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ABSTRACT: In this paper we introduce the concept of family of disjoint sets as a concept in set theory and introduce
some theorems related to this concept, we also provide examples and applications.The four colours problem is a

problem in graph theory, in this paper we introduce four colours problem as an application offamily of disjoint sets.

Families of disjoint sets explain four colours problem as an example of M colours problem. Using families of disjoint
sets we can explain any familiar map or unfamiliar map with any number of colours used to draw these maps.
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I. INTRODUCTION

The purpose of this paper is to introduce the concept of family of disjoint sets as topicof set theory. A family of
nonempty sets is called family of disjoint sets if every two sets, belong to this family, are disjoint. Throughout this
paper we assume any family of disjoint sets can contains finite or infinite sets. We also introduce definitions of degree
of intersection, meeting and standard of meeting which are related to the concept of family of disjoint sets. Beside these
definitions we introduce many examples.

In main results we establish theorems and corollaries explain properties of family ofdisjoint sets, degree of intersection
and standard of meeting. We establish many theorems about local maximum and local minimum number of family of
disjoint sets, this theorems have many applications.

In this paper we consider any map as families of disjoint sets, such thatregions in the same colour as a family of
disjoint sets. Regions in the same colour, are sets which are disjoint. Regions of map draw as sets intersect each other
with degree of intersection three. We have seen from main theorems, minimum and maximum families of disjoint sets
meet each other at W intersections depends on degree of intersection and standard of meeting. For any standard of
meeting there is minimum and maximum families of disjoint sets, defined by local minimumof families of disjoint
setsand local maximum of families of disjoint sets,these families of disjoint sets have properties which are explained by
many theorems. Families of disjoint sets is generalization tocolours problem,families of disjoint sets explain four

colours problem as an example of M colours problem.

II.LFAMILIES OF DIJOINT SETS

Here we introduce the concept of family of disjoint sets and concepts related to family of disjoint sets with some
examples and propositions.

Definition2.1. A family of nonempty sets is called family of disjoint sets if every two sets, belong to this family, are
disjoint. One set or more belongs to the family of disjoint sets is called subfamily of disjoint sets. A family of disjoint

sets may contains finite or infinite disjoint sets. Let », 7., 7.....,x,, D€ M families of disjoint sets, we used the notation
2 =XaUX, U Xis U..UX,,or % :UXij,lsiSm.

j=1
Example2.2.In real line the family {(0,1), (1,2),(2,3),... }is family of disjoint sets.
Definition2.3.The family of disjoint sets y, is called intersects the family of disjoint sets 4, if there exists a set
belongs to y, and a set belongs to , have nonempty intersection.
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Definition2.4.Two families of disjoint sets , and 4, called two proper families of disjoint sets if y, ~ y,is nonempty,
and N families of disjoint sets called N proper families of disjoint sets if any two have nonempty intersection.
Definition2.5. Let 4 4, %,....z, be N proper families of disjoint sets and X is nonempty set,

X=20Nx0 100N 20 X ={x:xe X, 1<i<nls<j X, e z3then X'is called intersection of degree N. X also can
be written as

X=X NX NXg N NX e X ={x:xe X;1<i<nl<j, X e v}

The index i for families of disjoint sets and J for sets belong to one family of disjoint sets.

Definition2.6. Let 4, »,, 7,..... 7, b€ M families of disjoint sets and Xis Xigs Xigreon X,y DE N sets such that any two
sets belong to two different families of disjoint sets, and X is nonempty set, X = Xy N XN X NN X, s
X ={x:xeX;l<isrli<js<nns<rX;e x3then the positive integer N is called degree of intersection X .
Definition2.7. Let 4., ,, 7,,....x, b€ I families of disjoint sets and X is nonempty set, x — 2N, NxsN...N g, then
the intersection X is called represent the families Y Xor Xz 4,0 @ND We used the notation X = y Ny, Nz, N...N gz,
OFX = (21 Xos Xaves X0)-

Remark2.8. As abbreviation instate ofthe notation X = 5, Nz, Nz N..Nx, » AN X = (xy, 72 Zaremr 2,) WE USEd the
notation X =(1,2,3,...,r).

Definition2.9. Let » ». 4.,..x, D€ I families of disjoint sets and X1, X5, X a0 X, b€ W nonempty different

310y
intersections each intersection of degree N, the family of disjoint sets . is said to be appear t times at Wintersection
if there are T intersections each belong to 2., where1 < i <r, (, has appearance equal t).If we say y,, v, v,.....x, b€ r
families of disjoint sets at x , x,, X,..., X,,, this means any one of , » . . , appear atx X, X,,..,X,, (has
appearance not equal zero).

Example2.10. Let 4., 4, 7...., x, DE  families of disjoint sets and X,Y,Z are nonempty different intersections each of
degree 4. X =, Ny, NxsNxs s Y=2,NxsNxsNy, @ Z=5 Ny, NyNy, - We can used the notation
X=(1235),Y=(2,35,7), Z=(1,4,6,7) At intersections X,Y,Z,the family of disjoint sets y,, y,, y,,y,and y,each
appear twice at X,Y,Z, y,, and 4, each appear once. Also we can say at intersections X,Y,Z, the family of disjoint sets
1,2,3,5,7 each appear twice, and 4,6 each appear once. As application to following proposition, each of intersections
X,Y,Zthe is of degree four we have 3(4)=12=2+2+2+1+2+1+2.
Proposition2.11. Let 4. v, %5,z DE M families of disjoint sets, Xy, X, X

KEEREY)

s X, @re nonempty different

intersections each of degree N , and t number of times the familyof disjoint sets , appear at these W intersections, then

we have 3t =wn.
i=1

Proof: Since the appearance for M families of disjoint sets at Wintersections X, X,, X,...., X, €ach of degree N, then

KERERS]
summation of all appearance for all M families of disjoint sets equal WN therefore Zm:t. —wn.
i=1

Definition 2.12. Let 4 4, 7.z, D€ M families of disjoint sets, Xy, X5, X5,.., X, @re nonempty different

3t
intersections of these M families of disjoint sets, each intersection of degree N. The family of disjoint sets 7, 1s said
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meets family of disjoint sets 2,8t these W intersections, if whatever we exchange families of disjoint sets at these W
intersections, there exists at least one intersection the two families of disjoint sets ,. and z; appear at this intersection.
Example2.13. Let 4., 4,, 75..... x; DE 7 families of disjoint sets and X,Y,Z are nonempty intersections each of degree 4.

X=rNrNxNys » Y=xNxsNzsNy, A Z=yNy,NxNy - We can used the notation
X=(@1235), Y=(2,3,5,7), Z=(1,4,6,7). The following exchange is right X =(1,2,4,5), Y =(2,3,6,7), Z=(1,3,5,7).
The following exchange is not right X =(1,237), Y =(2,3,5,5), Z=(1,4,6,7), because Y = 5, N v, N z, N x, and the
family of disjoint sets . appear twice at intersection Y, the family of disjoint sets ,, intersect ,, afamily of disjoint
sets can’t intersect itself. Any two of families of disjoint sets y , ., ., 7., y, Meet each other at X,Y,Z but,, each y,,
not meet 5, at X,Y,Z.

Proposition2.14. Let 4., ,, 4,...., z, D€ I families of disjoint sets and Xy, X5, Xg0een X, DE W nonempty intersections, the
family of disjoint sets ,. appear w, times at W intersections and the family of disjoint setslj appear v time at W
intersections, then we say the family of disjoint sets ,, meet the family of disjoint setslj at these W intersections if
and only if w4+1<w, +W;.

Proof: First suppose the family of disjoint sets ,, meet the family of disjoint sets at these W intersections, where
1<i<m,1< j<m, whatever we exchange families of disjoint sets represent these intersections, this means there
exists intersection  represented by the two families of disjoint sets , and Zj,Since from definitions of family of
disjoint sets and degree of intersection there is no family of disjoint sets appear twice at one intersection, let us arrange
each of X, X,,X,,..,X,t0 be represented either by , or , but the family of disjoint sets , meet the family of
disjoint sets z,at these W intersections, therefore exists intersection X . represented by the two families of disjoint
sets yand , such that », appearat X, X,, X,,..., X, and x; @ppear at X X oy X gy X, tEN W 41 < W+ W,
Conversely suppose wHl<w +w,, then if we exchange families of disjoint sets such that any intersection of
Xy, X5, X, X, €Ither by o or 5 there exists at least one intersection represented by the two families of disjoint sets
z,and lj,sincew+1gwi +Wj,therefore the family of disjoint sets ,, meet the family of disjoint setslj at these W

intersections.
We introduced the concept of meeting of two families of disjoint sets at number of intersections from what

happening in our life. Two persons Aand B will meet each other at least once per week if Aappear /1 _ 4days and
2

B appear 4 days. Where Ameets B? They meet each other at place allowed to Aand allowed to B, place considered
belongs (allowed) to Aandplace considered belongs (allowed) to B.Something belongs to Aand belongs to B, it is
intersection of AandB,, let them be seven intersections, Aand B will meet each other at this seven intersections if both
A and B appear 4 time at these intersections or come to these intersections 4 time.

Proposition2.15. Let 4., 4, x,.....x, D€ I families of disjoint sets and Xy, X5, X0, X, 08 W nonempty intersections,

and any two families of disjoint sets meet each other at this W intersections then at least any family of disjoint sets

appear W+1

time at W when W odd, and appear W , 1 time at W when W even.
2
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Proof: Let v, v,, xs..... 7, D€ I families of disjoint sets and Xy, X5, Xg0een X, DE W nonempty intersections, the family of
disjoint sets , appear w, time at W intersections and the family of disjoint sets z;2Ppear v, time at W intersections,
w+1 w+1
_ W, =—
2 ! 2
w, _W_1 where W is even, from Proposition2.14. we have 1< W, W, = W2,
2

let w = where W is odd, from Proposition2.14. we have y41<w W, =W, Let w =W .1,
i ' b2

Definition2.16. Let 4 »., v.,.... 7, b€ M families of disjoint sets, X, X,, X5,..., X, €ach of degree N, and W be the

minimum number of nonempty intersections, such that any two families of disjoint sets meet each other at these W
intersections, then these W intersections called standard of meeting for these M families of disjoint sets.

