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I. INTRODUCTION

The contraction principle of Banach [1], proved in 1922, was followed by diverse works about fixed points theory
regarding different classes of contractive conditions on some spaces such as: quasi-metric spaces [2,3], cone metric
spaces [4,5], partially ordered metric spaces [6,7], Menger spaces [8], and fuzzy metric spaces [9,10].

The concept of 2-metric space was initiated by S. Gahler [11,12,13]. The study was further enhanced by Iseki [14],
B.E. Rhoades [15], Miczko, Palezewski [16], and Khan [17]. They introduced several properties of 2-metric spaces and
proved some fixed point and common fixed point theorems for contractive and expansion mappings.

The concept of b-metric space was introduced by Bakhtin [18] in 1989, who used it to prove a generalization of the
Banach principle in a spaces endowed with such kind of metric. Since then, this notion has been used by many authors
to obtain various fixed point theorems. Aydi et al, in [19] proved common fixed point results for single-valued and

multi-valued mappings satisfying ¢ —contraction in b-metric spaces. Roshan et al, in [20] used the notation of
almost generalized contractive mappings in ordered complete b-metric space and established some fixed and common

fixed point results. In [21] Pacurar proved the existence and uniqueness of fixed points of ¢ —contractions on b-
metric spaces. Hussain and shah in [22] introduced the notation of cone b-metric space, generalizing both notations of
b-metric spaces and cone metric spaces. Fixed point theorems of contractive mappings in cone b-metric spaces without
assumption of the normality of a corresponding cone are proved by Huang and Xu in [23]. The setting of partially
ordered b-metric spaces was used by Husain et al, in [24]to study tripled coincidence points of mappings which satisfy
nonlinear contractive conditions, extending those results of Berinde and Borcut [25] for metric spaces to b-metric
spaces. Using the concept of a g-monotone mapping, Shah and Hussain in [26] proved common fixed point theorems
involving g-non-decreasing mappings in b-metric spaces, generalizing several results of Agarwal et al [27] and Ciric et
al [28]. Some results of Suzuki [29] are extended to the case of metric-type spaces and cone metric-type spaces. In [30]
Shatanawi et al consider and establish on setting of b-metric spaces, regarding common fixed points of two mappings,
using a contraction condition defined by means of a comparison function.

The aim of this paper is to establish results in b-2-metric spaces. In this paper we obtain common fixed point theorem
for two mappings, using a contraction condition defined by means of comparison function, extending the main result
of Shatanawi et al [30].

Il. PRELIMINARIES

Definition 2.1. Let X be a non empty set. A real valued function d on X x X x X is said to be 2-metric in X if

(i) To each of distinct points % Y:Z in X , d(x,y,z)>0
(”) d(X, y,Z) :0

, when at least two of %Y+ Z are equal
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iy 900y =d(y,20=d(x2,)

(V) d(x,y,z) <d(x,y,a)+d(x,a,z)+d(a,y,2) foran X Y:Z@a€X
when d is a 2-metric on X , then the order pair (X.d) is called 2-metric space.
Definition 2.2. A sequence {x.} in 2-metric space (X,d)

lim d(x,,x,a) =0forall ae X

is said to be convergent to an element x € X if

It follows that if the sequence {x, }converges to X then lim d(x,,a,b) =d(x,a,b)

for all &P €X

Definition 2.3. A sequence {X,} in 2-metric space (X.d) is said to be Cauchy sequence if lim d(x,,,X,,a) =0 as
N—o0

M,N =% forall ae X
Proposition 2.4. If a sequence is convergent in a 2-metric space then it is a Cauchy sequence.

Definition 2.5. A 2-metric space (X,d) is said to be complete if every Cauchy sequence in X is convergent.

