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ABSTRACT: In this chapter we introduce the concept of excellent domination in square fuzzy graph and also we 
discuss about some related theorems and examples of excellent domination in square fuzzy graph. 
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I. INTRODUCTION 

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. The study of dominating sets in graph was begun by 
Orge and Berge.A.somasundaram, S.somasundaram [12] presented the concepts of Domination in fuzzy graph. An 
Excellent domination in fuzzy graph was presented by K.M Dharmalingam and P. Nithya [2]. Some results in square 
fuzzy graph were presented by G.Sanjeevi [7].  Here we introduce the concept of excellent domination in square fuzzy 
graph and their related concepts. 

II. PRELIMINARIES 

Definition 2.1: A fuzzy graph ܩ = ,ߪ) ܸ:ߪ is a pair of functions (ߤ → [0,1] and ߤ:ܸ × ܸ → [0,1] Where for all 
ݒ,ݑ ∈ ܸ, we have (ݑ, (ݒ ≤ ,(ݑ)ߪ  . (ݒ)ߪ

Definition 2.2: The underlying crisp graph of G: (σ,μ) is denoted by (ܧ,ܸ)∗ܩ Whereܧ ⊆ ܸ × ܸ. 

Definition 2.3: A subset ܦ of ܸ is called a fuzzy dominating set if for every ݒ ∈ ܸ − ݑ there exists a vertex ܦ ∈  ܦ
such that ݒݑ ∈ (ݒݑ)ߤ such that (ܩ)ܧ ≤ (ݑ)ߪ ∧  The minimum cardinality of such a dominating set is denoted by .(ݒ)ߪ
 .ܩ ௙ and is called the fuzzy domination number ofߛ

Definition 2.4: A fuzzy graph ܩ is said to be fuzzy excellent if for every vertex of ܩ belongs to ߛ௙ − sets of ܩ. A 
vertex which belongs to ߛ௙ − set is called Fuzzy good. (݅. ݁) A Fuzzy graph ܩ is said to be Fuzzy excellent if for every 
vertex of ܩ is Fuzzy good. 

Definition 2.5: A fuzzy graph ܩ: ,ߪ) (ݒ,ݑ)ߤ is a strong fuzzy graph if (ߤ = (ݑ)ߪ ∧ (ݒ,ݑ)for all (ݒ)ߪ ∈  and is aܧ
complete fuzzy graph if (ݒ,ݑ)ߤ = (ݑ)ߪ ∧ ,ݑ) for all(ݒ)ߪ (ݒ ∈ ܸ 

Definition 2.6: A fuzzy graph ܩ: ,ߪ)  .is said to be regular fuzzy graph if all the vertices have same degree (ߤ

Definition 2.7: Let ܩ:  ܩ Then the Square fuzzy graph of .(ܧ,ܸ)∗ܩ be a fuzzy graph with underlying crisp graph (ߤ,ߪ)
is denoted by ܩଶ(ߪଶ,ߤଶ) and is defined as 

(ߤ)ଶߪ  = ݑ ∀,(ߤ)ߪ ∈ ܸ and ߤଶ(ݑ, (ݒ = ൜  ݑ)ߤ, ,(ݒ ,ݑ)݂݅ (ݒ ∈ ܧ
,(ݒ)ߪ⋀(ݑ)ߪ (ݒ,ݑ)݂݅ ∉  ܧ

If u and v are joined by a path of length is less than or equal to two in (ܧ,ܸ)∗ܩ. 
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Definition 2.8:  A homomorphism of fuzzy graph ܩ: ܩ and (ߤ,ߪ) ᇱ: ᇱߪ) ᇲ(ܸᇱ∗ܩ and (ܧ,ܸ)∗ܩ ᇱ) with underlying crisp graphsߤ,  (ᇱܧ,
respectively is a bijective map ℎ:ܸ → ܸᇱ which satisfies (ݔ)ߪ = ݔ∀ ,((ݔ)ℎ)ᇱߪ ∈ ܸand (ݕ,ݔ)ߤ ≤ ݕ,ݔ∀,൯(ݕ)ℎ,(ݔ)ᇱ൫ℎߤ ∈ ܸ.  

Definition 2.9: A weak isomorphism ℎ:ܩ → ܩ ᇱis a homomorphism such that the map ℎ:ܸ → ܸᇱ is bijective and satisfies (ݔ)ߪ =
ݔ∀൯(ݔ)ᇱ൫ℎߪ ∈ ܸ. 

