valued mappings.

In this paper we establish some fixed point theorems of fuzzy mapping in complete metric spaces.
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I. INTRODUCTION

Heilpern [8] introduced the concept of fuzzy mappings and proved fixed point theorem for fuzzy contraction
mappings. Since then, many authors have generalized Bose and Sahanis results in different directions. Also Bose and
Mukherjee (see [2], [3]) considered common fixed points of a pair of multivalued mappings and a sequence of single
valued mappings. We present some theorems which are generalized to ordered metric space setting and generalizations
of the main theorem of several authors

Il. PRELIMINARIES

Definition 2.1.

Let (X, d) be a metric linear space and F(X), the collection of all fuzzy sets in X. Let A € F(X) and o € [0, 1].
The o-level set of A, denoted by 4,,and A, = {x : A(x) > a} if ae (0,1],4, ={x : A(x) > 0} where A stands for the
(non fuzzy) closure of A.

Definition 2.2.

A fuzzy subset A of X is an approximate quantity iff its sup,.xA(X) = 1. From the collection F(X), a sub collection
of approximate quantities is denoted as W(X).

The distance between two approximate quantities is defined by the following scheme.
Let A, B e W(X), and a € [0,1];

Do(A\B) = infrea, yes, A(X, ¥); and Dgis a non-decreasing function of a.

H,(A,B) =dist(A4,,B,);

H(A,B) = sup,D,(A,B);Where in the dist is in the sense of Hausdorff distance.
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The function D, is called a « —distance (induced by d),
H,is called a a-distance (induced by dist), and H a distance between A and B.

Let A, B eW(X). An approximate quantity A is more accurate than B, denoted by A c B iffA(x) < B(x), for
each x € X. Itis clear that c is a partial order relation determined on the family W(X).

Let Y be an arbitrary set and X any metric linear space. F is called fuzzy mapping iff F is a mapping from the
set Y into W(X), that is F(y) € W(X) for each y € Y and the function value F(y, x) stands for the grade of membership
of x in F(y).

Let A€ F(Y), B € F(X). Then the fuzzy set F(A) in F(X) is defined by
F(A)(X) = supyey (F(y, X) * A(y) ), X € X and the fuzzy set F~*(B) in F(Y) is defined by
FA(B)(Y) = supyex (F(y.X) “B(X)), y € Y

Lemma 2.1. [8]. Let x € X, A € W(x) and {x} a fuzzy set with membership function equal to a characteristic function
of {x}. If{x}c A, then D,(x,A) =0 for each a € [0, 1].

Lemma 2.2. [8]: D,(x,A) < d(x,y)+ D,(y,A) for each x, y € X.

Lemma2.3.[8]:1f {x,} = A, then D, (x,,B) < H,(A,B) for each B € W(x).

111. MAIN RESULTS

Theorem 3.1.Let X be a complete metric linear space and T be fuzzy mapping from X to W(x) satisfying
H(T (), TYDHKL Do (X, T(X)+ Do (y, T(Y)] < a Dy (X, T(y))+h Doy, T(X)) +2cd(x, y).for all x, y € C; where

a,b,c, k=0and 2b+2c<1+2ka+b+c<landl+k>h. Then there existsa pointz€ X such that {z}c T(2).
Proof.
Take x, € X. Let {x,}cT(x,), choosex, such that {x,}  T(x,), and
d(x;,x;) < Hy(T(x0), T(x1))-
Continuing this process we construct a sequence{x, } such that {x,,,} < T(x,) and
d(Xn41,Xn12) £ Hi(T(), T(xn41)) N=0,1,2....
d(xnr xn+1) S Hl(T(xn)r T(xn—l))

< H(T(xn), T(xp-1))
S a Da(xnr T(xn—l)) + b Daf(xn—lr T(xn)) + 2Cd(xnr xn—l) - k[ Da(xnr T(xn)) +Da(xn—1r T(xn—l)]

< ad(x,,x,) + bd(x,_q, Xp41) + 2cd (X, %5_1) — K[d(xp, Xpe1) + d(xp_1,x,)]
< bd(x,_q, %) + bd(xy, Xp41) + cd(y, x0_1) — k[d (e, xp01) + dCOopeq, x0)]

< Vd(x,_1,x,)foreachn=0,1.2.....