Proposition 2.6. If a sequence {X } in a 2-metric space converges to X then every subsequence of {X } also

converges to the same limit X
Proposition 2.7. Limit of a sequence in 2-metric space, if exists, is unique.
Definition 2.8. Let X be nonempty set and d:XxX —[0,0) A function d is called b-metric space with constant
(base) S>1if:
@D dxy)=0=x=y
(2)d(x, y) =d(y,x) forall x,ye X
(3)d(x, y) <s(d(x,z)+d(z,y)) forall x,y,ze X
The pair (X,d) is called b-metric space.
It is obvious that a b-metric space with base S=1is a metric space. spaces (see, e.g., Singh and Prasad [32].
Definition 2.9. Let X be a non empty set. A real valued function d on X x X x X is said to be b-2-metric with
constant (base) S>1 if
(1) To each of distinct points x,y,zin X, d(x,y,z) >0
(2)d(x, y,2) =0, when at least two of X, y, z are equal
@) dx y,2) =d(z,y,x)=d(x,z,y)
(4)d(x, y,2) <s(d(x,y,a)+d(x,a,z)+d(a,y,z)) for all x,y,z,ae X

where d is a b-2-metric on X , then the order pair (X,d) is called b-2-metric space [33].

1. MAIN RESULTS

Now we are ready to prove our main results

Theorem 3.1. Let (X,d) be complete b-2-metric space with constant s and T,5:X =X two mappings on X |

Suppose that there is a constant
1

L< 2— and a comparison function » such that the inequality
+S
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sd (Tx, Sy, a) < p(max{sd(x,Tx,a),sd(y, Sy,a), L[d(x,Sy,a) +d(Tx, y,a)]}) (3.1)

holds for each X, y,aeX
common fixed point.

. Suppose one of the mappings S or T is continuous. Then S and T have a unique

Proof: Let Xp € X be  arbitrary. ~ We  define a  sequence a} as  follows:
Xan1 :TXZn Xoniz = SX2n+1 ne N (32)
Suppose that there is some neN such that X, =X, - iF N=2k then

3.1)

X, = X5, and from the contraction condition (

SA (Xop 41 Xop20 @) = SA (TXy 5 SXyy 41, )

with X=Xy 7 Y=Xai and for all aeX we have

S Q(rmX{ Sd (X2k ’TX2k ! a), Sd (X2k+1’ SX2k+1' a))! L[d (X2k ’ SX2k+l! a) + d (TX2k ! X2k+l! a)]})
= ¢(rTBX{ Sd (X2k ! X2k+l’ a)! Sd (X2k+1’ X2k+2' a))! Ld (X2k ' X2k+2 ! a})
Hence, as we suppose that X, = X,, ; and as a comparison function % is non-decreasing,

SA (Xyp 111 Xorr 20 @) < @(Max{ SA (Xpy 1, Xop 20 @)y LISA (X105 Xop 05 Xopey1) + S (X5 X1, @) + S0 (Xoy 15 X100 )]}

= g(max{ sd (Xpy1, Xois2+ @)y LSA (X115 Xopi0r A)3)
= @(Sd (X511 Xos21 @)

If we assume that d (X, .1, Xp .0, @) > 0 pt) <t for t>0

,then we have, as
SA (Xoki1 Xokszr @) < @(SA (Xapei15 Xowi20 @) < SA (Xop 15 Xops2, @)
a contradiction. Therefore d (X, 1, Xpy,,, &) =0 .Hence X, ,,

= Xoks2 Thus we have 2k = Xaka = Xakaz

(3.2) B _
By , it means Xo = TXg = SXy _Thatis <2¢isa common fixed point of T and S .
_ _ (3.1 _
If n=2k +1then Xk = Xoksz and from contraction condition with X=Xk
and Y= Xokn we have

SA (Xpp21 Xoiizr @) = SA(SXpp 41, TXpy 42, @)
< p(max{sd (Xp 5 TXop25 @), SA (Xop 15 SXopi15 @)y LIA (Xgp 105 TXop 50 Q) + A (Xy 50 SXopeqs I3
= Q)(rmX{ Sd (X2k+2’ X2k+31 a)! Sd (X2k+l’ X2k+2 ’ a)! Ld (X2k+1’ X2k+3’ a)})

Hence, as we supposed that X =X . . . .
PP 2k+1 7" 72k+2 and as a comparison function is non-decreasing,

S (Xak121 Xoki3, Q) < @(max{ sd (X2 Xoy131 @)y LIA (Xap11 Xo 135 1}
< p(max{sd (Xy .21 Xo30 @)y LIA (Ko 120 Xoriz0 @) + A (Xppigr Xori20 @) + A (Xgp i1 Xop i1 X))