Definition 2.10: If ߛ௨௙(ݑ,ܩ) =   ܩ is fuzzy level vertex of ݑ then (ܩ)௙ߛ

Definition 2.11: An edge (ݑ, :ܩ of fuzzy graph (ݒ ,ݑ)ߤ is called an effective edge [5]  if (ߤ,ߪ) (ݒ = (ݑ)ߪ ∧   .(ݒ)ߪ

Definition 2.12: A dominating set ܵ of a fuzzy graph ܩ:  is said to be a minimal dominating set if no proper subset of ܵ is a  (ߤ,ߪ)
dominating set of  ܩ. 

III. EXCELLENT DOMINATION IN SQUARE FUZZY GRAPH 

Definition 3.1: A square fuzzy graph ܩଶ(ߪଶ  ଶ belongsܩ ଶ) is said to be an Excellent square fuzzy graph if for every vertex ofߤ,
to ߛ௙ sets of ܩଶ, and is denoted by ܩாଶ(ߪଶ,ߤଶ). 

Example 3.1:  

 ସ(0.5)ݒ                  ହ(0.2)            0.2ݒ                                         

                                   0.1  

 ଷ(0.1)ݒ                                                                                      0.2                                              

 

                                    0.1 

            ଶ(0.3)ݒ                ଵ(0.8)                   0.2ݒ                                                                     

                              Fig 1: Fuzzy Graph  (ߤ,ߪ)ܩ 

                                                                                 
          ସ(0.5)ݒ                          ହ(0.2)                       0.2ݒ                                                            

                                                       0.1                           0.1      
 

   ଷ(0.1)ݒ                                0.3                  0.2                              0.2                                             
 

                                               0.5                          0.1                        0.1        
 
                ଶ(0.3)ݒ                           ଵ(0.8)                     0.2ݒ                                                             

Fig 2: Square fuzzy graph ܩଶ(ߪଶ,ߤଶ) 
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,{ଵݒ} ଶ areܩ ௙  Sets ofߛ                                                                     ,{ଶݒ} ,{ଷݒ} ,{ସݒ}  {ହݒ}

                                                                            ∴  (ଶߤ,ଶߪ)ாଶܩ is a (ଶߤ,ଶߪ)ଶܩ

Theorem 3.1: Let ߪ)ܩ, ݊ is cycle of length (ܧ,ܸ)∗ܩ be a strong fuzzy graph and (ߤ ≤ 5. Then the square fuzzy graph 
 .is a complete and is an excellent square fuzzy graph (ଶߤ,ଶߪ)ଶܩ

Proof: Given (ߤ,ߪ)ܩ be a strong fuzzy graph and (ܧ,ܸ)∗ܩ is cycle of length ݊ ≤ 5. Since G is a strong fuzzy graph if 
,ݑ) (ݒ ∈ ܸ.  

Then ݑ)ߤ, (ݒ = (ݑ)ߪ ∧  .ଶ alsoܩ in (ݒ)ߪ

 Since (ܧ,ܸ)∗ܩ is cycle of length ݊ ≤ 5 if ݑ and ݒ are non adjacent than there is a path of length 2. 

∴ (ݒ,ݑ)ߤ = (ݑ)ߪ ∧ (ݒ,ݑ) ଶ, ifܩin (ݒ)ߪ ∉  .ܧ

∴ Any two points are joined by an effective edge. ∴  ଶis a complete, thenܩ is a complete fuzzy graph. Since (ଶߤ,ଶߪ)ଶܩ
every vertex of ܩଶbelongs to  ߛ௙  sets of ܩଶ. ∴ ܩଶ is an excellent square fuzzy graph. 

Theorem 3.2: If  (ߤ,ߪ)ܩ is a fuzzy graph with underlying crisp graph (ܧ,ܸ)∗ܩ being complete then ܩ and ܩଶ are 
same also ܩ and ܩଶare excellent square fuzzy graph. 

Proof: (ܧ,ܸ)∗ܩ being complete every pair of vertices in ܸ are adjacent in ܩ∗. ݅. ݁) For every  ݑ, ,ݑ),ܸ in ݒ  is in (ݒ
⇒ ܧ ,ݑ)ߤ (ݒ > ,ݑ ∀   0  .ܸ in ݒ

∴ ,ݑ)ଶߤ (ݒ = ,ݑ)ߤ ,ݑ ∀  (ݒ   .ܸ in ݒ

 ∴ (ଶߤ,ଶߪ)ଶܩ = ,ߪ)ܩ   .(ߤ

 ∴   .ଶare a minimum dominating setܩ and ܩ  ଶ are complete. Then each vertex ofܩ and ܩ ଶ are same. Sinceܩ  and ܩ
Hence ܩ and ܩଶare excellent square fuzzy graph. 

