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ABSTRACT: In this paper, we introduce the concept of generalized topological simple group. A
generalized topological simple group has the algebraic structure of group and topological structure of a
generalized topological space defined by A.Csasazar[5]. In this paper we discuss and study some basic
results and theorems related to G-topological simple group.
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I. INTRODUCTION

Csaszar[5] introduced the notions of generalized neighbourhood system and generalized topological
spaces. He also introduced the notions of associated interior, closure and continuous mappings on
generalized neighbourhood system and generalized topological spaces. In 2013 Muard Hussain et.al.[2],
introduced the concept of generalized topological group.

In this paper, we introduce concept of generalized topological simple group. Also here we discuss some examples and
basic results related to generalized topological simple group(G-topological simple group). The notion of Quotient G-
topological simple groups are introduced and studied. Throught this paper generalized topology is denoted by

G—topology.
II. PRELIMINARIES

Definition: 2.1[2] Let X be any set and let § S P(X) be a subfamily of power set of X. Then G is called a
generalized topology if ¢p € G and for any index set I, U;c; 0; € G,0; € G,i €E L.

Definition : 2.2[2] The elements of G are called G-open sets. Similarly, generalized closed set (or) G-closed, is defined
as complement of a G-open set.

Definition : 2.3[2] Let X and Y be two G-topological space. A mapping f: X — Y is called a G-continous on X if for
any G-open set in Y, f~1(0) is G-open in X.

Definition : 2.4[2] The bijective mapping f is called a G-homeomorphism from X toY if both f and f~! are G-
continous. If there is a G-homeomorphism between X and Y, then they are said to be G-homeomorphic. It is denoted by
X =;7Y.
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Definition : 2.5[2] Collection of all G-interior points of A c X is called G-interior of A. It denoted by Intg(A4). By
definiton it obvious that Intg(4) < A.

Note: 2.6 (i). G-interior of A, Intg(A). is equal to union of all G-open sets contained in A.
(ii). G-closure of A as intersection of all G-closed sets containing A. It is denoted by Cl;(A).

Definition: 2.7[2] A triple (G, *,G) is said to be an G—topological group if (G, *)is a group,(G, G) is a
generalized topological space and,

(i). The multiplication mapping m: G X G — G defined by m(x,y) = x xy, x,y € G is G—continuous.

-1

(ii).The inverse mapping i : G — G defined by i(x) = x~1', x € G, is G—continuous.

Definition: 2.8[2] Let X be a setand I' € P(X). We say that I' is a covering of X if X =U,ery. If X isa G-

topological space and every element of I' is G—open(or G—closed) then I is called G-open covering(respectively G-
closed covering).

III. GENERALIZED TOPOLOGICAL SIMPLE GROUPS
Definition: 3.1 [18] A group G is called a Simple group if it has no non trivial normal subgroup.

Definition: 3.2 A G-topological simple group G is a simple group which is also a G-topological space if the following
conditions are satisfied.

(i). The multiplication mappingm : G X G — G defined by m(x,y) = x *y, x,y € G is G- continous.
(ii). The inverse mapping i:G — G defined by i(x) = x~1,x € G is G- continous.

1 0
0 1

ivyg={o{( D
wvoxo={(G .G D) msxs{o{(G DG D)

Clearly the multiplication mapping and inverse mapping is G-continous. Therefore (G , ., §) is a generalized
topological simple group.

Example: 3.3 Let G = {( )} be a trivial simple group under multiplication and we define a generalized topology on

Remark: 3.4 G-Topological simple group= G-Topological group, but converse need not be true.
Note: 3.5 (). GL,(F) = {A € M, (F) : det(4) # 0}.

(ii).SL,(F) = {A € GL,(F) : det(4) = 1}.
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Example: 3.6 GL,, (F) is a G-topological group. But it is not G-topological simple group, because SL,, (F) is a normal
subgroup of GL,, (F)

Example: 3.7 SL,, (F) is a G-topological simple group.
Example: 3.8 Z,,, (where p is prime) is G-topological simple group with indiscerete G-topology.