= @(max{sd (X,,2, Xo,3> @), LIA (Xpp 2 Xpi 30 A}
= @(Sd (X521 X3, Q))
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If we assume that d(Xzpi2: Xoii3: @) > 0 , then we have , as PO <t for t>0
SA (Xok121 Xoi3, @) < @(Sd (Xpp,25 Xok i3, @) < A (Xoi,2 Xoir30 @) '
a  contradiction.  Therefore, Sd (Xzri21 Xaieia: @) =0 Hence Xarz =Xoa Thus  we
have X2k = Xake2 = Xakaa By (3.2) , it means Xapen = Moy = Sx2k+1, that is, Xak+1js a common fixed point
of T and S

From now on, we suppose that Xn # Xnia each neN

Now we shall prove that

0 %0 D <0000 %02 o gy NEN g 2K (33)
There are two cases which we have to consider

Case (i). n=2k, ke N.

From  the  contraction  condition 3. with X=X, and Y=Xu1 e get
SA (Xpp 11, Xoi» @) = S (TX5, , SX,, 5, @)
< p(max{{sd (Xy, , X, @), SA (Xyp g5 SXp 15 @), LIA (X, SXop 5, Q) + A (Xpy g5 T, ]}

= @(max{ sd (X, Xoy 415 @), SA (Xay 15 Xoie» &)y LLA (Xoy 15 Xop 115 A1)

. 1
Since L < 3 , we get
S
S (Xap 11 Xoi» @) < p(max{ sd (X, s X511, @), SA (X1, Xpy5 Q), 3 [d (Xy 15 Xop i1, 1})

S
< (max{ sd (Xyy » Xpy11, @), SA (Xgy 15 Xo 5 @), g[d (Xar Xopa10 @) + 0 (Xgp g, Xop5 @) + A (Xpp 1y Xoprr X )1})

= @(max{ sd (Xo » Xoy,1» &), SA (X5 1, X, @) )
Now, if we suppose that max{ sd (X, , Xpx1, @), SA (X1, X5, 8)F = SA Xy, Xpp,1, &) then by property (a) of

% in Definition 4 we get
SA (Xop s Xopi10 @) < @(SA (Xgp 5 Xop 115 @)) < S (Xpy s Xy 115 Q)

a contradiction. Therefore, from the above inequality we have
Sd (X2k ’ X2k+11 a) < ¢’(5d (sz—l’ X2k 1 a)) (34)

Thus we proved that (3.3) holds for n =2k

Case(ii) ] n = 2k +l, ne N
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Using the same argument as in the case (i), it can be proved that (3-3) holds for n =2k +1, that is

S (Xoks1s Xoks2s Q) < @(SA (Xpy s X115 @) (3.5)
From (3.4) and (3-5) we conclude that the inequality (3-3) holds for all neN
From (3.3) , by the induction it is easy to prove that
sd (X,,X,..,a) < @"(sd (Xy,%,a)),Vne N (3.6)
Since lim,  _ o"(t)=0 for all t>0 from (3.6) it follows that
im_ d(x,, X, ,,a)=0 3.7
1
Now we shall prove that {x }is a Cauchy sequence. Let &> 0. Since L <—— s—3L>0
+S  implies and
1-L(2+9)>0 (3-7)  we conclude that there exists NN  such  that
from
1-L-Ls
d(x X ,a)<———¢ (3.8)
3s
forall " =No
Let m.n €N it M>N By inductionon ™ we shall prove that

d(x,, X, ,a)<e&,vm>nz=n, 3.9

nN=nNy,q Mm=n +1 (-3 and B-8) e get

Let then from
d(X,,X,,a) =d(X,, X1, ) <d(X,, X, ;,a) < 1—I;)——Lsg <&
S
(3.9) _

Thus holds for m=n +1

(3.9) (3.9)
Assume now that holds for some m = n +1. We have to prove that holds for m +1 We have to
consider four cases.
Casel. n is odd, m +1 is even.
From contraction condition (3.1 we get
Sd (Xn ’ Xm+1! a) = Sd (Txnfl’ SXm ’ a)
< ¢(rnaX{ Sd (anl’ Xn ! a)! Sd (Xm' Xm+l’ a)' L[d (Xn—l’ Xm+1’ a) + d (Xn 'Txm ’ a)]})

o) <t

Hence we get, as  d(Xp,Xn,@) <d(X,1,%,,8) 4 for  all t>0 ’
sd (X, X, 8) < (max{sd (X, ;, X,,a), LId (X, 4, X,1, &) +d(X,, X, a)]}) (3.10)
iffrom (3-10) ye have sd (Xys Xiap @) < sd (X, 4, X,, @) (3.8),