Example2.17. Let 4, 4, 7., 7., 1, D& Dfamilies of disjoint sets and x,, X,, X, X,, X, be 5 nonempty intersections
each of degree 3, where X, = (1,2,3), X, = (1,2,4), X, =(3,4,5,), X, = (1,3,5), X, = (2,4,5) and let v, v, v,,....v,, be 10
nonempty intersections each of degree 3, wherey, = (1,2,3), Y, = (1.2,4), Y, =(125,), Y, =(13,4), Y, =(135),Y, = (1.4,5),
Y, =(234),Y, = (2.35), Y, = (24,5), Y,, = (3.45).At X,, X,, X, X, X, any two of the five families of disjoint sets meet
each other, and at v, v,,Y,,...,Y,, any two of the ten families of disjoint sets meet each other. From Definition2.16.
Xy, X5, X5, X, X, Standard of meeting for these fivefamilies of disjoint sets, and v,,v,,v,,...,Y,, is not standard ofmeeting

for these fivefamilies of disjoint sets, but these fivefamilies of disjoint sets any two of them meet at intersections
Y, Yy, Y, Yy

Definition2.18. Let 4 4, 7,.....z, b€ I families of disjoint sets and Xy, X5, Xg,on X, DE W nonempty intersections
each of degree N, any two families of disjoint sets meet each other at this W intersections. We say there are t families
of disjoint sets can be added at Wintersections if s Ko Laveeos X Xvots Xrazs Howgroons Zowg 08 T F t families of disjoint

sets any two of them meet each other at these W intersections and for families of disjoint sets
Har Xos Hareeos Xos Koats Xrszs Kvwireoos Xowts Xty TNESE T + 1+ 1families of disjoint sets there exist two families of disjoint sets
not meet each other at W intersections.

Example2.19. Let 4, v, 7, 7.z, P& Sfamilies of disjoint sets and x,, x,, X, be 3 nonempty intersections each of

degree 4. X, =(1,2,34), X, =(12,35), X, =(4,512) any two families of disjoint sets meet each other at this 3

intersections. We can add a family of disjoint sets to these 5 families of disjoint sets. There is one family of disjoint
sets can be added at the 3 intersections. We have 4, v, 7., 7., 7 z., 0 families of disjoint sets and x,, x,, x,be 3
nonempty intersections each of degree 4. x, = (1,2,3,4), X, = (1,2,5,6), X, = (3,4,5,6) any two of these six families of
disjoint sets meet each other at the 3 intersections x , X, X,. For seven families of disjoint sets y, ».. .. 7., 7s. 762 22
and X, X,, X, be 3 nonempty intersections each of degree 4. x, =(1,2,3.4), X, = (1,2,5,6), X, =(3,4,5,7). For any
change in the intersections X, x,, X, there is two family of disjoint sets not meet each other at the 3 intersections
X,, X,, X, Any two of families of disjoint sets 4., y,, 4., x,. z, Meet each other at x,, X,, X,,and y,, y,not meet with
any family of disjoint sets at the 3 intersections x_, X, X,

Definition2.20. Let 4, v, 7., x., D€ M families of disjoint sets, meet each other at Xy, X5, X5,y X, INtETSECtions

each of degree N, then IM is called local maximum families of disjoint sets at W intersections, if any two families of

disjoint sets meet each other at these W' intersections, and any family of disjoint sets has appearance either equal w+1l
2
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or

W+ 3 for Wodd such that not all families of disjoint sets has appearance equal W+3 and for W even we have three
2 2’

types, first all families of disjoint sets has appearance equal W +1, second appearance equal W ;1 and W 2, not all
2 2 2

W 5 but at least has one appearance equal WV 2, third all families of disjoint sets has appearance equal w, 1, except

2 2 2

only one family of disjoint sets has appearance equal Y. Maximum of locals maximum families of disjoint sets called
2

maximum families of disjoint sets.

Example2.21. Let 4, v, 7., ... 0e5families of disjoint sets any two meet each other at W intersections, w=8, each
intersection of degree 3, then m=5be local maximum families of disjoint sets meet each other at intersections
X, =(123), X, =(1.24), X, =(2,45), X, =(23,4), X;=(135), X, =(3,45), X, =(134), X, =(12,5). All families

of disjoint sets has appearance equal W 1 — 5 except only one family of disjoint sets has appearance equal W _ 4
2 > 2

Example2.22 Let 4, 4, 1., .. xs D€ fivefamilies of disjoint sets and x,, X,, X,, X,, X, be five intersections each of
degree three, X, = (1,2,3), X, =(1,2,4), X, =(34,5), X, =(135), X, =(2,4,5) any two families of disjoint sets meet
each other at these five intersections, if we add a family of disjoint sets y . t0 4., ., 7., 7., x, there exist two families of
disjoint sets not meet each other at this five intersections. If x, = (1,2,3), X, = (1,2,4), X, = (3.45,), X, = (1,3,5),
X, = (2,4,6) We have y, not meet , and y not meet , Then we called these five families of disjoint sets
i Xa» Xar Xar 2 V0CAI maximum families of disjoin sets meet each other at this five intersections.

Remark2.23. For the relation between N, W, M till now we are using definitions and examples, if you prefer to see

generalization of these examples, you can see Theorem 3.1.
Proposition2.24. Let ;{1,%2,%3, . 2, e M families of disjoint sets, and X, X,, X,..., X, be W nonempty intersections

each of degreen, if m( )+r nw Where g << W1 1 for w odd, and m( +1)+r=nw where g <r < W _1for W
2 2 2

even. Then Mbe local maximum families of disjoint sets meet each other at W mtersectlons.
Proof: Let Wodd, from equation m(LJrl)H —nw any two families of disjoint sets meet each other if any family of

disjoint sets has appearance not less than L” because W+1 W+1_ 4\, Suppose m+1 families of disjoint

2 2
sets meet at W intersections, then from equation m(LJrl) +r=nw thereis family of disjoint sets has appearance equal

I, where g<r<W=2 thls family of disjoint sets has appearance equal I', not meet any one of M families of disjoint
2

sets at W intersections, since for local maximumfamilies of disjoint setsmeet each other at W intersections, value of I
w+l w-1 w+l
= +
2

W intersections. The proof will be the same for W even.
Definition2.25. Let 7., 7,...., x,, P€ M families of disjoint sets, X, X5, X X, D& W nonempty intersections each

we have 4 —w < w1, Therefore Mbe local maximum families of disjoint sets meet each other at

of degree N, then M families of disjoint sets is called local minimum families of disjoint sets atW intersections, if
m(w—1) < nwsuch that M # N. When M =N, then M families of disjoint sets is called local minimum families of
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disjoint setsat W if m(w—k) < nw < m(w — k + 1) such that M # N, wherek = 2,3 4,....Minimum of locals minimum families of
disjoint sets called minimum families of disjoint sets.

Remark2.26. Let v, v, %50, X 0 M Iocal minimum families of disjoint sets at W intersections, each of degree N, if we saybe
M 1ocal minimum families of disjoint sets at W intersections, with t families of disjoint sets appear at each intersection, this means
m(w—1) +t = nwwherel<t <w.

Example2.27. Let ., v,, 75, X4, x5 PE Sfamilies of disjoint sets and X, X, X, be 3 nonempty intersections each of degree 4.
X, =(1,234), X,=(12,35), X, =(4,5,,2) any two families of disjoint sets meet each other at this 3 intersections. We have 5
local minimum families of disjoint sets. The twofamilies of disjoint sets y,, v, appear at each intersection, this means
AB)=nw=m(W-1)+t=5(2) +2=12. Let 4. v, 75 Xu: Xs: X5 D€ 6 local minimum families of disjoint sets and
X, =@1234), X,=(125,6), X, =(3,4,5,6) be 3 intersections each of degree four.There is noany family of disjoint sets appear
at each intersection, this means4(3) = nw=m(w-1) +t=6(2) +0=12.

Proposition2.28.Let Has Xar Kareens X, be m, local minimum families of disjoint sets at W intersections, each of degree N, and let

Tar Ko Xareons X, 0€M, loCAl Minimum families of disjoint sets at W intersections, each of degree I m, be local minimum families

of disjoint sets witht, families of disjoint sets appear at each intersection andm,be local minimum families of disjoint sets witht,
families of disjoint sets appear at each intersection, ift, <t,thenm, <m,.

Proof: Since m, be local minimum families of disjoint sets witht, families of disjoint sets appear at each intersection, then we can
write nw =m, (w—1) +t,, and since m,be local minimum families of disjoint sets witht, families of disjoint sets appear at each
intersection we can write nw=m, (w—1) +t,,andnw=m,(w-1) +t,, we havem, (w—1) —m,(w—-1) =t, —t,, sincet, <t, thenwe
have (m —m,)(w-1) =t, —t, <0,since (w—1) >0 thenm, <m, but bothm ,m, are integers thenm, <m,.

