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ABSTRACT:  In this paper, we discuss the various properties of  ideal of an M-semigroup. It is clear that every ideal 
of an  M-semigroup SRM  , is a fine band R of its left ideals each if which is a semi-deflation of  I. Also, we 
find few conditions for an M-semigroup to be simple. 
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I. INTRODUCTION 
 

Tamura (14) proved that an M – Groupoid S is the direct product of a right singular semigroup and a groupoid with a 
two sides identity. By an M-semigroup we mean a groupoid M in which  
P1: There is atleast one e  M such that ex=x for all x  M. 
P2: x(yz)=(xy)z for all x,y,zM(Assosiative law) 
P3: For each xM, there is unique left identity esuch that xe=x. 
we discuss some properties of ideal of an M-semigroup. 
 

II. PRELIMINARIES 
 

2.1A semigroup S is called a right group if it is right simple and left cancellative. 
 
2.2 A subset S’of a semigroup S is said to be a sub semi group of  S if S’ is a semigroup with the same binary operation 
of S. 
 
2.3 Let X and Y be any two nonempty sets. Then the system (S=X x Y; *) where  
  (x,y) * (x’,y’) = (x,y’); 
For all x,x’ in X and y,y’ in y is a band. It is called a rectangular band on X xY.. 
 
2.4 If A is band of type  , S is a band A of semigroups Si ( Ai ), and each semigroup Si ( Ai ) is a semigroup 

of type , then S is called as a  - band A of – semigroup. 
 
2.5 The concept that is being defined now is due to Clifford and Preston (4). Let B be a semigroup. With each i of B, 
associate a set Gi consisting i (i in B) which are mutually disjoint. Let G=Gi (i in B) and let the product in B be 
extended to a product in G by defining xy=ij if x is in Gi and y in Gj (i,j in B). Then G is a semigroup which is called 
an Inflation of  B. 
 
The following result is also due to the above authors: 
Let B be a subsemigroup of a semigroup  G such that B contains G2. Define f: GB by 
(i) f is a surjective mapping, 
(ii) f = f2 and 
(iii) xf.yf= xy for all x,y in G. 
Then G is an inflation of  B. 
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2.6 The definition of inflation as given below is due to Tamura(14). 
Let B be a given semigroup. Let S be any semigroup. Then S is an inflation of  B if and only if, 
(i) S contains B as a semigroup, 
(ii) B contains a homomorphic image of S,  
Say (s)f; such that  
(a) f/B is the identity map  and 
(b) for all x,y in S, xy= xf. yf. 
 
2.7By an idempotent element of a semigroup S, is meant an element x in S, such that            x = 2x ; A semigroup S is 
said to be an idempotent semigroup if every element of S is idempotent. 
 
2.8A band is an idempotent semigroup. 
 
2.9By an M - groupoid S we mean a groupiod which satisfies the following conditions: 
(i) There is atleast one e   S. 
(ii) If y or z is a left identity of S then x(yz) = (xy)z for all x S. 
(iii) For any x S ,there is a unique left identity   e such that xe =  x. 
 
2.10By an M – semigroup M we mean a semigroup that satisfies the following two conditions: 

1P   : There is at least one e   M such that ex =x for all x   M. 

2P : For every x  M there is a unique  left identity e such that xe = x. 
 
2.11An M – semigroup M is isomorphic to the direct product of a right zero semigroup and a semigroup with a two 
sided identity; and conversely. 
  That is SR  M  where  R is a right zero semi – group and S is a semigroup with a  two sided identity. The right 
zero semigroup R is the set of all left identities of M and MeS  ,     for a left identity e of M . 
 
2.12  By a sub – M – semigroup 'M of  asemigroup S we mean a subsemigroup 'M  of S which is also an M – 
semigroup. 
 
2.13  By an induced sub – M – semigroup 'M  of an  M – semigroup M, we mean a sub – M – semigroup 'M  of M  
whose set of left identities is same as that of M. 
 
2.14 By a normal sub – M – semigroupK  of an M – semigroup we mean that K is a sub – M – semigroup of M 
satisfies: 
(i) ka ak ; for all a belong to M , and  
(ii) Every left identity of K is a left identity of M. 
 
2.15 M={e,f,a,b} with the following operation is an M-semigroup 

.

babab
abaa

baff
bafee
bafe

b
e  
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2.16 An M-Semigroup M is a disjoint union of its sub M-semigroups which are left ideals of M containing exactly one 
identity and each such subM-semigroup is a semi deflation of M. 
 

III. IDEAL OF AN M-SEMIGROUP 
 

In this part, we find that every ideal of an M-semigroup SRM  , is a fine band R of its left ideals each if 
which is a semi-deflation of  I. Also, we find few conditions for an M-semigroup to be simple.In an M-semigroup

SRM  ,for a proper ideal I of M, IR . Example 2.15 is an example of an M-semigroup which contains 

an ideal  ba,I  . 
3.1 Lemma: 
 Every ideal I of  an M-semigroup SRM  is a disjoint union of subsemigroup R.eMe,I   That is,

 
Re

MeII


 . 

Proof: 
For any left identity  e  of  M and I.xeI,x  Since xe is an element of Me, MeI ; for all Re . 

For any two distinct left identities e, f of M, Me and Mf are disjoint because, if x MfMe then  x mfle   , 
for some l, m of M. 

memfeleelemf  . 
Also,   mf;fmf    mfmemfeemf  . 
By the uniqueness of e, e=f which is a contradiction. 
Therefore, MeI and MfI  are disjoint. 
For any xe , MeIye  , 

MeIxyexe.ye   

 i.e., MeI is a semigroup. 
Consider    

Re
MeI


 . For every I,x there exists a unique Re such that xxe  Therefore, Ix is an 

element of a unique Me. 
That is,  

Re
MeII




 
 
3.2 Lemma: 

Each MeI , Re  is a left ideal of I. 
Proof: 

For any MeIxe  ,for a fixed e of R and Iy , 

   MeIyxexey  proves the lemma. 
3.3 Lemma: 
Each  MeI , Re is a semi-deflation of I. 
Proof: 
Define MeII:f  for a fixed Re , such that   xefx  , for all Ix . 