, then by
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1-L-Ls
sd (X, Xp,pr @) < SA(X, 4, X,, Q) < 3—5 <e&
S
(3.10)

If implies Sd (X, X1, 8) < LLA (X, 1, X1, @) + A (%o, Xy, )] , then by triangle inequality,
Sd (Xn’ m+1’a) < L[d (Xn -1 m+l’ n) + d(Xn -1 n!a) +d(xn' m+l’a) + d(xnfxmla)]
and*

1 L
As L <——implies <3L<1<s

2+S -L
L

d(Xn’ m+1’a) <H[d(xn 11 n’a) +— d(Xn’ m’a)]

<3L[d (X, ,X,,a)+—= d(xn, X )]
Using (3-8) and the induction hypothesis (3.9) we have,

1-L-Ls 3L 1-3L-L(s-1 3L
d(x,, X,,;,8) <dL————¢e+—¢< ( )e+—
3s S S S
1-3L 3L 1
< E+t—e=—¢<¢
S S S

Thus we proved that in this case (3.9) holds for m +1 . Therefore, by induction, we conclude that in Case | the
inequality (3.9) holds for all m<n
Case Il. n is even m-+1 is odd. The proof of (3.9) in this case is similar to given in
Case lll. niseven m +1is even.
Using the triangle inequality and the contraction condition (3.1) we obtain
d (Xn ’ Xm+l’ a) = Sd (Xn’ m-+1? n+1) + Sd (Xn’ n+1? a) + Sd (Xn+l' Xm+17 a)

= Sd (X Xm+l1 n+1) + Sd (Xn' n+1? a) + Sd (TXn ' SXm ’ a)
therefore
d (Xn’ m+1? a)
<sd (X, Xyiqs Xi,0) +SA (X, X5, 8) + @(max{sd (x,,Tx,,a),sd (X,,, SX,,,&), L[d (X, SX,,,a) + d (X, TX,,a)]})

= Sd (X Xm+l’ n+1) + Sd (Xn’ n+1? a) + (p(max{ Sd (Xn1 n+1? a) Sd (Xml m+17 a) L[d (Xn1 m+1? a) + d (Xm! n+1? a)]})

- Sd (Xn’ m-+1? n+1) + Sd (X n+1? a) + ¢(mx{ Sd (Xni n+1? a) L[d (er m+1? a) + d (Xm ’ Xn+1’ a)]})

Hence we get, as d (X, X,,1,8) < d(X,,X,,,,a) and PO <t trant>0

d (Xn’ m+1? a) < Sd (X Xm+1’ n+1) + Sd (Xn! n+1? a) + (ITHX{ Sd (Xn’ n+1? a) L[d (Xn! m+1? a) + d (Xm’ n+17 a)]}) (3 11)
If the inequality (3-11) implies
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d (Xn1 m+1? a) < Sd (X Xm+11 n+1) + Sd (Xn1 n+1? a) + Sd (Xn1 n+1? a)
then from (3.8) we get
d (Xn1 m+1? a) < Sd (Xn1 m+1? n+1) + Sd (Xn1 n+1? a) + Sd (Xn1 n+1? a)
1-L-Ls
d(x,,X,,,a) <3s——¢
(X Xp.1:2) e
Hence
d(xn’ m+1'a)<g
If the inequality (3-11) implies

(Xn’ m+1? ) < Sd (Xn’ m+1? n+1) + Sd (Xn1 n+1? )+ L[d (Xm m+17 )+ d(xm1 n+11a)]
Hence we get
(1 L)d (Xn' m+1? a) < Sd (X Xm+l’ n+1) + Sd (X
Then by triangle inequality we have

a) + Ld (Xm1 n+1? a)

n?! *n+l?