Definition2.28. Let s Xas Xareens Xom be M families of disjoint sets, X1y X Xgeey X, be Wnonempty intersections each of degree

N, then M families of disjoint sets is called families of disjoint sets with minimum appearance (w—i) at W intersections, if any
family of disjoint sets has appearance not less than W — I, such that not all families of disjoint sets has appearance equal w+1—1i,
wherej :L2737___,W7+1

2

Remark2.29. Local minimum families of disjoint sets at W intersections can be called families of disjoint sets with minimum
appearance (w—1) at W intersections. Also local maximum families of disjoint sets atW intersections can be called families of

disjoint sets with minimum appearance W+1 4t W intersections if W is odd, and withminimum appearance ﬂ+1 at W
2 2

intersections if W is even.

Example2.30. Let y., 7., ¥a, Xur Xs: Xs be 6 families of disjoint sets and X, X, X, be 3nonempty intersections each of degree5.
X, =(1,2345), X, =(123,4,6), X, = (1,2,35,6). These 6 families of disjoint sets meet each other at X, X,, X5 are local
minimum families of disjoint sets meet each other at X, X,, X 5. Families of disjoint sets represented (labeled) by1,2,3 appear
at each intersections, have appearance equal W. Also these 6 families of disjoint sets meet each other at X 1. X,, X, are local
maximum families of disjoint sets meet each other at X, X,, X,, with families of disjoint sets represented (labeled) by1,2,3
appear at each intersections. These 6 families of disjoint are local minimum and local maximum at X,, X,, X4, because
B

w-1 2.
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Example2.31. Let y., v, ¥s, Zus Xos Xor X7 PE 7 families of disjoint sets and X1, X,, X, be 3 nonempty intersections each of
degree 5. X, =(12,3,4,5), X,=(1236,7), X, = (1,4,5,6,7). These 7 families of disjoint sets meet each other at Xy, X,y X4, @18
local minimum families of disjoint sets meet each other at X 1 X5 X, because 6 families of disjoint sets each has appearance

W—1=2 there is only one family of disjoint sets appear at all three intersections. Also these seven families of disjoint sets are local

maximum meet each other at X, X, X, becausew_lzLJ”{g_l: 3+1_,

2
Example2.32. Let y., v,, v, x, be four families of disjoint sets and X, X, X, be three nonempty intersections each of degree three,

X, =(123), X,=(L2,4), X, =(13,4). These four families of disjoint sets meet each other at x,, X,, X, are local minimum
families of disjoint sets meet each other at X, X,, X, with the same appearance (any family of disjoint sets appear twice at
X1, X,, X,)- Also X, =(1,2,3), X, =(12,4), X, =(13,4), these four families of disjoint sets meet each other at X, X,, X,are
local maximum families of disjoint sets meet each other at X, X ,, X, with different appearance (family of disjoint sets represented

by1 appear at each intersections and others appear twice).
Remark2.33. In case local minimum families of disjoint sets meet each other at W intersections itself is local maximum families of

disjoint sets meet each other at W intersections, we have  —1 = LH w =23 for Wodd, andy _1= w +1,w=4 for W even.
2

Remark 2.34. AtX , X,, X,,..., X, intersections each of degree N, there are many local minimum families of disjoint sets meet each
other at W intersections and there are many local maximum families of disjoint sets meet each other at W intersections, this for
each W, depend on W and N. There is maximum families of disjoint sets meet each other at W intersections, this maximum is
equal only one local maximum and greater than other local maximum, for W < 2N —1 . The maximum of all local maximum
depend only on N, itis equal 2N — 1. Table (1) explain this.

n w M local maximum at W m<2n-1
3 3 4 m<2n-1
3 4 4 m<2n-1
3 5 5 m=2n-1
3 6 4 m<2n-1
3 7 5 m=2n-1
3 8 4 m<2n-1
3 10 5 m=2n-1
5 3 7 m<2n-1
5 5 8 m<2n-1
5 6 7 m<2n-1
5 7 8 m<2n-1
5 9 9 m=2n-1
5 10 8 m<2n-1
5 12 8 m<2n-1
Table (1)
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Example2.35. Let I be local minimum families of disjoint sets meet each other at W intersections each of degree N,
wheren =6, w =8 we can’t find M such that m(w —1) < nw, m =6, it is not true.
Example2.36. Let IM be local minimum families of disjoint sets meet each other at W intersections each of degree n,
wheren =5,w =9 we can’t find M such that m(w—1) < nw. m =5, it is not true.

Definition2.37. Let X, X,, X,,..., X, be standard of meeting for M families of disjoint sets X1 Xor Koo X With degree

31ty
of intersection N, and let v, v,,v,,....y, be standard of meeting for the same M families of disjoint sets i X Xaveoms Koo
with degree of intersection N, then we say standard of meeting x,, X, X,...., X, IS congruent to standard of meeting

Y,.Y,,Y,.....Y,. This means two standards of meeting are congruent if they satisfy three conditions: They are both

intersections of the same M families of disjoint sets, they have same number of intersections with same degree of
intersection, but appearance of families of disjoint sets can be different at the two standards of meeting.
Example2.38. Let 4., v,, 7,..... z, D€ Six families of disjoint sets and X, x,,X,, X,, X, be five intersections each with

degree of intersection four, X, =(1,2.34), X,=(235), X, =(1346), X, =(1,45,6), X, = (1,2,5,6). These five
intersections X, X, X, X,, X, is standard of meeting for families of disjoint sets 5, v, »....., .. L€t Y,,Y,.Y,,Y,,Y, be five
intersections each with degree of intersection four, v, =(1,2,3,4), Y,=(126,5),Y, = (13,4,6), Y, = (2,3.4,5),
Y, =(1,2,5,6). These five intersectionsy, v, y,,y,,Y,is standard of meeting for families of disjoint sets y , v, v...... z.
These five intersections x,, X, X,, X,, X, is congruent to the five intersectionsy, v, v,,v,,Y;.

Remark2.39 Let ., v,, 7s..... x,, P& M families of disjoint sets and x , x,, X,..., X, be W nonempty intersections (each

KERER
of degree N ) standard of meeting for M families of disjoint sets. The followings allowed:
(1) Changes of standard of meeting such that standard of meeting before the change congruent to standard of
meeting after the change.
(2) Same intersection with two different symbols e.g. for X, = (1,2,3,4) = (2,3,1,4). The followings not allowed:

(1) There is intersection of degree less than .

(2) Wintersections (standard of meeting for M families of disjoint sets), wherew =1, W= 2 orC <w.

(3) For W intersections (standard of meeting for M families of disjoint sets), two intersections have same
representation (repeated), e.g. X, = (1,2,3,5),and X, = (1,2,3,5).

(4) Changes of standard of meeting such that standard of meeting before the change not congruent to standard of
meeting after the change.

Example2.40. Let 4, v,, x5, 2, D€ 4 families of disjoint sets and X, X,, X5, X, X, be Snonempty intersections with
maximum degree of intersection 3, X, = (1,2,3), X, = (1.2,4), X, =(3.12), X,=(2,3,4), X, = (1,3,4). Intersections X,
and x, have the same representation (repeated) intersection, ( X, is intersection of families of disjoint sets 4., 4,, 5, and

X 4 is intersection of families of disjoint sets Zu 220 25)- INtersections have the same representation (repeated) are not
allowed.
Example2.41. Let y, v, 7., x, D€ 4 families of disjoint sets and Xy, X,, X5, X, X, be 5 nonempty intersections with

maximum  degree of intersection 3 X, =(1,2,3), X, = (1,2,4), X;=(134,), X,=(234,), Xs=(,,) Xs=(.,) is

m 4
intersection of degree zero (empty intersection), and this is not allowed. Herem=4,n=3,w=5and C=C=4<w,
n 3
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From definition of combination, any intersections greater than four will be have the same representation (repeated)
intersections or intersections of degree zero, and this is not allowed.

Remark2.42. Let X, X,,X,,..., X, be standard of meeting for M families of disjoint sets 4,  »,, 7,...., x,, With

degree ofintersection N, it s trivial casew = 1. Whenw =1we have M = N. Also standard of meeting consist of
X, and x, where X, = (1,2,3,.., n-1,n)and X, =(1,2,3,..,n-2,n-1,n+1), X, X, isnottrivial. Forw = 2, if
standard of meeting for n +1families of disjoint sets 5., v, ..., 7, x,.,, because X, does not meet X ,. If X is

standard of meeting for N families of disjoint sets 4, »,, 7....., x,, als0 X, X, is standard of meeting for N families of
disjoint sets v, v,, 75..... ,. SINCe X, = X ,, not allowed, two intersections have same representation (repeated), then
standard of meeting X ,, X , means standard of meeting X, and standard of meeting X ,, X, is trivial.

Trivial case whenstandard of meeting W equal one, we have two trivial cases, first degree of
intersection N equal one and second N = M where M is number offamilies of disjoint sets. When n = 1 this leads
tow =1, and when n = m this also leads tow = 1. Let standard of meeting W equal two, X,, X, each of degreen,
for families of disjointsets 4., v,, 7s1oo 200 20 I X1 =(1,2,3,.,n=1,n) and X, =(1,2,3,.., n—1,n+1), family of

disjoint sets ¥, andfamily of disjoint sets  ,,; not meet each other at X , X,, W = 2 s trivial because X, = X,
and we can’t findw = 2. (see Remark2.42).

Trivial case whenstandard of meeting W equal one, this means all intersections are same, we
have one intersection. If standard of meeting consists of sets it can’t be one set or two sets, if standard of meeting
consists of time units it can’t be one unit or two units, and so on for any type of units.

