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ABSTRACT:Let f:V — {0,1, 2 } be a function having the property that for every vertex V € V with f (V ) =0,
there exists a neighbourhood U € N (V) with f (u)= 2. Such a function is called a Roman dominating function or
just an RDF. The weight of an RDF is the value f (V ): ZUEV f (u) The minimum weight of an RDF on G is

called the Roman domination number of G and is denoted by ¥ (G) The function f :V — {0 1,2, 3} is
named a Strong Roman dominating function on a graph G whenever for each vertex U with f (u )= 0 there exists
an adjacent vertex V to U such that f (V ) = 3. Also for each vertex U with f (u )=1 there should be at least an

adjacent vertex V to U weighted 2. The weight of an SRDF is the value f(V )= z f(u). Strong Roman
ueVv

domination number of graph G which we denoted by ¥, (G ) is minimum weight of an SRDF on G . In this paper,
we show that

1 2
EVSR (G )S 7R (G )SEVSR (G )
2
And we study the Roman and Strong Roman domination of the trees and we show that . (T ): §7/SR (T )

KEYWORDS: Roman domination, Strong Roman domination, Tree.
I. INTRODUCTION

For notations and graph theoretic terminologies not defined herein, we refer [3, 4, 9]. Let G = (V , E ) be a finite

simple graph with the vertex setV =V (G ) and the edge setE = E (G ). Let |V (G )| = n(G )= N be the order

of graph G . For any vertex V €V , the open neighbourhood of V is the set N (V)z {u eV | uve E } and the
closed neighbourhood of V is the set N [V ] =N (V ) U {V } Foraset S <V , the open neighbourhood of S is the
set N (S ): U N (V) and the closed neighbourhood of S is the set N [S ]= N(S)US . The degree of a

veS

vertex V €V is equals to | N (V )| and denoted by deg (V ) The maximum and minimum degree of a graph G are
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denoted by A(G )and 6(G ) respectively. Let S <V be any subset of vertices of G . Then the induced sub-
graph G [S ] is the graph whose set is S and whose edge set consists of all of the edges in E that have both
endpoints in S . The induced sub-graph G [S ] may also be called the sub-graph induced in G by S . A walk in a
graph G is a finite sequence W =V, €, Vv, €,V,...€, V, whose terms are alternatively vertices and edges such that
for 1<i<n the ends of €, are v, ,and V,. The length of a walk is the number of edges occur in the walk. The
distance between two vertices U and V in graph G is the minimum length of a path joining them. The diameter of a
graph G is the maximum distance between vertices of G, denoted diam ( G ) The minimum diameter of graph G
is called a diagonal in G . A non-trivial graph, is a graph G of order at least 2. A walk consisting of K + 1 distinct
vertices V, V, ...V, is a path, and if V; =V, then these vertices form a cycle. A graph G is connected if for every
pair of vertices V and Xin V (G ) there is a V— X path. Otherwise, G is disconnected. A tree T is a connected
graph with no cycles. Every tree T with N vertices has m =n —1 edges. A Star Kl,n is a tree with a vertex of

degree N and N vertices of degree 1. Observe that a star is a type of tree. A leaf is a vertex with degree 1 and a
Support vertex is an adjacent vertex to a leaf. A Strong support vertex is a vertex which adjacent to at lest two leaves.

In this paper, all support vertices and all leaves of tree T are denoted by S (T )and L(T ) respectively. A rooted
tree T distinguishes one vertex I called the root. For each vertex V# I of T the parent of V is the neighbourhood
of V on the unique (r Y )— path, while a child of V is any other neighbourhood of V. A simple graph G, is said
to be complete if each pair of distinct vertices is joined by an edge. Generally K denotes a complete graph on n

vertices. The complement G of a graph G has V (c?):v (G ) and {u ,V}e E(G ) if and only if
{u Y }92 E (5 ) Thus, the complement of a complete graph is the empty graph.

A set S 'V is a dominating setif N [S ]=V . The domination number is the minimum cardinality of a
dominating set in G and denoted by y(G ) see [2].

A Roman dominating function on a graph G = (V , E ) is a function f :V — {O 1,2 }satisfying the
condition that every vertex U for which f (u )= 0 is adjacent to at least one vertex V for which f (v ) =2.The

weight of a Roman dominating function is the value f(V ): Z f(u ) The minimum weight of a Roman
ueV

dominating function on a graph G is called the Roman domination number of G which is denoted by g (G ) see
[1, 10, 11].

