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ABSTRACT: An analysis is carried out to study the mixed convection partial slip flow of a Casson fluid over a 
vertically stretching sheet with convective boundary condition. In particular, we investigate the effects of different 
parameters such as magnetic, mixed convection, Casson, convective, slip, Prandtl number in the presence of joule 
heating. The governing partial differential equations are transformed into ordinary differential equations by applying 
similarity transformations. These equations are then solved numerically by using finite difference scheme known as the 
Keller Box method. The effects of various parameters on velocity and temperature profiles are presented graphically. 
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I. INTRODUCTION 
 
Magneto hydrodynamics (MHD) is the study of the flow of electrically conducting fluids, which has important 
applications in polymer industry and engineering fields (Garnier [1]). Chakrabarthi and Gupta [2] discussed heat 
transfer of hydromagnetic flow over a stretching sheet. The study of non-Newtonian fluids has many applications in 
industrial and manufacturing process. Some examples are plastic polymers, optical fibres, paper production etc. In the 
past, so many researchers discussed various non-Newtonian models. Casson fluid model is one of the non-Newtonian 
models. Casson fluid was originally introduced by Casson and which explains that the rate of shear stress and strain 
relationships is nonlinear. Examples of such are sauce, honey, soup, jelly etc. For the analysis of boundary layer flows, 
this model is one of the best rheological models. MHD Casson Fluid Flow, Heat and Mass Transfer in a Vertical 
Channel with Stretching Wall is discussed by Sarojamma et al [3]. S Pramanik [4] discussed Casson fluid flow and heat 
transfer over an exponentially stretching surface. S. Nadeem et al [5] discussed MHD flow of a Casson fluid over an 
exponentially shrinking sheet. Krishnendu Bhattacharyya [6] studied MHD Stagnation-Point Flow of Casson Fluid over 
a Stretching Sheet with the effect of thermal Radiation.  
 
In the present problem we consider the mixed convection flow and convective boundary conditions also. Mixed 
convection flow over a stretching sheet or surface has numerous applications in geophysics areas and engineering. Heat 
transfer under the convective boundary conditions has vital role in gas turbines, energy store, nuclear plant processes 
etc. Mixed convection MHD stagnation point flow on vertical, linearly stretching sheet is explained by Ishak [7-9]. 
Mixed convection flow of Casson nanofluid with convective boundary condition over a stretching sheet is explained by 
T.Hayat et al [10]. Ch. Ram Reddy et al [11] studied effects of joule heating and Hall effects on free convection in a 
Casson fluid over a vertical channel. Effect of convective boundary condition on mixed Convection stagnation point 
flow of Casson fluid is investigated by Mahanta and Shaw [12]. 
 
Also, in this problem we extended to joule heating and slip effects. Joule heating describes the process where the 
energy of an electric current is converted into heat as it flows through a resistance. Joule heating is pertinent to an 
electrical devices design. It is particularly relevant in terms of electrical system components such as conductors in 
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electronics, electric heaters, power lines and fuses etc. Heat transfer of the mixed hydro dynamic/thermal slip and MHD 
flow over a vertically stretching sheet is discussed by Subhas Abel and Monayya Mareppa [13]. Mitiku Daba et al [14] 
described the impact of partial slip on mixed convection flow over a vertically stretching sheet with convective 
boundary condition. Swati Mukhopadhyay [15] investigated slip effects on MHD boundary layer flow over an 
exponentially stretching sheet. MHD mixed convection slip flow near a stagnation-point over a non-linearly vertical 
stretching sheet is discussed by Shen et al [16]. Impact of slip and convective boundary condition on boundary layer 
flow over a stretching sheet is studied by Nor Ishikin Abu Bakar [17]. Nooren Sher Akbar [18] described the effects of 
slip and convective boundary conditions on stagnation-point flow of suspended nanofluid over a stretching sheet. Free 
convection flow of Casson fluid on oscillating vertical plate with the effect of slip is discussed by Imran et al [19]. 
 
In this paper we described the solution to the problem of heat transfer of MHD mixed convection flow of a Casson 
fluid over a linearly stretching sheet under convective boundary condition and slip effects in the presence of joule 
heating by applying the Keller box method. 
 