Il. MAINRESULTS

Here we establish theorems and corollaries explain properties of family ofdisjoint sets.
Theorem3.1. Let W intersections each with degree of intersection equal N, M benumber of local maximum families of
disjoint sets, meet each other at W intersections, then we have m(LJrl) <wn for W odd, and ;¥ , 1y < wn for W
2 2
even.
Proof: Let t be number of times the family ,, appear at these W intersections ( W is odd), then from Proposition2.11.

we have Z””:t_ — wn. Since every two families of disjoint sets meet each other at W intersections, for each i and odd
i=1

number W, we have WT”S t, then m(w2+1) Siti _ wn.For each i and W be even, we havegﬂg t, then
i=1

m(g +1) <Dt =wn.
i=1

Corollary 3.2. Let Wintersections with degree of intersection equal N, be standard of meeting for M families of

disjoint sets. Then we have m < 2n—1.
Proof: Using Theorem3.1 we have

m(W

;1)£Wn for W odd, and m(g+1)£Wn for W even.

Suppose m>2n+$S wheres =1,2,3,... then we have

2n+ws +5 <0 for W odd, and 4n+sw+2s <0 for W even.
This contradiction since W, N, Sare positive integers. Therefore m < 2n-1.
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Corollary3.3. In Theorem3.1 minimum value of Wwhenm=2n-1 is equal 2n —1 when W is odd and equal
2(2n —1) when W even.

Proof: First we want to prove it for W odd. Suppose W = 2n — 1 from Theorem3.1. it is true if we substitute in

m(W; 1) <wn. Supposew < 2n —1, let w = 2n—1—k, where k = 2,4.,6,..., if we substitute in m(WT”) <wn, We
have (2n _1)(2” - k) < n(2n-1- k) then we have k <0 a contradiction. Therefore w = 2n —1.

2
Second we want to prove it for W even. Suppose w = 2(2n —1) from Theorem3.1. it is true if we substitute in

m(ﬂ+1) < wn. Supposew < 2(2n-1), let w=2(2n-1) -k, where k = 2,4,6,..., if we substitute in
2

m(ﬂ +1) < wn, We have (2n 4)(% +1) < n[2(2n - 1) — k] then we have k <0 a contradiction. Therefore
2 2

w=2(2n-1).

Remark 3.4. From Corollary3.3. we have two value of W when m=2n-1, first w=2n—1 when W is odd and
second w = 2(2n —1) when W even. From Definition2.16. standard of meeting W is minimum number of nonempty
intersections, such that any two families of disjoint sets meet each other at these W intersections, therefore standard of
meeting is W = 2N —1 notw = 2(2n - 1).

Example3.5. The following tables explain Corollary3.3. In Table(2) W odd andn = 5.

n W m
5 9 9
5 11 9
5 13 9
5 7 8
S S 8
5 3 7
Table(2)

Corollary3.6. Let y., v, x5z P& M families of disjoint sets (local maximum) meet at x x_ x... x,, honempty
intersections each of degree N. For any two intersections Xi,stuch that i = j,1<i<w,1< j<w,then there is family of
disjoint sets 4, suchthat x, extandxj ex

Proof: Suppose there is no any family of disjoint sets ,, such that x, and ijoth represented by . this is meansx,
represented by y,, v,, 7,,....x, and x;represented by y .y . 7. 25, then we have m>2n, families which is a
contradiction to Corollary3.2. Therefore there is family of disjoint sets ,, such that x, and ijoth represented by .
Example3.7. Let y, v, .. 1. 7. 2, D& O families of disjoint sets and x,, x,, X, be 3 nonempty intersections each of
degree 4. X, = (1,2,3,4), X, = (1,2,5,6), X, =(3,4,5,6) any two of these six families of disjoint sets meet each other at
the 3intersections x,, X, X,, X,and X, both represented byli.e. X, e yandX, e ,. AlsoX,and X, both represented by

2i.e. X, € z,and X, e z,. The two intersections X, and x , both represented by5i.e. X, e yandx, e z.
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Theorem3.8. Let y,, 7., 75, 7, D€ M families of disjoint sets any two meet each other at X;, X,, X,.o0, X, INtErsections
each of degree N, then M families of disjoint sets be local maximum families of disjoint sets at W' intersections if and
only if for m+1families of disjoint sets y 7, 7...... 7., 7., at the Wintersections there exist a family of disjoint sets
not meet any one of other families of disjoint sets.

Proof: First sUPpose y,, v, xs..... xn D€ M families of disjoint sets any two meet each other at Xy, Xy, X g0y X, WhETE
W are nonempty intersections each of degree N, and M families of disjoint sets be local maximum families of disjoint
sets at W intersections then from definition of local maximum families of disjoint sets at W intersections any family of

disjoint sets has appearance either equal W+1or W+3for Wodd and appearance either equal ™ .1 or W, o for W
2 2 2 2
even, such that not all families of disjoint sets has appearance equal W+ 3 for Wodd and not all families of disjoint sets

2
has appearance equal YV | o for W even. We can write ny = m(i) +r where W—1 < r <o for Wodd, for m+1
2 2

w+1

families of disjoint sets there is [T families of disjoint sets have appearance equal and one family of disjoint sets

have appearance equal I, this family of disjoint sets have appearance equal I dose not meet any one has appearance

equal W+17 since W+1_ w-1
2 2
m-+1families of disjoint sets there is M families of disjoint sets have appearance equal Y, 1 and one family of

2

—w<w+1 We can also write ny=m(¥ +1)+r where W 1< <qfor Weven, for
2 2

disjoint sets have appearance equal I', since™ ;1. W _1_\w<w+1 Therefore exists a family of disjoint sets not meet
2 2

any one of other families of disjoint sets at this W intersections.
Conversely sUPPOSE y,, ,, x5..... 7 DE M families of disjoint sets any two meet each other at, Xy, X5, X0 X, @nd for

m+1families of disjoint sets there exists a family of disjoint sets not meet any one of other families of disjoint sets at
this Wintersections. Suppose Wis odd, since M families of disjoint sets any two meet each other at W intersections
and for m+1families of disjoint sets exist there exists a family of disjoint sets not meet any one of other families of
| Ww+1
2
of disjoint sets have appearance equal I', where WT_lz r >0, if there is a family of disjoint sets has appearance

disjoint sets at this W intersections. We have M families of disjoint sets have appearance equa and one family

w+1 w+1

greater than using exchange between families of disjoint sets value of I can be equal or greater than and

this contradict for m+21families of disjoint sets there exists a family of disjoint sets not meet any one of other families

of disjoint sets at these W intersections. We have M families of disjoint sets all have appearance equal W+t w1 i

r =0 or r=0, therefore M families of disjoint sets is the local maximum families of disjoint sets at W intersections,

for W odd. The proof is same for W even.
Corollary3.9.Let y,, 7,, 75, z, 0€ MM families of disjoint sets any two meet each other at X ,X,,X,,..., X,

intersections each of degree N, and M families of disjoint sets be local maximum families of disjoint sets at W. Let
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m=a+b such that aLJFSJFbM:nW, where ab, are integers and q'W*tl_ .. Then
2 2 2

m=a+b<m'<m+1.
Proof: From definitions of M and m'we have m < m'.From Theorem3.8 for [T families of disjoint sets be local
maximum families of disjoint setsat W intersections and for m+1 families of disjoint set there exists a family of

disjoint sets not meet any one of other families of disjoint sets at these W intersections, we have
W+1 WW+1 w+1

m—— 5 <m =nw < (m, +1)( ), thena+b=msm‘<m1+1.
Example3.10. The following table, Table (3) explain Corollary3.9.
n W | m=a+b w+3, W+l | 2nw m+1
nw=a( )+b(—) | M =
2 2 w+1
3 3 4=1+3 9=3(3)=1(3)+3(2) 4.5 5
3 5 5=0+5 15=3(5)=0(4)+5(3) 5 6
5 3 7=1+6 15=1(3)+6(2) 7.5 8
5 5 8=1+7 25=5(5)=1(4)+7(3) 8.33 9
7 7 12=1+11 49=7(7)=1(5)+11(4) 12.25 13
7 9 12=3+9 63=7(9)=3(6)+9(5) 12.6 13
9 11 16=3+13 99=3(7)+13(6) 16.5 17
9 17 17=0+17 153=0(10)+17(9) 17 18
Table (3)
Theorem3.11. Let v, +,, s, 7, D€ M families of disjoint sets at X1, X5, X5, X,,, NONEMPty intersections each of

degree N.If (W + 1) > wn for W odd, and m( +1) > wn for W even, then there exists two families of disjoint sets
2

not meet each other at this W' intersections.

w+1

Proof: Supposem, +m, = m,such thatm (=—=) < wn for W odd, where m, local maximum families of disjoint sets

w+1

meet each other at these W intersections and m, >1. We have n, ( )+ (W+1) - m( ) > wn for W odd

and
m )+ m, (Y1) =m(® +1)>wn for W even. Using Theorem3.8. m, local maximum families of disjoint sets
2 2

meet each other at this W intersections and for m,families of disjoint sets there is at least onefamily of disjoint sets not
meet any one of m families of disjoint sets at this W intersections.

Lemma3.12. Let y,, 7., 15, 2, P€ local maximum M families of disjoint sets meet at X, X, X

X_ . nonempty

3reeer Koo
w+1

intersections with maximum degree of intersection N. If m(—) < wn then for all W intersection of degree N, if

n—m(W+1) {1,2,3..,n-13 then there is intersection of degree less than N, and if

wn — m(i) {n,n+1,n+2,.} then there is an intersection of degree zero.

Proof: Proof direct by using Definition2.9. Definition2.12. and Proposition2.11.
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Example3.13. Let 4., v,, 72, x4, x5 2, D€ © families of disjoint sets and X, X,, X, be 3 nonempty intersections each

of degree 4. X, =@1234), X,=(1256), X,=(34,5,6)any two of these six families of disjoint sets meet each other

w+1

at the 3 intersections x,, X,,X,, we have n=4, W=3, m=6and m¥ "2y _ yn then all 3 intersections of

degree 4.
Example3.14. Let y,,7,, %, 1, D€ 4 families of disjoint sets and X, X,, X, be 3 nonempty intersections with
maximum degree 3. X, = (1,2,3), X, = (1,2,4), X, = (3,4) any two of these four families of disjoint sets meet each
w

+1):1 then there is
2

intersection of degree less than N. This is the case wn — m(ﬂ+1) ={1,2,3,...,n —1} then there is anintersection of
2

other at the 3 intersections x,,X,,X,, we have n=3, w=3, m=4and wn - m(

degree less than IN.