Other notations and terminologies not explicitly given here could be find in [3, 4, 5, 6, 12]. K. Selvakumar et
al. in [7] introduced Strong Roman domination in 2016. A Strong Roman dominating function on a graph

G= (V , E) is a function f :V — {0,1, 2, 3} satisfying the condition that every vertex U for which
f (u )= 0 is adjacent to at least one vertex V for which f (V ) =3 and also every vertex U for which f (u )= 1
is adjacent to at least one vertex V for which f (V ) = 2. The weight of a Strong Roman dominating function is the

value f(V )= Z f (u'). The minimum weight of a Strong Roman dominating function on a graph G is called
ueV
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the Strong Roman domination number of G which is denoted by ¥ ¢ (G ) A Strong Roman dominating function can
be displayed with f=(V,,V,,V,,V,) o f :(VOf AVARRVARRVA ) to refer to f , where
V, = {V eV (G )| f (V)= [ } (i=0,1,2,3). Clearly in a Strong Roman dominating function of weight
Vsr (G ) no vertex needs to be assigned the value 1. Therefore, we can assume that for each Strong Roman

domination function, V, = ¢ . In this paper, we show that

S7(6)=7,(6)2 27, (0)

Zy(T).

and characterize the Lower bound. Also, we characterize all trees T with (T ): 3

In this paper we quote the following Theorems from [7, 8].
Theorem 1 [8]: For any graph G,

2y(G)<r5(G)<37(G)
Theorem 2 [7]: For any graph G,
7R (G )S Vsr (G )
Theorem 3 [7]: Let f = (V0 VLV, LY ) beany rgg (G )- function. Then
a) G [V2 ]has maximum degree O .
b) Noedgeof G joins V,and V.
c) Noedge of G joins V, and V.

Il. MAINRESULTS

Firs, we present the Lower and Upper bound on Roman domination number on Strong Roman domination
number.

Theorem 4: For any graph G,
~7(6)27:(6)=2yw (G).
Proof:Let f :(V0 0V, VY, ) be a ¥ (G )— function. In this case, the function f’=(V0’ ,Vl’,VZ’),
where V, =V, V=V, and V, =V, isan RDF on graph G . Therefore
72 (G)<f'(V)

=|V/[+2|V, |

=|V, [+2|V,| (1)

:2|V2|+3|V3|_(|V2|+|V3|)

ZVSR(G)_(|V2|+|V3|)-
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Since V, UV, is dominating set on graph G , we have 7/(G )S |V2 | + |V3 | and thus from (1) we have
VR (G )S VSR (G )_(|V2 |+|V3|)
<7x(G)-7(G).
Using Theorem 1, ¥s5 (G )S 3)/(G )implies %;/SR (G )<y(G). Therefore from (2) we have

()

Hence the Upper bound exists.Now, to prove the existence of Lower bound, assume that g = (V0 ,Vl ,V2 ) is a
7+ (G )= function . In this case, the function ' = (Vy , ¢,V ,V, ), where V] =V,, V, =V, and V; =V,
is an SRDF on graph G . Therefore
VR (G )S g'(V )

=2|V,|+3|V;|

=2|V, |+3|V,|

<2|V,|+4|V, ]|

=2y (G )

1
50, 752 (G ) <275 (G ) and thus =75 (G )< 74 (G ).

Hence the proof follows. o
Note that, the Upper bound in Theorem 4 can be viewed as an extension of the Upper bound in Theorem 2 for
all graphs. Also, the boundaries presented in Theorem 4 are sharp. For sharpness of Lower and Upper bound we

consider the trivial graph K, and path P, , respectively. In next theorem we characterize the boundaries with

~75(6)=7:(6).

1 _
Theorem 5: Let G be a graph of order N. Then E;/SR (G )z 7R (G ) ifand onlyif G =K, .

Proof:Suppose that f =(V0 VLY, ) is a 7, (G )— function, such that V, is maximum. In this case, the
function f'=(V,,é,V,,V; ), where V] =V,, V, =V, and V =V, isan SRDF on graph G . Therefore
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27y (G ):75R (G)
<f'(v)
= 2|V, |+ 3|V
=2|V, | +3|V, |
<2|V, |+ 4|V, |

=2y4 (G )
From this above relation it follows that
2|V, | +3|V, [=2|V, |+ 4|V, ],

therefore |V2 | =0. Since we chose f such that V, is maximum, we have V, is an independent set and thus

G=K..
The converse part is obvious. o

I1l. CHARACTERIZATION OF THE TREESWITH ¥ g (T)= %ySR (T)

First, we begin with following supporting Lemmas.
Lemma 6: For any graph G,

2
yR(G):gySR(G)’
if and only if ys5 (G )=37/(G )andyR (G)=2y(G).
Proof:Suppose that ¥, (G )= %7’5R (G)and f=(V,,4,V,,V,)isayg(G)- function. In this case,

the function g = (Vy ,V,',V, ), where V =V, V, =V, and V; =V, isan SRDF on graph G . Therefore

2

§VSR (G )ZVR (G)
<g(V)
=|V/[+2|V, |
=[V, [+2|V,]

S75R(G)_|V2|_|V3|
<75(G)-7(G).