Proposition:3.9 Let G be a G-topological simple group and i, be the collection of all G-open neighbourhoods of e.
Then the following holdshood.

(i). For every U € p,, there is an element V € u, such that V=1 c U.
(ii). For every U € u, and for every x € U, there is an element V € u, such that Vx < U.

Proposition: 3.10 Every G-topological simple group G has G-open neighborhood at the identity element e; consisting
of symmetric G-neighbourhoods.

Proof: For an arbitrary G-open neighbourhood U of the identity eg, if V = UNU™L, then V = V™1, the set V is an G-
open neighbourhood of e; , which implies that V is a symmetric G- neighbourhood and V c U.

Proposition: 3.11 Let G be a G-topological simple group. Every G-neighbourhood U of e contains an G-open
symmetric neighbourhood V of e such that VV c U.

Proof: Let U’ be the interior of U. Consider the multiplication mapping u: U' X U’ = G. Since u is G-continous,
u~1(U") is G-open and contains (e, e). Hence there are G-open sets V;,V, € U such that (e,e) € V; x V,, and V;V, ©
U.If we let V; = V;NV,, then V3V; © U and Vs is an G-open neighbourhood of e. Finally, let V = V5 N V5%, which is
G-open, contains e and V is symmetric and satisfies VV < U.

Corrollary: 3.12 Let G be G-topological simple group. Every G-neighbourhood of e; contains an G-open symmetric
neighbourhood V of e such that VV~* c Uand V™'V c U.

Proof: Since V is a symmetric G-open neighbourhood , V = V=1, Therefore VW' c Uand V-V c U.
Proposition: 3.13 Let f: SL,(F) to SL,(F) be a G-homeomorhism. Then

(i). A-> A1

(ii). A— A

(iii). A > AT

(iv). A > A* , whereh A" is the conjugate tranpose.

Proposition: 3.14 Let G be G-topological simple group. Then the following maps are G-homeomoephism from G to G
forallg € G.
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(i) The right(left) translation lg(ry) of G by g is a G-homeomorphism of the space G onto itself.

(ii). The inverse map : x — x~ 1.

(iii). The inner automorphism map : x - gxg~*.

Corrollary: 3.15 Let G be G-topological simple group and U be G-open subset of G , F is closed in G and A be any
subset of G. Then

(). aU,Ua and AU, UA are G-open in G.
(ii). aF and Fa are G-closed in G.

Corrollary: 3.16 Let y, be a collection of all G-open sets of G ate. Then ug = { Ug: U € .} is also a collection of G-
open sets at g.

Corollary: 3.17 Suppose that a subgroup of G-topological simple group G contains a non-empty G-open subset of G.
Then H is G- openin G.

Proof: Let U be a G-open non-empty subset of G with U < H. For every a € H, By corollary 3.15, the set [, (U) =
Ua G-openin G, then H = U,y Ua is G-open in G.

Proposition: 3.18 Let f: G — H be a homomorphism of G-topological simple groups.If f is G-continous at the neutral
element e; of G, then f is G-continous.

Proof: Let x € G be arbitrary and suppose that W is an G-open neighbourhood of y = f(x) in H. Since the left
translation [, is a G-homeomorphism of H, there exists an G-open neighbourhood V' of the neutral element ey in H such
that [,,(V) = yV is an G-open neighbourhood of y. Then yV < W. Since f is G-continous at e; of G, then f(U) c V,
for some G-open neighbourhood U of e in G. since [, is a G-homeomorphism of G onto itself, then xU is an G-open
neighbourhood of x in G.

Now we have f(xU) = f(x)f(U)

= yf)

cyU

C W. Hence f is G-continous at the point x € G.
Proposition: 3.19 SL,, (F) is an G-open subset of M,, (F).