II. MATHEMATICAL FORMULATION 
 

  
 
 
ܭ−				                           డ்

డ௬
= ℎ( ܶ − ௪ܶ) 

 
 
 
 

Fig 1: physical sketch of the flow 
 
Let us consider a steady, two dimensional, laminar, incompressible MHD flow of a Casson fluid over a vertically 
stretching sheet of uniform surface temperature	 ௪ܶ . The x-axis is taken along the sheet in the upward direction and the 
y-axis is measured normal to the sheet as shown in the above Fig1. It is assumed that the sheet is stretched with linear 
velocity		ݑ௪(ݔ) =    .where ‘a’ is positive constant. A magnetic field B is applied in the direction normal to the sheet  ݔܽ
The rheological equation of state for an isotropic and incompressible flow of a Casson fluid can be written as 
߬ = ቀߤ + 

√ଶగ
ቁ2݁  When	ߨ >                                                                                                                                 (1)ߨ

߬ = ൬ߤ + 
ඥଶగ

൰ 2݁  When	ߨ <                                                                                                                                         (2)ߨ

௬ܲ  is known as yield stress of the fluid , mathematically expressed as ௬ܲ= 	ఓ್√ଶగ
ఉ

ߤ ,   is called as plastic dynamic 
viscosity of the non newtonian fluid, π is the product of the component of deformation rate with itself (i.e., ߨ = ݁ ݁) 
and (i,j)th component of the stress tensor is ߬  
Considering u, v as velocity components in the directions of x and y respectively in the flow field. The governing 
equations of continuity, momentum, energy and concentration are given by 
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where ߩ is the density of the fluid, ߪ is the electrical conductivity, ߭ is the kinematic viscosity, B is the magnetic 
induction, ߙ(= 

ఘ
) is the thermal diffusivity, μ is the dynamic co-efficient of viscosity, ܥ is the specific heat capacity 

at constant pressure, ஶܶ is the free stream temperature. We consider that the left surface of the stretching sheet is heated 
by convection.  
The boundary conditions considered are defined as 
ݑ = ௪ݑ + ܮ డ௨

డ௬
ݒ		, = ܭ− ,0 డ்

డ௬
,ݔ) 0) = ℎ( ܶ − ௪ܶ)  at 	ݕ = 0. 

ݑ → 0,			ܶ → ݕ		ݏܽ	ܶ∞ → ∞.  
Where ܶ  is the temperature of fluid,  ℎ = 

√௫
 is the heat transfer coefficient,  ܮ = proportionality constant of the 

velocity slip. 
 
Introducing the similarity transformations 

ߟ = ට
జ
(ݔ)߰  ,ݕ = (ߟ)ߠ , (ߟ)݂ݔ	ܽ߭√ = ்		ି	 ∞்

்ೢ ି ∞்
 ,  

ݑ = ݒ      , (ߟ)′݂ݔܽ =  in to the equations (4) & (5) we get  [(ߟ)݂]߭ܽ√−
(1 + ଵ

ఉ
)݂′′′ + ݂݂′′ + ߠߣ − ᇱ݂ܯ = 0,                                                                                                                                   (6)       

ଵ

ߠ ′′ + ߠ݂ ′ ଶ′݂ܪ+ 	= 0.                                                                                                                                                   7) 

Where M = ఙబ
మ

ఘ
  is the magnetic parameter, Pr = ఔ

ఈ
 is the Prandtl number, ߣ =

ఉ൫்ି ∞்൯

²௫
	 is the mixed convection 

parameter, 	ܿܧ = ௨ೢ௫
൫்ି ∞்൯

	 is the Eckert number, ܪ =  .is the Joule heating parameter  ܿܧ.ܯ

The boundary conditions are reduced to  
ߟ = 0:	݂(0) = 0,݂ᇱ(0) = 1 + ᇱ(0)ߠ,௩݂"(0)ߣ = 1)ߛ− −   .((0)ߠ
ߟ → ∞:	݂ᇱ(ߟ) ⟶ 0, (ߟ)ߠ ⟶ 0. 

Here ߣ௩ = ܮ ቀ
జ
ቁ is the slip parameter and ߛ = ൜


൬ට

జ
௨ಮ
൰ൠ is the convective parameter.  