Where v = (225)<

Copyright to IJIRSET DOI:10.15680/1JIRSET.2017.0607252 13558


http://www.ijirset.com

o
d
@' ISSN(Online) : 2319-8753

I]1 RSET ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Website: wwwv.ijirset.com

Vol. 6, Issue 7, July 2017

Hence {x,} isa Cauchy sequence in X. Ithasa limitin X. Call it z. In the view of Lemmas (2.2) - (2.3)
Dy(z, T(2))< d(z, Xp42) + Ho(T(2), T (Xp44))

< d(z, Xn42) + aDo(Z: T(xn+1)) +b Do(xn+1:T(Z)) +2¢d(z, xp11) — K[ Do(2, T(2)) + Do(xps1, T (Xps1))]
< d(zXn42) + 8d(2,Xn4) + DA(X41,2) + D Do(2,T(2)) + 260(2, %n41) = k[ Dod(2, T(2)) + d(Xp41,Xn12)]
Making n — oo we getD(z, T(z)) <JDy(z, T(z)) , WhereJ = b — k and J< 1, which gives Dy(z, T (z)) = 0.
Hence z cT(2).

Theorem 3.2.Let X be a complete metric linear space and T be fuzzy mapping from X to W(x) satisfying

H (T(X), T(Y)) <a [D,(x, T(y)) +D(y, T(X)) ]+ 2b d(x, y)for all X, y € X; wherea,b>0and2a+2b<1landa<1.
Then there exists a point z € X such that {z}c T(z).

Proof.
Take x,€e X. Let {x;}cT(x,), choosex, such that {x,}c T(x;), and

d(xy,x2) < Hy(T(x0), T(x1))

Continuing this process we can construct a sequence{x,,} such that
{xne1de T() {xns23c T(xn4q), and

d((Xn41:%n12) < Hy(T(x), T(xny1)) n=0,1,2....

A0 Xne1) < Hy(T(x), T(xn-1))
H(T(xn), T (x5-1))
< [ Do (%, TCp—1)) + Do (-1, T())] + 2b A, 1)
< a[d(x,, x,) + d(epq,%04:1)] + 2bd (e, x5 1)
< ad(x,_q1,x,) +ad(x,, xp41) +2bd(x, %0 1)
< Cd(x_q,x,)foreachn=0,1,2.....

IA

Where € = (a1+2b) <1

Hence {x,} isa Cauchy sequence in X.
It has a limit in X. Call it z. In the view of Lemmas (2.2) - (2.3) we get
Dy(z, T(2)) < d(z, Xp42) + Ho (T(2), T(¥n+1))
<d(Z, Xp42)*a [Do(2, T(tns1)) + Do(%xps1, T(2))] + 2b d(z, X11)
< d(z,%p4p) + a[d(z, Xp42) + d(xne1,2) + Do(2, T(2))] + 20d(Z, X, 41)
Making n — o we get Dy(z, T(z)) < a Dy(z, T(2)). Which givesD,(z, T(z)) = 0.
Hence z c T(2)
Theorem 3.3.Let X be a complete metric linear space and T be fuzzy mapping from X to W(x) satisfying
H(T), T KL Do (X, T(X))+ Do (¥, T(Y)] < @ Do (X, T())+h D (y, T(X)) + € d(x, y) +d Do (X, T(X))+ € D (y, T(Y))
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forall x,ye C; wherea, b, c,d,e,k=0and 2b + c+e+d—-2k < l,a+b+c+d+e < landl+k>b+d.
Then there exists a point ze X such that{z}cT(z).

Proof.

Take x, € X. Let {x,}cT(x,), choosex, such that {x,} c T(x,), and

d(xg,x5) < Hy(T(xg), T(xy)).

Continuing this process we construct a sequence{x, } such that {x,.,,} € T(x,) and

d(xpe1 Xne2) < H(T(x,), T(xpe1)) n=0,1,2....