Proof: Let A be an element of M,,(F) and let f(4) = det (A) be a function from M,,(F) to F. Since SL,,(F) contains
the matrices of M,,(F) with determinant 1.Then SL,,(F) = M,,(F)\B, where B is a matrix with det(B) # 1. Since the
determinant function is a polynomials and polynomials are G-continous, f is G-continous. Since {0} is G-closed in F,
then f~1({0}) is also G-closed in M,,(F). Hence SL,,(F) is G-open.
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Proposition: 3.20 Suppose that G, H and K are G-topological simple groups and that ¢:G — H and ¥: G — K are
homomorphism Such that ¥(G) = K and Ker {p c Ker ¢. Then there exists homomorphism f: K — H such that

¢ = f o Y. In addition, for each G-neighbourhood U of the identity element e in H, there exists a G-neighbouhood V
of the identity element e, in K such that ~1(V) € ¢~1(U), then f is G-continous.

Proof: Suppose U is G-neighbourhood of ey in H. By assumption, there exists a G- neighbouhood V of the identity
element e, in K such that, W = ¥~1(V) ¢ ¢~ 1(U).

= ¢W) = o 1 (V) < ¢(¢~H(1)
>¢W)=fV)c U
= f(V) c U.Hence f is G-continous at the identity element of K. Therefore f is G-continous.

Corollary: 3.21 Let ¢: G —» H andy: G — K be G-continous homomorphism of a G-topological simple groups G, H
and K Such that ¥(G) = K and Ker { < Ker ¢. If the homomorphism 1 is G-open, then there exists a G-continous
homomorhism, f: K — H such that ¢ = f 0 .

Proof: The existence of a homomorphism f: K = H such that ¢ = f o . Take an arbitrary G-open set V in H. Then
72V = v(p~1(V)). Since ¢ is G-continous and ¥ is an G-open map, f~1(V) is G-open in K. Therefore f is G-

continous.

Proposition: 3.22 Let G and H be G-topological simple groups with neutral element e; and ey, respectively, and let p
be a G- continous homomorphism of G onto H such that, for some non-empty subset U of G, the set p(U) is G-open in
H and the restriction of p to U is an G-open mapping of U onto p(U). Then the homomorphism p is G-open.

Proof: It suffices to show that x € G, where W is an G-open neighbourhood of x in G, then P(W) is a G- open
neighbourhood of p(x) in H. Fix a point y in U, and let | be the left translation of G by yx~1. Then [ is a G-
homomorphism of G onto itself such that ,

Ly-1(x) = yx~'x

=y.

SoV = U n (W) is an G-open neighbourhood of y in U. Then p(V) is G-open subset of H. consider the left translation
h of H by the inverse to p(yx™1).

Now clearly, (h o p o [)(x) = h(p(1(x)))
=h(p(y))
=p(xy Hp()
=p(xy~'y)
=p(x).
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Hence h (p(l(W))) = p(W). Clearly h is a G- homeomorphism of H onto itself. Since p(V) is G-open in H, h(p(V))

is also G-open in H. Therefore p(W) contains the G-open neighbourhood h(p(V)) of p(x) in H. Hence p(W) is a G-
open neighbourhood of p(x) inH.

Proposition: 3.23 Let G be G-topological simple group. Then
(i). If H is a subgroup of G, then H also a subgroup of G.
(ii). If H is a normal subgroup of G, H also a normal subgroup of G.
Proof: (i). For subgroup we have to prove the following conditions.
(a). H is non empty.
b).x,y € H=>xy € H
c.xe H> x* e H
(a). Since e € H = e € H. So H is non empty.

(b). Let g,h € H. Let U be an G-open neighbourhood of gh. Let p : G X G — G denote the multiplication map which
is G-continous. Then u~(U) is G-open in G X G and contains (g, h). so,there are G-neighbourhood V; of g and V, of h
such that V; XV, © u~*(U). Since g,h € H, then there are points x € V; NH # ¢ and y € V, N H # ¢. Since
x,y € H,xy € H and since (x,y) € u~1(U), then xy € U. Thus xy € UNH # ¢. Since U is an arbitrary G-open
neighbourhood of gh, then we have gh € H.