Example3.15. Let 4., v,, x5, z, D€ 4 families of disjoint sets and X, X5, X5, X,, X; be 5 nonempty intersections with
maximum degree of intersection 3, X, = (1,2,3), X, =(1,2,4), X, =(3,41), X,=(2,4,3), X, =(,,). any two of these
four families of disjoint sets meet each other at the 5 intersections X, X,, X, X,, X, We have N = 3,w=5 m=4

w+1
2

then there is an intersection of degree zero.

Lemma3.16. If b—a=0123,...,n-1and c—a=n,n+Ln+2,... then a<h,b<c.

Proof: If b—a=0,0=2a,andif b — a equal any one of the set {1,2,3,..,n—1}, then b < a, therefore b < a.

Since c-b=(c-a)-(b—a) and (c-a)-(b-a) equal any one of the set {1,2,3,..,n,n+1,n+2,..}

thereforec < b.

Corollary 3.17. Let 4, v, xs....7,, DE @Y M families of disjoint sets meet at X, Xy, X

and wn — m(

) = 3 then there is intersection of degree zero. This is the case wn — m(ﬂ +1)={nn+Ln+2.}
2

X_ . nonempty intersections

KIEEET AN}

each of degree N. Let k=246,..then m(LJrl) <Wn < m(w) for W odd, and m¥ ;1) <wn < m(M 1) for
2 2 2 2

W even.
Proof: Let mWtl_, ., wn=b and m(L“k):C_ From Lemma3.4. we have b—a=0123..n-1 , if
2 2

b—a={n,n+Ln+2..} then there is an intersection of degree zero, so we will take b—a={0123,...n-1}. Since

c—a={n,n+14n+2..}, using Lemma3.9. we have a<h,b<c, therefore m(LJrl)3wn < m(L“k) for W odd. The
2 2

w4+ k

proof will be the same for m(g +1) <wn <m( +1) where W even.

Example3.18. Let X1, X2y X3s X41 Xs1 X e 6 families of disjoint sets and X, X,,X,be 3 nonempty intersections
each of degree 4. X, = (1,2,34), X, =(1,25,6), X, =(34,5,6)any two of these six families of disjoint sets meet each other

at the 3 intersections X, X,,X,, N=4, W=3, m=6 and let k=2 (minimum value of K ). This satisfies

m(WTJ”l) <wn < m(%lﬂ() for W odd. We have 5(%) <3(4) < 5(3+i+ 2)_
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Let 4.7, 2 1 2 D€ O families of disjoint sets and x,X,,X,, X, be 4 nonempty intersections each of degree 4.
X, =(1,2,34), X,=1235), X, =(1345), X, =(2,4,5,)any two of these five families of disjoint sets meet each other at
the 3 intersections X, X, X, X,, N=4, W=4, m=5and let K =2 (minimum value of K ). This satisfies

m(% +1)<wn < m(WT“‘ +1) for W even. wWe have 5(% +1) < 4(4) < 5(4%2 +1).

Remark3.19. From division of & by M we have a = mb +r, 0 <r < m -1. From division by 5we can write:
15=3(05)+0=3+3+3+3+3
16 =3(5)+1=3+3+3+3+4
17 =3(5)+2=3+3+3+4+4
18 =3(5)+3=3+3+4+4+4
19=305)+4=3+4+4+4+4

Generally we can write

a-r=b+0)+(b+0)+(b+0)+...+(b+0) brepeted mtime
a-r+l=Mb+D)+bB+0)+MmO+0)+..+(b+0)
a-r+2=0b+D)+MO+)+{0O+0)+...+(b+0)
a-r+3=(b+1)+Mb+1)+b+1)+(bO+0)+..+(b+0)

a=b+D)+..+(b+)+b+0)+MmO+0)+(b+0)+...+(b+0). Llrepeted rtime

Remark3.20. Since families of disjoint sets meet at W intersections each of degree N, and number of families of
disjoint will be local maximum if we divide NW by smallest number of appearance, such that any two families of

disjoint sets meet each other at W intersections, which equal W +1 when Wis odd or equal W , 1when W is even.
2 2

Let Wis the number of nonempty intersections each of degree N, and M is number of local maximum families of
disjoint sets meet at intersections X, x,, X,,...,X,,, from Definition2.20. the appearance of any family of disjoint sets

equal W +1 or equalLJrlJrl when W is odd and for W even we have three types, first all families of disjoint sets has
2 2
appearance equal ﬂ+1’ second appearance equal W ;1 and ﬂ+2’ not all W 5 but at least has appearance equal
2 2 2 2
ﬂ+2’ third all families of disjoint sets has appearance equal ﬂ+1’ except only one family of disjoint sets has
2 2

appearance equal Y. Table (4) explain Definition2.20 where m is local maximum families of disjoint sets meet each
2

other atw intersections and W is odd.
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n w m=a+b
nw= a(W2+ 34 b(W2+1)

3 3 4=1+3 9=3(3)=1(3)+3(2)
3 5 5=0+5 15=3(5)=0(4)+5(3)
5 3 7=146 15=1(3)+6(2)
5 5 8=1+7 25=5(5)=1(4)+7(3)
7 7 12=1+11 49=7(7)=5(5)+6(4)
7 9 12=3+9 63=7(9)=3(6)+9(5)
9 11 16=3+13 99=9(7)+6(6)
9 17 17=0+17 153=0(10)+17(9)

Table (4)

Table (5) explain Definition2.20 where m is local maximum families of disjoint sets meet each other atw
intersections and W is even.

n W m=a, +a,+ W W W
BTRTE L w=a (2 +a D ral)
3 4 4=0+4+0 3(8)=12=0(4)+4(3)+0(2)
4 4 5=1+4+0 4(8)=16=1(4)+4(3)+0(2)
5 6 7=2+5+0 5(6)=30=2(5)+5(4)+0(3)
3 8 5=0+4+1 3(8)=24=0(6)+4(5)+1(4)
7 8 11=1+10+0 7(8)=56=1(6)+10(5)+0(4)
7 10 | 11=4+7+0 7(10)=70=4(7)+7(6)+0(5)
9 10 | 15=0+15+0 9(10)=90=0(7)+15(6)+0(5)
7 12 | 12=0+12+0 7(12)=84=0(8)+12(7)+0(6)
Table (5)

Table (6) explain Definition2.26 where M is local minimum families of disjoint sets meet each other at W
intersections and W is odd.

n W m=a +a, nw=aw+a,(w-1)
3 3 4=1+3 9=3(3)=1(3)+3(2)
3 5 M not exists 15=3(5)=0(4)+5(3)
5 3 7=1+6 15=5(3)=1(3)+6(2)
5 5 6=1+5 25=5(5)=1(5)+5(4)
7 7 8=1+7 49=7(7)=1(7)+7(6)
7 9 M not exists
9 11 M not exists
9 17 M not exists
Table (6)

Table (7) explain Definition2.26 where M is local minimum families of disjoint sets meet each other at W
intersections and W is even.
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n| w m=a +a, nw=aw-+a,(w-1)
3 4 4=0+4 12=3(4)=0(4)+4(3)

4 4 5=1+4 16=4(4)=1(4)+4(3)

5 6 6=0+6 30=5(6)=0(6)+6(5)

3 8 M not exists

7 8 8=0+8 56=7(8)=0(8)+8(7)

7 10 M not exists

9 10 10=0+10 90=9(10)=0(10)+10(9)
7 12 M not exists

Table (7)

Theorem3.21. Let IM families of disjoint sets meet each other at Xps Xy Xgpen Xy W intersections each of degree N, and let
m=n+Kiswhere k =1,2,3,..., n — 1, then IM is families of disjoint sets meet each other at w intersections then m families

of disjoint sets be local minimum families of disjoint sets at W intersections if and only if k(w-1) <nw.

Proof: First suppose m families of disjoint sets be local minimum families of disjoint sets at w intersections. From Theorem3.1.
and definition of local minimum families of disjoint sets meet each other at w intersections we have
m(w-1)=(n+k)(w-1) <nw,

then nw + kw — n — k < nw, and we have k (w —1) < n.

Conversely suppose m families of disjoint sets meet each other atw intersections. Since we have k (w —1) < n, we can write
nw + kw — k < nw +n,and (n+k)(w—1) < nw, we can write this asm(w —1) = (n + k)(w — 1) < nw, therefore m
families of disjoint sets be local minimum families of disjoint sets at W intersections.