(1 L)d(an m+1’a) <Sd (X Xm+l' n+1)+Sd(Xn1 n+1’a)+ L[d(Xm’ n+1? n)+d(xm1 n’a)+d(xn1 n+1’a)]
Now, by using (3-3) and (3-8) and induction hypothesis we obtain
@—-L)d(X,, X, 1,8) <SA (X, 3, X,y Xy 1) +SA (X, 4, X, &) + L[A (X, 1, X, X)) +d (X, X, &) +d (X, 4, X,,a)]
L= L)d(x,, X, ,a) < 251 I;,_ LS poL 1o 'é_ LS L= 26 ")(?1)_ L= e

S S S

Hence we get

(1 L)d(xm m+l’a) <

2(s+L)A-L-Ls)+3sL _ 25+2L—2L° —25°L—2sL° +5L _

3s 3s
L < using 2L+ Ls <1 we have
Since
2 2 2 2 9 )
(1- L)d(x, %) < 2-2b —2sLoask +1, 3s-2L -5k -2l |
3s 3s
and

2 2 2 )
L-L)d(x,,x m+l,a)<3s—2L —2s°L —2sL 8<33—25L 8<33—25Lg<35—3sL

3s 3s 3s 3s
(= L)d (3, %0.8) < 20—
3s
Hence
d(Xn’ m+lla)<‘9

Thus we proved that (3.9) and holds for m +1.. Therefore by induction we conclude that in Case 111 the inequality

(3.9) holds for all m > n.

Case IV. n isodd, m +1 is odd. The proof of (3.9)

in this case is similar to one given in Case IlI.

Therefore, we proved that in all of four cases the inequality (3.9) holds.
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(3.9) (X,d)

From it follows that {7} is a Cauchy sequence. Since is a complete b-2-metric space, then

{X, }convergesto some u = X as N —> +oo.

Now we shall prove that if one of the mappings T or S is continuous,
then Tu = Su = u . Without loss of generality, we can suppose that S is continuous. Clearly, as X, —> u then

by (3-2) we have SX5n1 = Xopsp —>U @ N —>+o00. Since x,,.., —>U S

and ~ is continuous then,
SX,,,.. —> Su . Thus, by the uniqueness of the limit in b-2-metric space, we have Su = u . Now from contraction

condition (3.1
sd(Tu,u,a) = sd(Tu, Su,a) < p(max{sd(u,Tu,a),sd(u,Su,a), L[d(u,Su,a) +d(Tu,u,a)]}) = ¢(sd(u,Tu,a))

If we suppose that, d(u,Tu,a)>0 then we have
sd(u,Tu,a) < ¢(sd(u,Tu,a) <sd(u,Tu,a)

is a contradiction. Therefore, d(u,Tu,a)=0

and S

. Hence TU =U Thus we proved that U js 3 common fixed point of T

d(u,v,a)>0
Suppose now that Uand V are different common fixed points of T @1d S | that is ( ) . Then

sd(u,v,a) =sd(Tu,Sv,a)
< p(max{sd (u,Tu,a),sd(v,Sv,a), L[d(u,Sv,a) +d(v,Tu,a)]})
=¢@(2Ld(u,v,a))

sd(u,v,a) < ¢e(sd(u,v,a)) < sd(u,v,a)

Since 2L <1<'s, then we get , a contradiction. Thus we proved that T

and S have a unique common fixed pointin X -
If S =T in Theorem3.1., then we have the following result.

Corollary3.1. Let (X,d) be a complete b-2-metric space with constant sand T : X — X a mapping on X .

1
Suppose that there is a constant L<§ and a comparison function ? such that the inequality

sd(Tx, Ty, a) < p(max{sd (x,Tx,a),sd (y,Ty,a), L[d(x,Ty,a) +d(Tx, y,a)l}) 3.12)
holds for each X, y,aeX . Suppose that the mapping T is continuous. Then T has a unique fixed point.
Omitting the continuity assumption of mapping T or S in Theorem3.1., modifying the contraction condition (3.2) and

imposing on a comparison function # a corresponding condition, then we can prove the following

Theorem3.2. Let (X,d) be complete b-2-metric space with constant s and T.5:X =X two mappings on X .