(c). Now let i: G — G denote the inverse map, and W be an G-open neighbourhood of h™1. Then

i~'(W) = W1 is G-open and contains h, so there is a point z € H N W™! = ¢. Then we have z7* € HN W # ¢.
Therefore h™* € H.

(ii). Now we have to prove that gHg"* € HV g € G.

Since H is a normal subgroup of G, gHg™* € HVY g € G.

Now gHg™! ¢ HV g €G.

=>gHg™' cHVgE€EG.

= gHg™! € H,Vg € G. Therefore H is a normal subgroup of G.

Corollary: 3.24 Let G be G-topological simple group and H be the centre of a hausdorff G-topological simple group
G. Then H is a subgroup of G.

Corrollary: 3.25 Let G be G-topological simple group Z(G) be the centre of G. Then Z(G) is a normal subgroup of G.
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Proof: proof follows from the above theorem.

Corollary: 3.26 Let G and H be G-topological simple groups. If f: G = H is a homomorphism mapping ,then kerf is
a normal subgroup of G.

IV. QUOTIENTS ON A §-TOPOLOGICAL SIMPLE GROUPS

Let G be a G-topological simple group and H be a normal subgroup of G. Here H is either proper trivial normal

subgroup of G or improper trivial normal subgroup of G. Let ¢ be a mapping from G — % by ¢p(x) = xH,V x € G.

Now we can define a G-topology on % , U is G-open in% < ¢ () is G-openin G.

Theorem: 4.1 Let %be a G-topological simple group with quotient G-topology and ¢ : G — %by ¢(x) =xH,Vx €
G. Then the following statement is hold.

(i). ¢ is onto.

(ii). ¢ is G-continous.

(iii). ¢ is G-open.

(iv). ¢ is homomorphism.
Proof: (i). Let gH € % Since ¢(x) = gH,Vg € G. Hence ¢ is onto.
(ii). By definition of quotient G-topology, U is G-open in % < ¢71(U) is G-open in G. Hence ¢ is G-continous.
(iii). Let U be a G-open set in G. Then ¢p(U) = UH is G-open in %
(iv).Letx,y € G, p(xy) = xyH.

=xHyH

=p(x)p().
Hence ¢ is a homomorhism.

Theorem: 4.2 Let G be a G-topological simple group and let H be a proper trivial normal subgroup of G or improper

trivial normal subgroup of G. Then % with the quotient G-topology is a G-topological simple group.

Proof: To show that% is a G-topological simple group. We need to show that the map defined by m(xH, yH) —

xy~1H is G-continous. Let WH be an G-open neighbourhood of xy~H. By definition of quotient G-topology,
¢~1(WH) is G-open G. Also xy~*H € WH.
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=>xy~t € ¢~H(WH).

By assumption,G is a G-topological simple group, which there exists G-open sets U and V with x € U and y € V such
that UV~ c ¢ Y(WH). Since xy~t € UV~L,xy 1H € ¢p(UV™D).

Now UV~! ¢ ¢ Y (WH).

= ¢UVY) c ¢p(¢p'(WH)) = WH.

= UV cWH.

Combining these two facts, xy~! € p(UV™1) c WH.
Since ¢ is a homomorphism, ¢(UV™1) = ¢p(U)p(V1).

= ¢p(U)p(V™1) c WH. We need to show that ¢(U) and ¢(V ~1) are G-neighbourhoods of xH and y~!H respectively.
Now xH € ¢(U) and y™*H € ¢p(V™1).

= x €Uandy~! € V1. Since U and V™! are G-open in G, ¢p(U) and ¢ (V1) are G-open. Hence the theorem.
V. G-COMPACTNESS ON G-TOPOLOGICAL SIMPLE GROUP

Proposition: 5.1 If G is a G-topological simple group and if K, and K , are G-compact subsets of G, then KK, is G-
compact.