Corollary3.22.Lethe number of nonempty intersections each of degree N, and M is number of local maximum families of
disjoint sets meet at intersections Xy X5 X, xW if A is the number of families of disjoint sets each its appearance equal
W?Jrl +1 where W is odd then we have 3(7) (m- a)( ) nw. If C is the number of families of disjoint sets each its

appearance equal (f +2) Where W is even then we have C(f +2)+(m- C)(ﬂ +1) =nw Where W is even integer.
2 2 2

Proof: Let s X2s Xzvees Xom be M families of disjoint sets, Xy, X5, X540, X, @T€ NONEMpty intersections each of degree N. Using
w+1

Remark3.20. we have appearance of families of disjoint equal or equalLJ”lJrl when W is odd and the appearance of
2

families of disjoint equal W , 1 or equal ., 2 when W is even. Let ti be number of time the family of disjoint sets . appear at
2 2

these W intersections, using Proposition2.11. we have it' —wn. Therefore if d is the number of families of disjoint sets each its
i=1

|W+1

appearance equa

+1 where Wis odd then we have a(W*2 ) m-a)y = ):nw. If b is the number of families of

disjoint sets each its appearance equal( +1)+1 where W is even then we have b( )+(m b)(—+1) nw Where W is

even integer.
Theorem3.23. Let W be odd integer, m is local maximum families of disjoint sets meet at Xy Xy Xgreen X (nonempty intersections

each of degree n ),such that
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m,(——) <wn (3.1)and m, is local

maximum families of disjoint sets meet at Xy Xy Ko Xyps Xy (nonempty intersections each of degree n ) ,such that

m (WT+1+1) <n(w+1) (3.2)

then m, <m,.
Proof: Suppose m, <m, let m, =m, +k where k=123... We can write (3.2) as
(m, +|<)(""?+1 +1) <n(w+1) (3.3)

We can write (3.3)as

m(WT”)+m +k(T)+k<nW+n (3.4)

Using Corollary 3.17. we can write (3.1) as
w+l w4+l

ml(WTJrl)s wn <m, (—— )+ 5 (3.5)
From (3.4) and (3. 5)we can write

m(W+1)+ +k(T)+k<nW+n<m(WT+1)+WT+1+n (3.6)
From (3 6) we have

m, +k(—) +k < ""2+1+n (3.7)

In(3.7) sincen<m ,and LJrlSk w+l wherek =1,2,3,... therefore m < m, is a contradiction. Hence m, <m..
. m, 2 ( 2 ) m, <m, , <My

Example3.24.The below table, Table (8) explain Theorem3.23.

" v AL e [ m ) <nwn)
3 3 m, =4 m, = 4
3 5 m, =5 m, =4
4 3 m, =6 m, =5
4 5 m =6 m, =6
4 7 m =7 m, =6
5 3 m =7 m, =6
5 5 m, =8 m, =7
S 7 m, =8 m, =8
7 3 m, =10 m, =9
7 5 m =11 m, =10
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7 m, =12 m, ==11

7 m, =12 m, =11

7 11 m, =12 m, =12

7 13 m, =13 m, =12
Table (8)

ny, m = nw ]andm [ nw, ], where[x]is integral part of x, such that
w -1 w, =1

m,(w, —1) <wn (3.8)
and

m, (w, —1) < nw, (3.9)
then m, <m,.

Proof: Letm, = a, +b, such thataw, +b,(w, —1) = nw,,andm, = a, +b, such thata,w, + b, (w, —1) = nw,
where a,, b, a,,b,are integers. Letm, =a, + b, <m, <m, +1wherem,(w, —1) = nw,and letm, = a, +b, <m) <m, +1 where
m;(w, —1) = nw,. From(3.8) we have
W, 1
m =n(—2-)=n(l+ 3.10
! (W1 —1) ( W, —1) (3.10)
and from (3.10) we have

W. 1
my =n(—2=) =n(l+ 3.11
) (W2 _1) ( wz—l) (3.11)

Sincew, <w,, from (3.10) and(3.11) we havem, < m,and hence m <m,.
Example3.26.The table belowexplain Theorem3.25.1n Table (9) Nis constant N = 7.

w m'(w—1) = nw m(w —1) < NW where Mis integer
=9
4 m' =§=9.33 "
3
> m =32 _g75 m=8
4
° m' =22 _g.40 m=8
5
7 =
m' =% _g17 m=s
6
=8
8 m' =§=8.00 "
7
Table (9)
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The table below Table (10)explain Theorem3.25.In Table (10) Nis constant N = 8. Table (10) is the same as Table(9),
difference between them the value of IN.

w m'(w—1) = nw m(w —1) < NW where Mis integer
=1
> m' =29 _1 m=19
4
° m' =8 _g60 m=9
5
7 =
m' =§=9.33 m=3
6
8 m =% _914 m=9
7
9 =9
m' =E=9.00 "
8
Table (10)

Remark3.27. In equation a(i) (m- a)(i) nw from Corollary3.18, if we putm —a = b the equation can be

written as

(W+3) b(W—”) nw (312)

w+1

Sincem =a +b, itistrueif a =0 then we have b = mand b(——) =nw, itisnottrueif b = 0,when b = 0, then
2

wehave & = M and (W+3) nw.

Let W be number of nonempty intersections each of degree N, and mlis number of local maximum families of disjoint

number of famllles of disjoint sets meet at W + 2 intersections become m,. Let m =a, +b andm, =a, +h, then
equation (12) can written as

Y R (3.13)
a (W+5)+b (W+3) —nw+2n (3.14)
From (3.13)and (3.14) wehave
[a, +b, —a, - bl](L”)+2a +b, —a, =2n (3.15)

In case m =m,we have a +b =a,+b, and(3.15) can be written as:
2a, +b, —a, =2n (3.16 )
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Remark3.28. Next we will prove corollary which states: Let W be number of nonempty intersections each of degree

two intersections to these W intersections, local maximum families of disjoint sets meet at W+ 2 intersections
become m,, then m <m,.Here we want to explain this by the following table. In table (11) we calculate m as real

2nw
number m, :[m]'
n degre_e of w s_tandard of 2nw [ﬂ] is local maximum families
Intersections meeting w+1
w+1 of disjoint sets
5 3 7.5 7
5 5 8.33 8
5 7 8.75 8
5 9 9 9
7 3 105 10
7 5 11.67 11
7 7 12.25 12
7 9 12.6 12
7 11 12.83 12
7 13 13 13
Table (11)

Theorem3.29. Let W be number of nonempty intersections each of degree N, and m, is local maximum *“families of

disjoint sets at W+ 2. Letm, =a, +b, such thatai""TJr?’ +blw?+1 —nw,andm, = a, + b, such thatthat

aZWTJr5+b2WT+3:n(W+ 2),where a,,b,a,,b,are integers.If on 1 a <ml+WT+37then m =m,, and if n1l+W;_33 n+a
then m +1=m,.
Proof: Since
w+1 w+1
ml(T) =(a +b1)(T) =nw-a,, (3.17)
we can write
(m + 9 =, + (3.18)
since we have
nw+2)=(nw-a)+(2n+a) (3.19)
w+3
Ifm1+—2 <2n+a, (3.20)

From (3.17), (3.18), (3.19) and(3.20) we can write
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From (3.17), (3.18), (3.19) and(3.22) we can write

m () =m, (U < n(w-+2)

Hence from (3.21) and(3.23) the theorem holds.
Example3.30.The below table, Table (12) explain Theorem3.29.for W odd

(3.21)

(3.22)

(3.23)

NI Wim=a+h m, =a, +b, L W+3 | 2n+a
W+3+blw+1—nw a W+5er W+3_n(W+2) ' 2
2 2 22 7 2
313 |4=1+3 5=0+5 4+3 6+1
1(3)+3(2) =3(3) 0(4) +5(3) =3(5)
413 |6=0+6 6=2+4 6+3 8+0
0(3) +6(2) =4(3) 2(4)+4(3) =4(5)
4|5 |6=2+4 7=0+7 6+4 8+2
2(4)+4(3) =4(5) 0B)+7(4)=4(7)
513 | 7=1+6 8=1+7 7+3 10+1
1(3) + 6(2) =5(3) 1(4)+7(3)=5(5)
517 | 8=3+5 9=0+9 8+5 10+3
3(5) +5(4) =5(7) 0(6) +9(5) =5(9)
717 |12=1+11 12=3+9 12+5 14 +1
1(5) +11(4) =7(7) 3(6) +9(5) = 7(9)
719 |12=3+9 12=5+7 12+6 14+3
3(6) +9(5) =7(9) 5(7)+7(6) =7(11)
7 111|12=5+7 13=0+13 12+7 14+5
5(7)+7(6) =7(11) 0(8)+13(7) =7(13)
917 |15=3+12 16=1+15 15+5 18+3
3(5) +12(4) = 9(7) 1(6) +15(5) = 9(9)
919 |16=1+15 16=3+13 16+6 18+1
1(6) +15(5) =9(9) 3(7) +13(6) =9(11)
Table (12)

Theorem3.31. Let W be number of nonempty intersections each of degree N, and m, is local maximum *“families of

disjoint sets y .. .

%, at these Wintersections, where Wiis even. m, is local maximum number of families of

disjoint sets atW + 2. Letm =a, +b, such thatal(g +2) +b1(g +1) =nw,andm, = a, +b, such thatthat
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az(%+3)+bz(%+2):”(w+ 2),where a,b;,a,,b,are integers.If 2n+al<ml+("§"+2)7then m, =m,,and if

ml+(g+2) <2n+athen m +1=m,

Proof: Since
m (5 +D = (@ +h)(5 +D) =nw-a, (3.24)
we can write
(m1+1)(%+1) —nw-a, +(g+1) (3.25)
since we have
nw+2)=(nw-a)+(2n+a,) (3.26)
If we have
m, +(%+2) <on+a (3.27)
From(3.24), (3.25) and(3.26) we can write
m, (5 +) =(m, + 1) +2) <n(w+2) (3.28)
If we have
2n+a <m +(%+2) (3.29)
From(3.24), (3.25), (3.26) and(3.29) we can write
ml(g+1) :mz(g+1) <nw+2) (3.30)
Hence from (3.28) and(3.30) the theorem holds.
Example3.32.The below table, Table (13) explain Theorem3.31.for w even
now m1:a1+b1 m2:a2+b2 ml+(ﬂ+3) 2n+g
2
a2 rb@iy=n a3 b, +2)=nw+2)
2 2 2 2
314 |4=0+4 4=2+2 4+4 6+0
0(4) + 4(3) = 3(4) 2(5) +2(4) = 3(6)
414 | 5=1+4 6=0+6 4+4 8+1
1(4)+4(3) =4(4) 0(5) +6(4) = 4(6)
416 | 6=0+6 6=2+4 6+5 8+0
0(5) +6(4) = 4(6) 2(6) +4(5) =4(6)
5|4 |6=2+4 7=2+5 6+4 10+ 2
2(4) +4(3) =5(4) 2(5) +5(4) =5(6)
516 | 7=2+5 8=0+8 7+5 10+ 2
2(5) +5(4) =5(6) 0(6) + 8(5) =5(8)
518 | 8=0+8 8=2+6 8+6 10+0
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0(6) +8(5) =5(8) 2(7)+6(6) =5(10)