It is well defined because for any Ix , xe  is an element of MeI . 
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   f.yf.x
xe.ye
xyefxy





  

For any MeIle  ,   leleefle  .Therefore, f is a homomorphism fixing the elements of MeI .Hence, 

f is a semi-inflation map and each Me,I Re is a semi-deflation of  I. 
3.4 Lemma: 
 For any ideal I of an M-semigroup M, MfIMeI  ; Rf e,  . 
Proof: 
 For any element MeIxe   

Ixe.f  since I is an ideal. 
Also, Mfxfxe.f   
Therefore, Mfxe.fxf  I .That is, for every, MeIxe  there exists an Mfxf  I . Similarly we 

can prove that for every Mfxf  I there exists an Mexe  I . 
Therefore, the map MfIMeI:  is onto. 

Also,     yexe   

 
 
  yfyefye

andxfxefxesinceyfxf






 

 yfexfe   

 ye.xe   

Therefore,  is one-one and hence MfIMeI  . 
3.5 Lemma: 

 I is a fine band R of subsemigroups Me,I Re . 
Proof:  

Since  
Re

MeII


 , any element of I is of the form xe, for any Re  

Define, RI:f   such that   efxe  ; for all I,xe Re . 
Clearly f is a homomorphism onto a band R. 

  MeI1fe  , Re . 

For any MeIxe  and MfIyf   

MfIxyfxe.yf  .That is, 

    
  total.isMfIsince,2MfI

MfIMfIMeI




 

That is, I is a fine band R of subsemigroup Me,I Re . 
From lemmas 3.1, 3.2, 3.3, 3.4 and 3.5 we have, 
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3.6 Theorem: 
 Every ideal I of an M-semigroup M is a fine band R of isomorphic  left ideals of  I, which are semi-deflations 

of  I. 
Since M is a trivial ideal of itself we have 
 
3.7 Corollary: 

 An M-semigroup SRM  is a fine band R of isomorphic left ideals of M which are semi-deflation of M 
[2.16]. 
Now, we shall find few characterizations for an M-semigroup M to be simple. 
 
3.8 Lemma:  

 Let SRM  be an M-semigroup containing both minimal right ideals. If Me, Re is a minimal left 
ideal of M, then M is simple. 
Proof: 

 For any proper ideal I of M, MeIe ,andIe is a left ideal of M contained in Me, which is a contradiction. 
Therefore, M cannot have any ideal. That is, M is simple. 

We know that ‘if a semigroup S is simple and containing both minimal left and minimal right ideals then every 
minimal left (right) ideal of S is of the form Se(fS) where e, f are idempotents’[8].Therefore, by 3.8 we have, 

 
3.9 THEOREM: 

 An M-semigroup containing both minimal left and minimal right ideals is simple if and only if Me, Re is 
its minimal left ideal. Also we have 

 
3.10 THEOREM: 

 A simple M-semigroup containing both minimal left and minimal right ideals is a disjoint union of its 
minimal left ideals. 

 
3.11 Lemma:  

If an M-semigroup SRM   containing both minimal left and minimal right ideal is simple then the set of 
idempotents E of M is R. 

 
Proof: 
 In a simple M-semigroup M, containing both minimal left ideals and minimal right ideals, Ma, Ea is a 
minimal left ideal [13]. 
But  

Re
MeM


   where each Me is a left ideal. 

Since ,Ee Me is a minimal left ideal. If R\Ea then Ma is also a minimal left ideal. If aea  for an Re
, then Mae is a minimal left ideal. 
But MeMae ,a contradiction to the fact that Me is a minimal left ideal. Therefore Ra and hence RE . 
Hence the lemma. 
 
3.12 Definition: 

 A semigroup S is called as a right group if it is right simple and left cancellative. 
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3.13 THEOREM: 
 Let SRM   be an M-semigroup containing both minimal left and minimal right ideals. M is simple if 

and only if M is a right group. 
Proof: 
 Let M be simple. Clearly  

Re
MeM


 , where each Me is a minimal left ideal of M[13]. 

By 3.11, the set of idempotents of M is R. Therefore, the minimal right ideal of M is MeM . That is, M is simple 
and containing a minimal left ideal Me and a minimal right ideal eM = M. Therefore M is the union of isomorphic 
groups [13].That is M is a right group. Converse is clear. 
 
3.14 Lemma: 

 If Me, Re is a minimal left ideal of an M-semigroup SRM  , then M is a right group. 
Proof: 

Since Me, Re contains an idempotent e, M contains a minimal right ideal also [13]. Therefore, from 3.8 
and 3.13 M is a right group. 

From 3.14 and [4] we have 
 

3.15 THEOREM:  
If Me, Re is a minimal left ideal of an M-semigroup SRM  , then M is a right group and 

conversely. 
In an M-semigroup SRM  , which is not a simple semigroup, let 1M  be a maximal ideal of M. We know 

RM
1

. If possible let 2M  be another maximal ideal of M. Since 1M is maximal and 12 MM  ; 

MMM 21  . 

That is, 2M  contains R which is not possible unless M
2
M . Therefore 1M  is a unique maximal ideal of M. 

Hence we have 
 
3.16 THEOREM:  

A nonsimple M-semigroup contains a unique maximal ideal of M.  
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