A0 X)) S Hy(T(x), T (1))

< H(TG), T (1))
< a Dy (% T(xn-1)) + b Do (%n1, T(x,)) + cdxy, x,_1) + d Dy (5, T(x))
+e Daf(xn—lr T(xn—l)) - k[ Da(xnr T(xn)) +Da(xn—1r T(xn—l)]

< ad(x,,x,) + bd(x,_q, Xp41) + cd(y, xp_q) +d d(xy, Xpyq) + €d(_q, %)
- k[d(xn,xn+1) + d(xn—lrxn)]
< bd(x,_q, %) + bd(x,, Xp41) + cd(xy, x1) + dd(xy, Xp41) + ed(X,_1, X,,)

_k[d(xnr xn+1) + d(xn—lr xn)]

< Qd(x,_;,x,)foreachn=0,1,2.....

Where Q = (b+c+e—k)<

1-b—d+k
Hence {x,} isa Cauchy sequence in X. It hasa limitin X. Call it z. In the view of Lemmas (2.2) - (2.3)
Dy(z, T(2))< d(z, Xp42) + Ho(T(2), T (Xp41))
< d(z,xp42) + aDo(Z: T(xn+1)) +b Do(xn+1:T(Z)) +¢d(z, xn41)
+d Do(Zx T(Z)) +e Do(xn+1,T(xn+1)) —K[Dy(z,T(2)) + Do(xps1, T (xn41))]

< d(z,%p42) + 8d(Z, Xp42) + bd(xy4q,2) + b Dy (2, T(2)) + cd(z, x,41)

+d Do (2, T(2)) + € Dy (X1, Xnsz) — k[ Dod(z, T(2)) + d(Xps1, Xpns2)]
Making n — o we get
Dy(z, T(2)) <M Dy(z, T(2)) , where M =b +d — k and M < 1. Which gives Dy(z, T (z)) = 0.

Hence z cT(2).

Theorem 3.4.Let X be a complete metric linear space and T be a fuzzy mapping from X to W(x) satisfying
H (T(x), T(Y)) <a [Da(x,T(y)) +Do(y, T(x)) ] + b [ Do (X, T(X))+ Do (y, T(Y))I+c d(x, y)for all x, y € X;
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where a, b >0 and 2a +2 b+ ¢< 1 and a <1— b Then there exists a point z € X such that {z}c T(z).

Proof.

Take x, € X. Let {x;}cT(x,), choosex, such that {x,}c T(x;), andd(x,,x,) < H;(T(x0), T (x1))
Continuing this process we can construct a sequence{x,,} such that

{x13e TCe) {xn 423 T(xn44), and

d((pg1) Xna2) < Hi(T(x,) T(xp41)) N=0,1,2....

dixn Xne1) < Hy(T(xp), T (xn-1))

H(T(x,), T (xn-1))

< a [Dg (¥, T(n=1)) + Da(xn—1, T(xn))1 + B Dy (i, T(2)) + DGy, T(Hn—1))] + € Ay, Xns)
< ald(xn, x,) + A1, 2411 + bl Xng1) + A1, %,)] + €d (i, x—1)
< ad(xp_q,%,) +ad(xy, Xp4q) + bd (2, X5 41) +0d (X1, 2,) + cd Oy, 25 1)

< Nd(x,_q,x,)foreachn=0,1.2.....

IA

at+b+c
1-a-b

Where N = ( ) < 1.Hence {x,} isa Cauchy sequence in X.

It has a limit in X. Call it z. In the view of Lemmas (2.2) - (2.3) we get
Dy(z, T(2)) < d(z, Xp42) + Ho (T(2), T(¥n+1))
<d(z, xp42)*a [DO(Z: T(xn+1)) + Do(xn+1xT(Z))] +b [DO(Zr T(Z)) + Do(xn+1,T(xn+1))] +cd(z, x,,41)
< d(z,%p42) + a[d(z, Xp42) + d(xni1,2) + Do(2,T(2))] + b [Do(2,T(2)) + d(xps1, Xne2)] + CA(Z, X 11)
Making n — o we get
Dy(z, T(2)) < SDy(z, T(z))where S=a+ b and S< 1. Which givesD,(z, T(z)) = 0.
Hence z c T(2)

IVV. CONCLUSION

We have proved some fixed point theorems of fuzzy function in complete metric spaces. The presented results
generalize the results proved in various spaces and extend some results from the literature.
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