6|4 |8=0+8 9=0+9 8+4 12+0
0(4)+8(3)=6(4) 0(5) +9(4) =6(6)

6|6 |9=0+9 9=3+6 9+5 12+0
0(5)+9(4) =6(6) 3(6) + 6(5) = 6(8)

6|8 |9=3+6 10=0+10 9+6 12+3
3(6) + 6(5) = 6(8) 0(7) +10(6) = 6(10)

6 | 10| 10=0+10 10=2+8 10+7 12+0
0(7) +10(6) = 6(10) 2(8) +8(7) =6(12)

Table (13)

Remark3.33. From Theorem3.29 and Theorem3.31 ifm, is number of local maximum families of disjoint sets at w
intersections withof degree of intersection N, andm,is number of local maximum families of disjoint sets atw + 2
intersections with degree of intersection N, thenm <m, for all W odd or even.

Remark3.34. If M is number of local minimum families of disjoint sets at W intersections withof degree of intersection
N, since M= Nis (M = Nis trivial case) then we have (n+k)(w-1) <nwwherek =1,2,3.....andk(w—1) <n.Number
oflocal minimum families of disjoint sets at W not always equal n +1.1fn=8, w=5, thenm=n+2=10.1fn=15 w=6,
thenm=n+3=18.

Remark3.35.FromCorollary3.27minimum families of disjoint sets will besmallestlocal minimum families of disjoint

sets meet each other at smallest standard of meetingfor W odd, W = 3 andfor W even, W = 4. By using Theorem3.1
at w=3,w—-1=2wehave2m, <3n,at w =4, w —1 =3 we have3m, < 4n,then we have m, <m,.
Corollary3.36. For smallest oddstandard of meeting and smallest even standard of meetinglocal minimum families of

disjoint sets M equal m < 27”7 m< 3n respectively and local maximum families of disjoint sets meet each other at
3 4

smallest standard of meeting equal m < 27”7 m< 3n respectively.
3 4

Proof: Smallest oddstandard of meeting w = 3 and smallest evenstandard of meeting W = 4. From definition of local
minimum families of disjoint sets for W = 3 we have m(w —1) = m(3-1) < 3n and for W = 4 we have

m(w —1) = m(4 —1) < 4n.From definition of local maximum families of disjoint sets for w = 3 we have

m(WTJrl) _ 2m < 3nand for W = 4 we have m(%+1) =3m < 4n.

Remark3.37.For eachdegree of intersection N we have 2n — 3 cases oflocal maximum andhave 2n — 3 cases oflocal
minimum. The values ofstandards of meeting W, for eachdegree of intersection N isw=3,4,5,...,.2n-1.

Remark3.38.For W intersection eachdegree of intersection equal N, if we determine the appearance of thefamily of

disjoint sets, we can find the number I of family of disjoint sets which satisfies appearance which we want. If we

select anyappearancew — k, whereq < k < W=1for w odd andq <k <Y _1for W even, it is easy to findthe number M
2 2

of family of disjoint sets. The following table explain this.
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n=10even
W Selected appearance of families | Number of families
15 14 11
15 13 11
15 12 12
15 11 13
15 10 15
15 9 16
15 8 18
16 15 11
16 14 11
16 13 12
16 12 13
16 11 14
16 10 16
16 9 17
Table (14)

1. APPLICATIONS

In this section we introduce examples satisfying main results in this paper, in details we introduce Four Colour
Problem as an example.

The Four Colour Problem dates back to 1852 when Francis Guthrie, while trying to colour the map of the
counties of England, noticed that four colours succeed. He asked his brother Frederick if it was true that any map can
be coloured using four colours in such a way that adjacent regions (i.e., those sharing a common boundary segment, not
just a point) receive different colours. Frederick Guthrie then communicated the conjecture to De Morgan. The first
printed reference is by Cayley in 1878 [14].

A year later the first proof by Kempe appeared; its incorrectness was pointed out by Heawood eleven years
later. Another failed proof was published by Tait in 1880; a gap in the argument was pointed out by Petersen in 1891.
Both failed proofs did have some value, though. Kempe proved the five-colour theorem as: (Every plane graph has a 5-
coloring), and discovered what became known as Kempe chains, and Tait found an equivalent formulation of the Four
Colour Theorem in terms of edge 3-coloring, stated here as: (Every cubic plane graph with no cut-edge has an edge 3-
coloring)[14].

The next major contribution came from G. D. Birkhoff in 1913, whose workallowed Franklin to prove in
1922 that the fourallowed Franklin to prove in 1922 that the four colours conjecture is true for maps with at most 25
regions. The same method was used by other mathematicians to make progress on the four colour problem. Important
here is the work by Heesch who developed the two main ingredients needed for the ultimate proof (reducibility) and
(discharging). While the concept of reducibility was studied by other researchers as well, the idea of discharging,
crucial for the unavoidability part of the proof, is due to Heesch, and he also conjectured that a suitable development of
this method would solve the Four Colour Problem. This was confirmed by Appel and Haken when they published their
proof of the Four Colour Theorem in two 1977 papers [14].

The four colour problem is a problem in graph theory, in this paper we introduce four colour problem as a
problem in set theory. Here we consider regions have same colour in the map as sets belong to one family of disjoint
sets. Families of disjoint sets is a generalization to the colours problems. Four colours problems is an example of

Copyright to IJIRSET DOI:10.15680/1JIRSET.2018.0701062 385


http://www.ijirset.com

7
| J
@ ISSN (Online): 2319-8753

IJIR SET ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(A High Impact Factor, Monthly, Peer Reviewed Journal)
Visit: www.ijirset.com
Vol. 7, Issue 1, January 2018

Theorem3.1. From Definition 4.1. and Definition 4.2. we can consider regions have one colour as a family of disjoint
sets with degree of intersection three.

Definition 4.1. A point is a corner of a map if and only if it belongs to the closures of at least three regions [17].
Definition 4.2. Two regions of a map are adjacent if their respective closures have a common point that is not a corner
of the map [17].

In this paper we consider any map as families of disjoint sets, such that regions in the same colour as a family of
disjoint sets. Regions in the same colour, are sets which are disjoint. Regions of map draw as sets intersect each other
with degree of intersection three. We have seen from main theorems, local minimum and local maximum families of

disjoint sets meet each other at W intersections depends on degree of intersection and standard of meeting. Minimum
and maximum families of disjoint sets are general concepts, minimum and maximum colours used in maps are
examples of these concepts.

Example4.3. Let degree of intersection N equal three, regions of a map are sets with degree of intersection three. Let
for M be number families of disjoint sets, (number of colours used to draw map), from Theorem3.2 m < 2n —1,
substitute n = 3, we have m < 5, this means maximum number of colour to draw a map is 5. If you used six or
more than six colours, this means by small effort you can reduce the number of colours to five.

Example4.4. Let degree of intersection N equal three, and W standard of meeting equal five, from Theorem3.1

m(WT”)swn, for substitute n = 3, w =5 we have m(%

(maximum colours used in maps) at w = 5, m =5, Suppose m = 6, and Xy, X, X, Xy, X DE 5 nonempty intersections
with maximum degree of intersection3, X, = (1,2,3), X, = (1L2,5), X, =(3,4,6), X,=(24,3), X, = (4,5,6). The families of
disjoint sets (colours used in maps) labeled by1,5,6 appear twice at x,, X,, X, X,, X,, this means families of disjoint sets
labeled by1,5,6 not meet each other at these intersections. We change these intersections as

X, =(123), X, =(125), X;=(345), X,=(24,3), X, =(4,5,1). Therefore any two of these families of disjoint sets
(colours used in maps) labeled by1,2,3,4,5 meet each other at x, X,, X,, X,, X,, because any one appear three time.

)<5(3), M is local maximum families of disjoint sets

Example4.5. Let 4 v, 7.z, be4, families of disjoint sets (colours used to draw map), and x,, x,, x,be 3, nonempty
intersections each of degree 3, x, = (1,2,3), X, =(124), X, = (1,3,4). These4, families of disjoint sets meet each other at
X,, X,, X, are local maximum families of disjoint sets meet each other at minimum standard of meeting x,,X,, x,. If
X, =(123), X, =(L24), X, =(1,3,4). These4, families of disjoint sets meet each other at x,,X,,X,, are local minimum
families of disjoint sets meet each other at minimum standard of meeting x,, X,,X,.

Example4.6. Let 4., 7,, 7., 7z, b€ 4 families of disjoint sets (colours used to draw map), and Xy, X5, X5, X, D€ 4
nonempty intersections each of degree 3. X, = (1,2,3), X, = (1,2,4), X, = (1,3,4), X, = (2,3,4). These 4 families of
disjoint sets meet each other at x, x,, X,, X, are local minimum families of disjoint sets meet each other at minimum
standard of meeting X, X,, X, X,. Also local maximum families of disjoint sets meet each other at this standard of

meeting are 4.