So, %ySR(G)SySR(G)—y(G) and thus 37(G)<yx(G) From Theorem 1, we have

7SR(G)S3)/(G). Hence ySR(G)=3y(G),also
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7R(G):gySR(G)

3
-2(3/(6))
=2y(G).
The converse part is obvious. o
Lemma 7: Let for any graph G with 7, (G )z%ySR (G), the function f =(V0 9.V, ,V3) be a

7 (G )— function. Then v, = ¢.
proof:Let f'=(V,,V,, V) ), where V] =V,, V, =V, and V] =V, be an RDF on graph G . Therefore

2 7(6)=r(0)
<f'(V)
=|V/[+ 2|V, |
=|V, [+2|V,|

S75R(G)_|V2|_|V3 |
Thus

1
V. + 2% < L ()

:2|v2|+3|v3|
3
2
:§|V2|+|V3|.

So, |V2 | S§|V2 | and hence |V2 | =0.ThenV, =¢. 0

Our aim is to characterize all trees with Upper bound where equality holds in Theorem 4. Let F be a family of
trees T which is obtained from a sequence of trees T, , T, , ... ,Tj , (jzl) such that T, is a Star K,

(r 21) andif j =2, then T, can be obtained from T _, with one of the five Operations ¢,, @, , @3, @, and @5
as shown in figures 1, 2, 3, 4 and 5, respectively.

Operation (0 : Let U be a Strong support vertex of Ti. In this case, T, ., is obtained from Ti by adding a new
1

i+1

vertex v and adding the edge UV . (see Figure 1)
Operation (0 : Let UeV (Ti ) and ¥ (Ti —-u )2 YR (T- ) In this case, T, , is obtained from T, by adding a
2

Star Kl, , with central vertex v and adding the edge UV . (see Figure 2)

Copyright to IJIRSET DOI:10.15680/1JIRSET.2017.0610009 19379


http://www.ijirset.com

ISSN(Online): 2319-8753
ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology

(A High Impact Factor, Monthly, Peer Reviewed Journal)

Visit: www.ijirset.com
Vol. 6, Issue 10, October 2017

Operation (0 : Let UeV (Ti ) In this case, T, is obtained from T, by adding a Star K, , with central vertex
n :

v and leaf W and adding the edge U w. (see Figure 3)
Operation (0 : Let UeV (Ti ) In this case, T, is obtained from T; by adding a Star K, , with central vertex
p :

v and leaf W and adding the edge U w. (see Figure 4)
Operation (0 : Let UeV (Ti ) and ¥ (Ti —-u )2 YR (Ti ) In this case, T, , is obtained from T, by adding a
[~

Path F’5 with central vertex v and adding the edge UV . (see Figure 5)

T.
i
z’—~~\
7 S -’
’ h ’
/ \ ’
! \ /
1 | ]
\ *—t——* 1
1 \
\\ u 1 v \
\ 4 \
~ e N
SO , S

®
®
[ J

~

Figure 3.0peration (05 -Figure 4.0Operation @, .

Figure 5.0peration (g .
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. , . i, 2
In the following, we show that each tree T of family F satisfy the condition ¥ (Ti ): §VSR ( T, )

.., is obtained from T, with Operation ¢, then

Lemma8: If y (Ti ): %7’5R ( T, ) and T,

VR (Ti+1 ):éySR ( Ty )

Proof:Suppose that T is a Vsr (Ti )— function. Then, since u is a strong support vertex, we have f (u )= 3.

We can extend the function f toan SRDF on tree T, ., by assigning the weight O to the vertex v . Therefore

i+1

VR (Ti+1 )S f (V )
=7sr (Ti )
Always ¥ (Ti )S 7R ( T, ) . Hence yq (Ti+1 ): sk ( T, ) . Assume the same way, Qg is a
VR (Ti )— function. Since u is a strong support vertex, we get f (u )= 2 and thus we can extend the function g
to an RDF on tree T,

i+1

by assigning the weight O to the vertex v . Therefore
VR (Ti+1 )Sg(V )
=7r (Ti )
Since always (Ti )S VR ( T )’ we have y g (Ti ): VR ( T )

So,
VR (Ti+1 ): VR (Ti )

2
= gVSR (Ti )

= %7/5R (Ti+1 )

Hence y (Ti+1 )Z %7’5R ( T ) o

: .., is obtained from T, with Operation ¢, , then

Lemma 9: If y (T. ): %ySR ( L )and T,

2
VR (Ti+1 ): §7/SR ( Ty )
Proof:Suppose that U €V (Ti )and YR (Ti —-u )2 YR (Ti ) Let v be a vertex of Star K, , relative to Operation

@, . If D isadominating set for tree T;, then D U {V } is a dominating set for tree T, , . Therefore

y(T)<r(T)+t @
Now, suppose that f isa yq (Ti+1 )— function . Since f |T_ is an SRDF on tree T;, we have

i+1
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Vsr ( < g (V | T, )
=f(v)-3
=7 (Tu +1 ) 3.
Otherwise, f |T_ _, isan SRDF on tree T; —U. Thus

Vsr (Ti ):EVR (Ti )
<2y (T, -u)
<7’SR( )

\/—

( 3
=7 (T +1 ) 3.
Therefore, in this case, ¢, (T )< Ysr (Ti+1 )— 3.