Proof: Since K 1, K , are G-compact subsets of G, then K; X K, is G-compact in G X G. since the G-continous image of
a compact set is compact, KK , is G-compact.

Definition: 5.2 Let H be a subgroup of a G-topological simple group G. Then H is called neutral in G if every G-
neighbourhood U of the identity e; in G, there exists a G-neighbourhood V of e such that VH < HU.

Proposition: 5.3 Let H be a subgroup of G-topological simple group G. Suppose that, for every G-open neighbourhood
U of the identity e; in G, there exists an G-open neighbourhood V of e; in G such that xVx~! c U whenever x € G.
Then H is neutral in G.

Proof: Given a G-neighbourhood U of e; in G. Take an G-open neighbourhood V of e satisfying,
xVxtcUVx€eEG

=>xV cUx,Vx€EG

= HV c UH,V x € G. Then H is neutral in G.

Corollary: 5.4 Every G-compact subgroup of G-topological simple group G is neutral in G.

Proposition: 5.5 Let G be G-topological simple group, F a G-closed subset of G, and K is a G-compact subset of G,
such that F N K = ¢. Then there is an G-open neighbourhood V of e; such that F N VK = ¢.
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Proof: Letx € K.
= x € G\F and G\F is G-open.
= (G\F)x~! is an G-open neighbourhood of e;. By proposition 3.11,

there is an G-open neighbourhood W, of e; such that W, W, < (G\F)x~!. Since K is G-compact and K < W, x, so
there are finite points x4, X5, ...., X, € K , such that

K c UL, Wix;, where W; = W,, Now let V = ni_; W; Forany x € K,x € W;x;,for some i. This implies that,
Vx ¢ W;x c W,W;x; € G\F.
= F N Vx = ¢. This true for any x € K, therefore F N VK = ¢.

Proposition: 5.6 Let G be G-topological simple group, K a G-compact subset of G, and F is a G-closed subset of G.
Then FK and KF are G-closed subsets of G.

Proof: If FK = G, this is obviously true. Now let y € G\FK.Then F Ny K~* = ¢. Since K is G-compact, y K1 is
G-compact. By above theorem, there is an G-open neighbourhood V of e such that F N Vy K~ = ¢. Since Vy is an G-
open neighbourhood of y contained in G\FK. Therefore FK is G-closed.

Proposition: 5.7 Every G-open subgroup H of G-topological simple group G is G- closed in G-

Proof: The family y = { Ha: a € G } of all right cosets of H in G is a disjoint G-open covering of G. Therefore every
element of y, the complement of the union of all other elements, is G-closed in G.

Proposition: 5.8 Let G be a G-compact G-topological simple group and H be a G-topological simple group and let
f:G — H be G-continous. Then f(G) is G-compact.

Proof: Let y be an G-open cover for f(G). We know that {f~*(U): U € y} is an G-open cover of G. Since G is G-
compact, there is a finite G-subcover. There exists Uy, Uy, ..., U, € ¥ such that

GES fFHUDVFIU) U ..U fFHU)
= f(G) € U; VU, U ..UU,. Thus an arbitrary G-open cover of f(G) has a finite G-subcover.

Proposition: 5.9 Let G be a G-compact G-topological simple group and let H be G-closed subset of G. Then H is G-
compact.

Proof: Let y be an G-open cover of H. Since H is G-closed in G, G\H is G-open in G. From this we get that y U G\H is
an G-open cover for G. Since G is G-compact, there must be a finite G-subcover. So there exists Uy, U, ..., U, € ¥, such
that G c U; UU, U ..U U, UG\H

=>H c U, UU,U..UU,.An arbitrary G-open cover of H has a finite G-subcover. Therefore H is G-compact.
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VI.CONCLUSION

In this paper, we explore the notion of G-topological simple group. The notion is based upon the topological structure
of G-topological space and algebraic structure of simple groups. This idea is opening for new researchers working in G-
topological simple group.
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