Suppose that there is a constant
1

L< 2— and a comparison function » such that the inequality
+S
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sd(Tx, Ty, a) < p(max{sd (x,Tx,a),d(y,Ty,a), L[d(x,Ty,a) +d (Tx, y,a)]}) (3.13)
holds for each XY @€ X . If in addition function % satisfies the following condition:
imsupe(B)<a,a>0 (3.14)

n—oo
Then Sand T have a unique common fixed point.

(3.13) 3.1

Proof Since the contraction condition implies the contraction condition

(3.3)

in Theorem3.1., then from the

proof of Theorem3.1. it follows that the sequence {Xx} defined as in , converges to some u e X , that is

TX,, =X,,,;, > U and SX,,., =X,,,, —>U as N —oo (3.15)

(3.13)

Now we we prove that Su = u . From the contraction condition and by monotonicity of ¢ we obtain

sd (X,,,.,,SU,a) = sd (Tx,,, Su,a)
< p(max{sd(X ,,,X,,.,,a),d(u,Su,a), L(d(X,,,,,u,a) +d(X,,,Su,a))}) (3.16)
< p(max{sd(X ,,, X,,.;,a),sd (u,Su, X,, .,) +sd (U, X,,.,,a) + sd(X,,.,,5u,a),
L(d(X,,,1,U,8) +Sd (X,,,, SU, X,,,.1) 4+ SA (X5, X515 8) + S (X,,,,4, SU, A))}).

(3.16)

) _ _ 1
Since ? is non decreasing and L < 5 , from we get

Sd (X2n+l’ SU, a) < ¢(Sd(X 2n+1? u, a) + Sd (X2n ’ SU, X2n+1) + Sd (X2n ! X2n+l' a) + Sd (X2n+l’ SU, a)) (317)
If we set
t, =sd(X,,.,,U,8) + sd (X,,,SU, X,,,.,) + SA (Xo,,, X511, @) + SA (X,,,,1, SU, Q)

Then in virtue of (3.15) ,
lim supt, = lim sup sd (x,,.,,Su,a) =r (3.18)

n—oo n—oo

where r > 0. Let {t, }be a subsequence of {t }such that t, — ras k — oo, For simplicity, denote {t, }

(3.18)
again by {t, }. Then from

lim t, = lim sd(x,,,,,Su,a)=r (3.19)

n—oo
Suppose that r > O . Then from (3.19) , (3.17) , and the assumption (3.14)
r=Ilmt, =limsd(x,,,,Su,a)<lm ¢o(t,)<r
n—oo ty—r

n—oo

of ? , we have

a contradiction. Therefore,
lim t, = lim sd(x,,,,,Su,a)=0
n— n—oo

—Su as n —> o

Hence we have X2n+1 (3.15) Xzpq U

. Since by
(3.13)

and as the limit in a b-2-metric space is

unique, it follows that Su = u . Now by
sd(Tu,u,a)=sd(Tu,Su,a)

< p(max{sd(u ,Tu,a),d(u,Su,a), L(d(Tu,u,a) +d(u,Su,a))})
= @(sd(u, Tu, a))
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d(u,Tu,a) >0 4hen we have

contradiction. Therefore, d(u,Tu,a)=0 ,thatis Tu =u . Thus we proved that Tu = Su =u .
If S =T in Theorem3.2., then we get the following result.

If we suppose that sd(u,Tu,a) < e(sd(u,Tu,a) <sd(u,Tu,a) a

Corollary3.2. Let (X,d) be a complete b-2-metric space with constant sand T : X — X a mapping on X

1
Suppose that there is a constant L<m and a comparison function ? such that the inequality

sd (Tx, Ty,a) < gp(max{sd (x,Tx,a),sd(y,Ty,a), L[d(x,Ty,a) +d(Tx,y,a)]}) (3.12)

holds for each X+ ¥+ @€ X (3.14)
unique fixed point.

. If in addition a comparison function ¢ satisfies the inequality then T has a

IV.CONCLUSION

Generalization of theorems from b-metric spaces to b-2-metric spaces can be direct by using definitions, as in [33], but
in this paper, generalization is not direct because of restrictions s (base in b-2-metric spaces) and L (comparison
function constant).
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