ANy ¥er (Ti ) function can be extended to an SRDF on tree T. ., by assigning the weight 3 to the vertex v and

i+1
the weight O to all its neighbouring vertices. Therefore ¥ (T|+1 )< Ysr (T )+ 3 which implies that
sk (Ti+1 ) sk (T )+ 3. Now, from (1) and Lemma 6 we have
sk (Ti+1 ) sk (T )+ 3
=3y(T, )+3
=3y (Ti +1 )

Any ¥ (Ti ) function can be extended to an RDF on tree T. ., by assigning the weight 2 to the vertex v and O

i+1

to all its neighbouring vertices. Therefore . (T|+1 )< 7R (T )+ 2 Also, if g is a 7y (Ti+1 )— function, then
since Vv is a Strong support vertex, we have ¢ (V )= 2.1 f (u );& 0,then g |Ti isan RDF on tree T, . Thus
VR (Ti )Sg(V | T, )
=g(v)-2
=7r (Ti+1 )_ 2.
Andincase g(u)=0,then g | 1 _y isan RDF on tree T, —U.. Therefore
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VR (Ti )SVR (Ti _u)

=7r\Tiss )_ 2.
Thus in each case, 75 (T, )< 74 (Ti+1 )— 2 and since we showed that y . (Ti+1 )S ¥e (T, )+ 2.0,
7R (Ti+1 ): 7R (Ti )+ 2.
VR (Ti+1 ): VR (Ti )+ 3
= 27(Ti )"‘ 2
= 27/(Ti+1 )
Hence 74 (Ti+1 ): 37/(Ti+1) and  yq (Ti+1 ): 27/(Ti+1) . Thus Lemma 6 implying that

VR (Ti+1 ):%}/(Tnl ) o

Now, from (1) and Lemma 6 we have

.., is obtained from T, with Operation @5, then

7r (Ti+1 )257(1-”1 )

Proof: Suppose that U €V (Ti ) and v is the central vertex and W and X are the leaves of Star K, ,, respectively. If

Lemma 10: If ¥, (T, )=§}/(Ti ) and T,

D isa )/(Ti )—set ,then D U {V} is a dominating set on tree T

7(Tos )<y (T)+1, @
Suppose that f is a ¥, (Ti+1 )— function . Clearly, we can assume that f (v)=3and f(x)=f(w)=0.

i 1 - Therefore

Therefore f |T_ is an SRDF on tree T, and thus

Vsr (Ti )S f (V | T, )
=f(vV)-3
=7sr (Ti+1 )_ 3.
Any 7 (T, )~ function can be extended to an SRDF on tree T,

i+1

by assigning the weight 3 to the vertex v and

the weight O to all its neighbouring vertices. Therefore
Vsr (Ti+1 )S Ysr (Ti )+ 3.

Vsr (Ti+1 ): Vsr (Ti )"‘ 3
=7sr (Ti+1 )

And thus based on previous
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Now, from (1) and Lemma 6 we have
Vsr (Ti+1 ):37(Ti+1 )

<3y(T,)+3

<y (T, )+3

=7sr (Ti +1 )
Therefore y . (Ti+1 ): 37/(Ti+1 ).Now, to prove the problem based on Lemma 6, we have its enough to show that
7r (Ti+1 ): 27/(Ti+1 ) Let g be a yp (Ti+1 )— function . In this case, we can assume that g (v )= 2 and
g(x)=g(w)=0.Therefore g |Ti is an RDF on tree T, . And thus

VR (Ti )Sg(V | T, )
=g(V)-2
=7r (Ti+1 )_ 2.
Any 7 (T, )— function can be extended to an RDF on tree T,

i+1

by assigning the weight 2 to the vertex v and
the weight O to all its neighbouring vertices. Therefore 7 (Ti " )S 7 (Ti )+ 2.
Hence y (Ti+1 ): 7 (Ti )+ 2. Now, from (1) and Lemma 6 we have

Vr (Ti+1 )S 27(Ti+1 )

So,

VR (Ti+1 ): 27/(Ti+1 )
Hence the proof. o

, .., is obtained from T, with Operation ¢, , then

Lemma 11: If ¥, (T, )= %;/SR (T, ) and T,

VR (Ti+l ): %75;? (Ti+l )
Proof:Suppose that U is a vertex of tree T, and w is a leaf of Star K, , with central vertex v relative to Operation
@, . If D isadominating set on tree Ti ,then D U {V } is a dominating set on tree T
7 (T )<y (T0)+1, ®
Any 7 (T, )~ function can be extended to an SRDF on tree T,

i+1

Therefore

i+1°

by assigning the weight 3 to the vertex v and
the weight O to all its neighbouring vertices. Therefore