Theorem 3.3: Let ܩாଶ be an excellent square fuzzy graph and a dominating set ܦ of ܩாଶ is a minimal dominating set if 
and only if for each ݀ ∈  .one of the following two conditions holds ܦ

1.ܰ(݀) ∩ ܦ = ∅ . 

2.There is a vertex ܿ ∈ (ܿ)ܰ such that ܦ\ܸ ∩ ܦ = {݀}. 

Proof: Given D be a minimal dominating set in ܩாଶ , and ݀ ∈ ௗܦ Then .ܦ  ாଶ , henceܩ is not a dominating set in {݀}ܦ−
there exists ݔ ∈ ݔ ௗ. Ifܦ ௗ such that x is not dominated by any element ofܦ\ܸ = ݀ we get ܰ(݀) ∩ ܦ = ∅ and if ݔ ≠ ݀ 
we get ܰ(ܿ) ∩ ܦ = {݀}.The converse is obvious. 

Theorem 3.4: Let ߪ)ܩ,  be its excellent square fuzzy graph. Then (ଶߤ,ଶߪ) ாଶܩ be a fuzzy graph and (ߤ

(ܩ)ܱ(݅) = .݅ ] (ாଶܩ)ܱ ݁. Order of ܩ = Order of  ܩாଶ ] 

(݅݅)Size of ܩ ≤ Size of ܩாଶ 
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Proof: Given (ߤ,ߪ)ܩ be a fuzzy graph and ܩாଶ (ߪଶ,ߤଶ) be its excellent square fuzzy graph.(݅)Since ܩand ܩாଶ has same 
point set with their respective weights. 

∴ Order of ܩ =   ,(ݑ)ߪ∑

Order of  ܩாଶ = (ݑ)ଶߪ∑ =    ,(ݑ)ߪ∑

 ∴ (ܩ)ܱ =   .(ாଶܩ)ܱ

(݅݅) If (ݑ, ,ߪ)ܩ be an edge in (ݒ  If u and v are at a distance 2 in .(ଶߤ,ଶߪ) ாଶܩ is also be an edge in (ݒ,ݑ) then(ߤ
  .(ଶߤ,ଶߪ) ாଶܩ The number of edges is more in∴ .(ଶߤ,ଶߪ) ாଶܩ then they are made adjacent in (ܧ,ܸ)∗ܩ

Hence Size of ܩ ≤ Size of ܩாଶ. 

Results 3.4.1: 1. A fuzzy graph ܩ is weak isomorphic to the excellent square fuzzy graph ܩாଶ . 

2. [9] For any excellent square fuzzy graph ܩாଶ (ߪଶ,ߤଶ). ߛ௙(ܩா  
ଶ ) ≤  .(ܩ)௙ߛ

3. An excellent square fuzzy graph of a regular fuzzy graph needs not be regular.  

Theorem 3. 5: If  ܩாଶ (ߪଶ,ߤଶ) is complete then any vertex of ܩாଶ is a fuzzy level vertex. 

Proof: Let ܩாଶ (ߪଶ,ߤଶ) be a complete excellent square fuzzy graph. Since ܩாଶ is complete then every pair of vertices are 
adjacent. Since each vertex of ܩாଶ are minimum dominating set 

∴ (ாଶܩ) ௙ߛ = 1 . 

Now remove any vertex {ݑ} of ܩாଶ and their incident edges. We get  ܩாଶ − ாଶܩ is complete. Since  {ݑ} −  complete {ݑ}
then each vertex of ܩாଶ −  .is a minimum dominating set {ݑ}

∴ (ݑ,ாଶܩ)௨௙ߛ = 1 ,  

 ∴ (ாଶܩ) ௙ߛ =   (ݑ,ாଶܩ)௨௙ߛ

∴  .is a fuzzy level vertex {ݑ}

 Since any vertex of ܩாଶ is a fuzzy level vertex. 

IV. CONCLUSION 

In this paper we have define the concept of excellent domination in square fuzzy graph and derive the related theorems 
to this concept. 
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