 
The surface shear stress and heat transfer coefficient with constant density are given by   ߬௪ = ߤ) + 

√ଶగ
) ቀడ௨

డ௬
ቁ
௬ୀ

 , 

௪ݍ = ܭ− ቀడ்
డ௬
ቁ
௬ୀ

. We are defining the physical quantities of interest are the local skin friction ܥ ௫݂ = 	 √ଶ
ඥோೣ

(1 +
ଵ
ఉ

)	݂′′(0)  and the local Nusselt number	ܰݑ௫ = 	−ඥܴ݁௫	ߠᇱ(0). Here   ܴ݁௫ = ௫
ఔ

   is the Reynolds number. 
 

III. METHOD OF SOLUTION 
 

The Keller box method is an effective method to solve ordinary and partial differential equations, which is described by 
Cebeci and Bradshaw [20]. This method involves the following steps.  
 
Step1: Reducing higher order ODEs (systems of ODES) in to systems of first order ODEs. 
Step2: Writing the systems of first order ODEs into difference equations using central                                                                                                           
            difference scheme. 
Step3: Linearizing the difference equations using Newton’s method and writing it in vector                  
           form.  
Step4: Solving the system of equations using block elimination method.  
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IV.  NUMERICAL DISCUSSION 
 

The nonlinear ordinary differential equations 6 and 7 subjected to boundary conditions were solved numerically using 
the Keller box method. In this study, the step size we have used isߟ߂ = 0.01. The following table1 shows that the 
values calculated by this method and of Magyari and Keller [21]. 
 
Table 1: Comparison of the values of –(0)′ߠ	for different values of Pr with λ=γ=λv=M=H=0, β→∞ with previous work. 
 

Pr Present Magyari and Keller[21] 
0.5 
1.0 
3.0 
5.0 
 

-0.5946 
-0.9548 
-1.8691 
-2.5002 

-0.59434 
-0.95478 
-1.86908 
-2.50014 

 
 

V. RESULTS AND DISCUSSION 
 

In this we discussed graphical results with/without the effect of joule heating parameter. Fig 2 explains the velocity 
field for different values of the magnetic parameter M. The boundary layer thickness decreases with higher values of 
the M because of the Lorentz force. Influence of mixed convection parameter on the velocity field is represented in 
Fig3. With the effect of buoyancy the fluid flow accelerates. Therefore the velocity increases.  

   
 

 
 

 
 

 
 
 

 
 

 
Fig 4 shows that the profile of velocity for the values of Casson parameter β. For this case, the boundary layer 

thickness decreases with the increase of β. Fig5 depicts that the velocity field for the values of slip parameter λv. The 
velocity is found to decrease with the increasing values of λv.  

 
   

 
 

   
 

 
 
 

 
 
 
 

(2) Velocity profile for various values of M      (3) Velocity profile for various values of λ 

(4) Velocity profile for various values of β     (5) Velocity profile for various values of λv 
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Fig 6 demonstrates that effect of Prandtl number Pr on the field of temperature. Prandtl number can be defined as 
momentum diffusivity to thermal diffusivity. Therefore temperature profile decreases. Fig 7 indicates that impact of 
convective parameter on the profile of temperature. Therefore the boundary layer thickness increases. Fig 8 
demonstrates that influence of the H on the field of temperature. It is observed that the temperature profile increases as 
the value of the H increases. The impact of the joule heating parameter in the velocity profile is very less as we can 
observe from the figures 2, 3, 4, 5. Similarly on the temperature profile is absurd from the figures 6 and 7. There is 
some change in the boundary layer thickness as well as in the boundary layer region in the presence/absence of joule 
heating parameter. 

 
   

 
 
 
  
 
 
 
 
 
 

 
 

 
VI. CONCLUSION  

 
 An increase in the magnetic parameter M and Casson parameter β decreases the velocity field. 
 The velocity field increases with increasing values of mixed convection parameter λ and decreases for slip 

parameter. 
 An increase in the value of Pr reduces the temperature field.   
 With increasing values of convective parameter γ and joule heating parameter H, the temperature field 

increases. 
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