VR (Ti+1 )S VR (Ti )+ 3.
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Suppose that T isa 7R (Ti+1 )— function . Since v is a Strong support vertex, we have f (V )= 3. Also, we can

assume that f (W ) =0. Inthis case, f |T_ is an SRDF on tree T;. Thus
Vsr (Ti )S f (V | T, )

=f(vV)-3
=7sr (Ti+1 )_ 3.
Therefore y 4, (Ti " ): Ysr (Ti )+ 3. Now, from (1) and Lemma 6 we have
YV sr (Ti+1 ):37(Ti+1 )
< 3;/(Ti )+ 3
SR (Ti )"‘ 3
=7sr (Ti+1 )
Hence y 4 (Ti+1 ):37/(Ti+1 ) Now, suppose that f is a y, (Ti+1 )— function . Since v is a Strong support

vertex, we can suppose that f (V )= 3 and each of its neighbouring vertices has the weight O . Therefore f |T_ isan

RDF on tree T,. Thus 7, (T, )<y, (Ti+1 )—2 . Any 75 (T, )— function can be extended to an RDF by

assigning the weight 2 to the vertex v and the weight O to all its neighbouring vertices. Therefore
VR (Ti+1 )S Vr (Ti )+ 2.So,
VR (Ti+1 ):7R (Ti )+ 2.
2

Hence based on Lemma 6 we have 7 (Ti 1 )= §73R (Ti +1 ) o

.., is obtained from T, with Operation @, then

Lemma 12: If ¥, (T, )= %;/SR (T, ) and T,

VR (Ti+l ): %75;? (Ti+l )

Proof: Let U eV(T- ) and P, =XYVWZ be a Path with five vertices relative to Operation @ . If D is a

)/(Ti )—set ,then DU {y, w} isadominating set on tree T, . Therefore

y(T)sr(T)+2. @
Assume that f isa y, (Ti+1 )— function. If f(v)+ 2, then f |T_ isan RDF on tree T, .

Since f(V(P5 ))24,we have
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Now, suppose that f (V)= 2. In this case, we can assume that f (u )= 0 and therefore f |T_ . is an RDF on tree

T, —u. Based on assumption we have
7R (Ti )SVR (Ti —u )
<f(v |+ . )
=f(v)-4
=7r (Ti+1 )_4-
Thus in each case, 7, (T, ) <7 (Ti+1 )— 4. Any 74 (T, )~ function can be extended to an RDF on tree T, ., by
assigning the weight 2 to y and wand the weight Oto X, v and z . Therefore (Ti+1 )S 7r (Ti )+ 4. Then
same as before y . (Ti 1 ): 7r (Ti )+ 4 Now, from (1) and Lemma 6 we have
TR (Ti+1 )S 27(Ti+1 )
<2y(T,)+4
=7R (Ti )+ 4
=7r (Ti+1 )
So, we conclude that y, (Ti+1 ): 27/(Ti+1 ) . Based on Lemma 6, it is enough to show that
Y (Ti+1 ): 37/(Ti+1 ) If g isa 7 (T, )— function, then the function g can be extended to an SRDF on tree
Ti+1
Ysr (Ti+1 )S V< (T, )+ 6 .Now, suppose that f is a 7, (T

by assigning the weight 3 to y and w and the weight O to X , v and z . Therefore
1 )— function . If f(u)#0, then f |Ti is an
SRDF ontree T, andalso f (V (P, ))>6. Therefore
7 sr (Ti )Sg(V | T )
=g(V)-6
=7sr (Ti+1 )_ 6.
Otherwise, g(u )= 0.Then g |Ti . is an SRDF on tree T; — U . Based on assumption ¥ - (Ti_u )ZyR (Ti ) So,
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§7/R (Ti )

Vsr (Ti ):2

3
SE?’R(Ti _u)

<y (T, —u)
<49 (V | Ti-u )
<g(v)-6
=7 (Ti+1 )_ 6.
Therefore in each case, ¥ g (Ti )S 7sR (Ti 1 )— 6 and since we showed that earlier g, (Ti 1 )S Ve (T, )+ 6.
Hence 7, (Ti 1 ): 7sR (Ti )+ 6 .Now, from (1), Lemma 6 and Theorem 1 we have
sk (Ti+1 )337(Ti+1 )
<3y(T,)+6
<y (T, )+6
=7 (Ti +1 )
Therefore y 4, (Ti+1 ): 37/(Ti+1 ) and thus the problem is solved. o

In this section we provide a constructive characterization of trees with (T ) =—Y%sr (T )

3

2
Theorem 13: Thetree T satisfies the condition ¥, (T ): §73R (T ) ifand only if T €F.

2 :
Proof: First we use induction on the order N >3 of the tree T in which 74 (T ):§YSR (T ).If diam (T )=2,

then T is a Star. Therefore T €F.Now, assume that diam (T )= 3. Thus T is a Double Star (Sr's )on 1<s<r.
Let S=1. In this case, T includes a vertex V of degree 2 which has exactly an adjacent leaf. The function in which
the adjacent leaves to V have the weight 3 and all the other vertices have the weight O is a ¥, (T )— function.
Therefore ¥ g (T )= 5. Also, the function in which the adjacent leaves to V have the weight 2, the non-adjacent

leaves to V have the weight 3 and all the other vertices have the weight O is a 7, (T )— function. Therefore
2
VR (T )z 3. Hence yy (T )7& §73R (T ) which is a contradiction. Thus S = 2. Let U be a non-adjacent leaf to

V. Then T is a Double Star with central vertices U and V where deg(u )>3and deg (v )> 3. We consider T,
and T, are two components of T —ab where u eV (T1 )and veV (T2 ) Clearly, T , (i =1, 2) is a Star of
order at least 3 . Therefore )/R(Ti )=2 and 75R(Ti ):3 . (i=1,2) af deg(v)=3 , since
7r (T1 -u )2 7r (T1 ) then the tree T is obtained from T, € F by Operation ¢, .Now, assume that deg (v )2 4
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and W is adjacent leaf to V. We put T' =T — W. In this case, it is obvious that 7, (T’ )=4and y (T')=6.

2
so, 7, (T")= §73R (T"). Therefore under the hypothesis, T’ €F. Thus T is obtained from T' by Operation ¢, .

Hence we can assume that diam (T )2 4. Let T has support vertex U with at least three adjacent leaves and W be
adjacent leaf to U. We put T =T — W. We show that T’ €F. It is enough to prove that 7, (T' )z 2y (T' )and
YR (T’ )= 3)/(T' ).Assume that D is a (T’ )—set on tree T'. Since U is a support vertex on tree T, we
get U € D. Since in the tree T and the vertex U is adjacent to W, we get D is a dominating set on tree T . Thus
g/(T )S| D|:7/(T’).Always y(T’ )s y(T ).Therefore y(T )= y(T’ )

Let T bea yg (T')— function. Since U is a Strong support vertex, we get f (u )= 2 and thus f can be
extended to an RDF on tree T by assigning the weight O to the vertex W . Therefore, based on Theorem 1 and

Lemma 6 we have
VR (T )S f (V )
=7R (T’)
<2y(T")
=2y(T)
=2yy (T )
Hence ¥, (T )= 27/(T ).Now, assume that g isa ygg (T' )— function. Since U is a Strong support vertex, we

get g (u )= 3. Thus g can be extended to an SRDF on tree T by assigning the weight O to the vertex W .
Therefore, from Theorem 1 and Lemma 6 we have

7s(T)<g(V)
=7Vsr (T’ )
<3y(T")
=3y(T)
=7 (T )
Then 74 (T')=37(T"). S0, T' €Fandthus T is obtained from T' by Operation ¢, . Hence T €F.
We say assume for the next, the following holds.
‘ Fact: T has no Strong support vertex with three adjacent leaves to it. ‘
Let X, X, ... X, be a Diagonal path. We root the tree T at vertex X,. Based on Fact, deg ( Xy 1 )S 3. We consider

the following cases:
Case 1: deg(Xd 1 )z 3.Let deg ( X441 )Z 3. In this case, each child of Xy _, is asupport vertex with a leaf.

Weput T'=T —TXd - 1fDisay (T )— set, since X,_, is either a support vertex or has a support vertex

adjacent to it. Therefore, D — {Xd 1 } is a dominating set on tree T'. Thus
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y(T")<|D|-1
=y(T)-1.
Any }/(T' )— set can be extended to a dominating set on tree T by adding Xy_, to it. Therefore
y(T)<y(T")+1Hence y (T )=y (T')+1 .Let T be a ¥ (T')- function. In this case, the
function T can be extended to an SRDF on tree T by assigning the weight 3 to X, _, and the weight 0 to all

their neighbouring leaves. Therefore ¥, (T )S Ysr (T’ )+ 3. Now, from Lemma 6 and Theorem 1 we have
Yor (T)<7e (T7)+3

<3y(T")+3
=3y(T)
ZVSR(T )

Therefore yg, (T')=3y(T"). Also, if g isa 7, (T’ )~ function, then g can be extended to an RDF on
tree T by assigning the weight 2 to Xy_, and the weight 0 to all their neighbouring leaves. Therefore
7R (T )S 7R (T’ ) + 2 .Now, from Theorem 1 and Lemma 6 we have
VR (T )S7R (T, )+ 2
<2y(T")+2
=2y(T)
=7r (T )
It follows from above relation that y (T’ )= 2y (T’ ).Also, we showed that before ¥, (T’ ): 37/(T’ )

2
Therefore it follows from Lemma 6 that 7, (T' )= §73R (T").So, by the induction hypothesis T’ €F. Now,

suppose that ¥ (T’ — X4, )< ¥e (T"). In this case, if f' isa y, (T’ — X4, )— function, then the
function T’ can be extended to an RDF on tree T by assigning the weight 2 to Xy _, and the weight 0 to all
their neighbouring. Therefore (T )S 7R (T’ — X4, )+ 2.S0,

VR(T )S7R (Tl_xd—z )+2

w
Which is a contradiction. Thus ¥, (T’ - X4, )2 ¥ (T") and therefore T is obtained from T’ by Operation
@,. Hence T €F.Now, suppose that deg ( X4, ): 2

Copyright to IJIRSET DOI:10.15680/1JIRSET.2017.0610009 19389


http://www.ijirset.com

@
I J II{ 5 ET ISSN(Online): 2319-8753
ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology

(A High Impact Factor, Monthly, Peer Reviewed Journal)
Visit: www.ijirset.com

Vol. 6, Issue 10, October 2017

Clearly, we can assume X, , € Dand X; _;, € D. In this case, D — {Xd . } is a dominating set on tree T".

Therefore 7 (T )<y (T )—1.Any y(T’)—set can be extended to a dominating set on tree T by adding

X, , to it. Thus y(T)<y(T')+1 and therefore y(T )=»(T")+1 . Now, let g’ be a

VR (T' )— function. In this case, the function g’ can be extended to an RDF on tree T by assigning the
weight 2 to X, , and the weight O to all its neighbouring. Therefore ¥ (T )S VR (T’ )+ 2 .From Lemma 6
Theorem 1 we have

It is implied from above relation that 7, (T )=2y,(T"). Also, if T' isa y (T')— function, then the
function T’ can be extended to an SRDF on tree T by assigning the weight 3 to Xy _, and the weight 0 to all
its neighbouring. Therefore y o, (T )S YR (T’ )+ 3 .From Lemma 6 and Theorem 1 we have
7R (T )SVSR (T,)"' 2

<3y(T')+3

=3y(T)

=7sr (T )
Above relation implies that y¢. (T’ ):37/(T’). Considering the Lemma 6 and what we already showed

7o (T")=27(T"), we conclude y, (T')= %73R (T"). So, with the inductive hypothesis we have T' €F.

Thus T is obtained from T by Operation ¢, . Hence T €F.
Case 2: deg(Xd _2 )z 2.1f deg(xd _2 )Z 3, then each child of X4 _, is either a leaf or a support vertex of
degree 2. Since each support child of X, _, other than X, ; plays the same role of X, ,, we can assume that

have degree 2 . Let f:(VO,Vl,V2 ,V3) , where V,=¢ be a )/SR(T )— function . Since
e (T )=§}/SR (T ) based on Lemma 7, we get V, = ¢ .Therefore if f (Xd_2 );t 0, then f (Xd_2 ): 3

holds. In this case, we can assume that f (Xd_1 ): 0 and f(Xd_2 )z 2 which is a contradiction with
V, = ¢ .Therefore f (Xd L ): 0. In this case, X, _, does not have adjacent leaf. Otherwise, the adjacent leaf
should be weighted 2 which is a contradiction with V, = ¢.We show that in this case X, , has at most an

adjacent support other than X; _,. On contrary suppose that U, and U, are two support children of X, _, other
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than X, ,. Let v, and V, be adjacent leaves to U, and U, , respectively. Since V, =¢, we can assume
f(u, )="f(u,)=3and f(v,)=f(v,)=V.Inthis case, we define the function g as follows: Let us
g(Xd ): g(Vl ): g(Vz ):21
g(xd—l ): g(ul ): g(uz ):01
9 (Xd -2 ): 3,
and other vertices take the same weight of the function. In this case, g isa ¥g (T )— function, where the set
of vertices have weight 2 are non-empty is contradiction with Lemma 7. Therefore X; , has at most a support
child other than X, _,. Let U be a support child of X, _, other than X, _, and V be an adjacent leaf to X, _,.
Weput T'=T _Txd_z' If D' is a ;/(T')—Set, then D' U {Xd » ,u} is a dominating set on tree T .
Therefore ;/(T )S }/(T')+ 2 .On the other hand, if {Xd_l ,u }g D and x4 ,eD , then
D - {Xd U } is a dominating set on tree T'. Thus }/(T')S ;/(T )— 2 .Consequently, we conclude that
y(T)=y(T")+2 .Now, let f' bea yg (T' )— function, then the function f' can be extended to an
SRDF on tree T by assigning the weight 3 to X4 _; and U and the weight 0 to all their neighbouring . Therefore
YR (T )S Ysr (T’ )+ 6 . Now, from Lemma 6 and Theorem 1, we conclude
7SR (T )SVSR (T,)"' 6
<3y(T")+6
=3y(T)
=7sr (T )
Above relation implies that 7 (T )=37(T"). Also, any 7, (T’ )— function can be extended to an RDF
on tree T by assigning the weight 2 to X, , and Uand the weight O to all their neighbouring. Therefore
7r (T )S 7r (T' ) + 4 .From Lemma 6 and Theorem 1, we have
7 (T)<ys (T')+4
<2y(T')+4
=2y(T)
=7r (T )
Therefore ¥, (T')z 2yx (T'). And so consider that ¥, (T')=3y(T’), from Lemma 6 it implies that

ve (T')= %73R (T"). Hence assuming the induction T’ € F.Now, suppose that 7 (T’ — X4 _3 )< ve (T").

In this case, any yq (T’ =Xy _3 )— function can be extended to an RDF on tree T by assigning the weight 2

Copyright to IJIRSET DOI:10.15680/1JIRSET.2017.0610009 19391


http://www.ijirset.com

1] “{ SET ISSN(Online): 2319-8753
: ISSN (Print): 2347-6710
International Journal of Innovative Research in Science,
Engineering and Technology

(A High Impact Factor, Monthly, Peer Reviewed Journal)
Visit: www.ijirset.com

Vol. 6, Issue 10, October 2017

to X, _,, the weight O to U and X, _,and the weight 1 to Vand X, . Thus 7, (T )<y, (T’ — X4 _3 )+ 4.
And therefore

37/ ( T =% 3) 4
<7k (T,)
<2y(T')+4
=2y(T)
=7 (T),
which is a contradiction.So, ¥ (T = X4 3) ( ) and thus T is obtained from T’ with Operation

@5 .Hence T €F.Now, suppose that deg(Xd o )z 2. WeputT'=T -T,, , IfDisa ;/(T )—set, then
we can assume that X; , € D and X;_, ¢ D . Therefore D — {Xd . } is a dominating set on tree T'. Thus
;/(T' ) < ;/(T )—1.Since ;/(T ' )— set can be extended to a dominating set on tree T by adding X, _, to it,
we have ;/(T )S }/(T' ) + 1 and thus ;/(T )= }/(T')+1.Now, suppose that f isa y¢ (T )— function .

Based on Lemma 7 there is no vertex which has weight 2 . Therefore we can assume that
f(x,)= f(Xd_2 ):0 and f(Xd_1 ):3 . In this case, f |T, is a ye (T')- function . Thus
Yer (T")< 7 (T )+ 3. Any 7 (T’ )~ function can be extended to an SRDF on tree T by assigning the
weight 3 to X4 _; and the weight 0 to all its neighbouring. Therefore, YR (T )S YR (T’ )+ 3 .Consequently,

we conclude that ¥ ¢ (T ): YR (T ' ) + 3 and in this case, based on Lemma 6, Theorem 1 and previous relation
we have

7 sr (Tl)SySR (T)—3
<3y(T)-3
=3(r(7)-1
=3y(T").

Now, let f be a yg (T )- function .If f(xd_2 ):2 and f(xd_3 ):0 , then f(xd_1 ):0 and
f (x, )=1. By changing the weight of X, _, and X, to O, the weight of X, _,t02 and the weight of X, _, to
1a new yq(T )— function is obtained such that f(Xd_2 ):0 Also, if f(Xd_z)zl, then
f (Xd )+ f (Xd_l ): 2. By changing the weight of X, , and X, to O and the weight of X, , to 2 an

)

RDF with weight less than ¥ (T) is obtained which is a contradiction.Therefore we can assume that
f(x, )+ f(Xd_2 ):0 and f(Xd_l):2 . Thus f|T, is an RDF on tree T' . Hence

Yr (T')S e (T )— 2.Any ¥, (T')— function can be extended to an RDF on tree T by assigning the
weight 2 to X, _, and the weight O to X, and X, _,. Thus ¥ (T )S 7R (T')+ 2 .1t follows from above
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inequality that ¥, (T )= e (T ) + 2 From Lemma 6, Theorem 1 and y (T )= e (T ) +1 we conclude
that

VR (T’)SVR (T )_2
=2y(T)-2

=2y(T").
We have already show that ¥, (T’ ): 37/(T’) and the previous relation conclude that T' € F and T is
obtained from T with Operation ¢, . Therefore T €F.
Hence in each case T €F.
Conversely, let T €F. In this case, by induction on the number of Operations that constructed the tree T and

2
by using Lemma 8, 9, 10, 11 and 12 we can show that 7 (T )= §75R (T ) O
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