Remark4.7. In both Example4.5 and Example4.6 families of disjoint sets (colours used to draw map) are four, and
nonempty intersections of degree 3. In Example4.5 standard of meeting w=3, and in Example4.6 standard of
meeting W = 4. In Example4.5 if we take any 3 intersections each of degree 3, such that they form standard of meeting,
we find that these three intersections with the property there is one family of disjoint sets (one colour) appear at all
intersections. If we have B for blue, G for green, O fororange, R forred, and Y for yellow. Take any three
intersections X, X,, X,, such that they formedstandard of meeting for the colours B,G,R,Y. Let X,=(B,G,R),

X,=(B,G,Y), X,=(B,R)Y), the four colours B,G,R,Y are local minimum colours at intersections x,, X,, X,, with
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property one colour B appear at each intersections.In Example4.6 if we take any 4 intersections each of degree 3, such

that they form standard of meeting, we find that these four intersections with the property all families of disjoint sets
(all colours) have the same appearance at all intersections. Take any four intersections x,, X,, X,, X, such that they

formedstandard of meeting for the colours B,G,R,Y. Let X, =(B,G,R), X, =(B,G,Y), X, =(B,RY), X, =(G,R,Y), the
four colours B,G, R,Y are local minimum colours at intersections x , x,, X,, X, with property four colours have the same
appearance at all intersections.

Example4.8. Let x,, X,, X, be 3 nonempty intersections each of degree 4. X, = (1,2,3,4), X, = (1,2,5,6), X, =(3,4,5,6)
any two of these six families of disjoint sets meet each other at the 3 intersectionsx,, x,,X,, N =4, W= 3, These6
families of disjoint sets meet each other at x,, X, X, are local maximum families of disjoint sets meet each other at
minimum standard of meeting X, X, X, and are local minimum families of disjoint sets meet each other at minimum
standard of meeting x, X, X, Let vy,v,y, be 3 nonempty intersections each of degree 4.
Y, =(1234), Y, =(1,235), Y, = (1.2,45)any two of these five families of disjoint sets meet each other at the 3 intersections

Y.Y,Y, N=4, w=3, m=05.These5 families of disjoint sets meet each other at v, y, v, are minimum families of
disjoint sets meet each other at minimum standard of meeting v, y,. Families of disjoint sets (colours) represent

(labeled) by land 2 appear at all three intersectionsy, v, Y,.
Example4.9 Let x, X, X, be 3 nonempty intersections each of degree 6. X, =(23,4,5,6),
X, =(123457), X, =(1,2,34,6,7) any two of these seven families of disjoint sets meet each other at the 3 intersections

X, X, X, N=06, W=3, m=7.These 7 families of disjoint sets meet each other at x X, X, are local minimum
families of disjoint sets, with four families of disjoint sets appear at each intersection, meet each other at minimum
standard of meeting X X, X, Let v,y be 3 nonempty intersections each of degree 6.
Y, =(123456), Y,=(123478), Y, =(1,256,7,8)any two of these eight families of disjoint sets meet each other at the
three intersections v, v, v,, these eight families of disjoint sets with twofamilies of disjoint sets appear at each

intersection, Nn=6 , wW=3 , m=8. Let 77,7z be 3 nonempty intersections each of degree 6.
Z,=(1,2,34506), Z,=(1,237,8,9), Z, = (4,5,6,7,8,9)any two of these nine families of disjoint sets meet each other at the

3intersectionsz, 7, z,, N =6, W=3, m=9.These9 families of disjoint sets meet each other at 7, 7, z, arelocal

minimumallfamilies of disjoint setshave the same appearance andlocal maximum families of disjoint sets meet each
other at minimum standard of meeting z,,z,, ..

Remark4.10. Four colours problem is an application of families of disjoint sets with degree of intersection equal three
at all standards of meeting three, four and five local minimum families of disjoint sets (colours) equal four.At standards
of meeting three and four local maximum families of disjoint sets (colours) equal four. In this case local
maximumfamilies of disjoint sets (colours)equal local minimum families of disjoint sets (colours).At standard of
meeting equal fivelocal maximumfamilies of disjoint sets (colours)equal five and local minimum families of disjoint
sets equal four.

For families of disjoint sets with degree of intersection equal four at standard of meeting equal three,in this case local
minimum families of disjoint sets (colours) equal six and local maximum families (colours) equal six. For families of
disjoint sets with degree of intersection equal four at standard of meeting equal four,in this case local minimum
families of disjoint sets (colours) equal five and local maximum families of disjoint sets (colours) equal five. For
families of disjoint sets with degree of intersection equal six at standard of meeting equal three, in this case local
minimum families of disjoint sets (colours) equal nine and local maximum families of disjoint sets (colours)also equal
nine. Forfamilies of disjoint sets with degree of intersection equal six at standard of meeting equal four, in this case
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local minimum families of disjoint sets (colours) equal eight and local maximum families of disjoint sets (colours)also
equal eight.
Example4.11. Suppose we have any number of rectangles such that no point belongs to more than two rectangles. If we
consider these rectangles families of disjoint sets with degree of intersection two, when we need to colour these
rectangles minimum number of colour used three and maximum number of colour used three. Map of three colours is a
map with degree of intersection two.
Example4.12. Suppose we have any number of bodies (cubes) arrange such that maximum number of bodies touch
each other at one point is eight point. If we coloured these bodies such that any two bodies touch each other even at one
point have different colours. We want to calculate maximum and minimum number of colours used to any number of
bodies. We consider bodies here as families of disjoint sets, and one family of disjoint sets, is a set of bodies such that
every two not touch each other even at one point. This bodies are families of disjoint sets with degree of intersection
equal eight. Using Corollary3.3 we have maximum families of disjoint sets (maximum number of colours used to
colour these bodies) equal 2n —1=15. We have many locals minimum families of disjoint sets with degree of
intersection eight, minimum families of disjoint sets(minimum number of colours used to colour these bodies) equal
nine.
Example4.13. Suppose we have ten papers connected together by spiral wire and each paper from other side connected
with nine other papers by spiral wire, so that each paper from two different sides connected to nine other papers by
spiral wire. If each ten papers connected together by spiral wire having ten different colours. We want to calculate
maximum and minimum number of colours used to coloured any number of papers. We consider papers here as
families of disjoint sets, and one family of disjoint sets, is a set of papers such that every two not connected by one
spiral wire. These papers are families of disjoint sets with degree of intersection equal ten. Using Corollary3.3 we have
maximum families of disjoint sets (maximum number of colours used to colour these papers) equal 2Zn —1 =19.
Wehave minimum families of disjoint sets(minimum number of colours used to colour these papers), from definition of
local minimumfamilies of disjoint sets we haveminimumfamilies of disjointm =11.
Example4.14. Suppose we have huge balloon, and we draw all surface of this balloon by congruent equilateral triangles.
Every point of the surface either inside a triangle, located on common rib belongs to two triangles or located on
common head of six triangles. To colour these triangles, such that any six triangles have common head coloured with
six different colours, at w = 3, local minimumfamilies of disjoint sets is nine families of disjoint sets (colours)
minimized to seven families of disjoint sets (colours) such that four colours appear at each intersection. The maximum
number of colours used equal eleven m=2n-1=2(6)-1=11If number of triangles on surface of this balloon is large we
can’t use more than eleven colours, if you used more than eleven colours any number of intersections of degree six
can’t be standard of meeting. If you used more than eleven colours it become like two persons every one come one day
per week, both met at Monday, it can’t be consider meet each other once per week.
Remark4.15. For all degree of intersections equal N we care aboutw = 3 and w = 2n —1 because minimum number of
families of disjoint sets when W = 3 and maximum number of families of disjoint sets whenw=2n-1.
Example4.16. In a city let T be number of bus routes (families of disjoint sets), W be number of bus stops (standard
of meeting), and N be maximum number of bus routes pass through any bus stop (degree of intersection). This net of
bus routes and bus stops built with conditions if you want to move between any two bus stops it is enough to used two
route only, This net with the following properties:

(1) To move between any two bus stops you can used one bus (bus route). See corollary 3.6.

(2) Any two routes meet each other at least at one bus stop. See Definition2.13.

(3) n<m,if N =M this means any routes stop at all bus stops.

Remark4.17. For purpose of high efficient, airport administration may consider airline companies as families of

disjoint sets, airplanes belong to one airline company form a family of disjoint sets. According to number of

airplanes arrive to airport per week they have select suitable unit time. The number of airline companies (families

of disjoint sets) bem, and suitable unit time can be a day, hours, one hour, have an hour or minutes. Number of

airplanes arrive to airport perunit timen, is degree of intersection n. We can select suitable standard of meetingw,
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number of airplanes arrive to airport (families of disjoint sets) m, depend ondegree of intersection n, and standard of meeting
W. We can select suitablenumber of airplanes arrive to airport m, using results offamilies of disjoint sets to determine local

maximum, local minimum and properties offamilies of disjoint sets. Byproperties offamilies of disjoint sets we mean the
appearance ofairline companies atstandard of meeting w.

V. COLOURING OF MAPS

In this paper weintroduced the concept of families of disjoint sets as a topic in sets theory. If we look map of countries, any point of
map either belongs to one set (one country), two sets (two countries) or three sets (three countries), for this reason we consider
countries families of disjoint sets withdegree of intersection three. Results which we proved here can be applied in space of two
dimensions, threedimensions and I dimensions.

In this paper the word map means sets withdegree of intersection equal N, where N can take any value except one. Here colouring
of maps depends on degree of intersection equal N andstandard of meetingqual W. Standard of meeting also depend on N,

minimum value for standard of meetingequal 3, and maximum value for standard of meetingequal 2N —1. In map of

countriesdegree of intersection is three, if the map coloured by four colours, and we select standard of meetingequal threewill be like
this X, = (B,G,R), X, =(B,G,Y), X,=(B,R,Y),every colour appear twice and one colour appear three times. If standard of
meeting equal four will be like this X, = (B,G,R), X, =(B,G,Y), X,=(B,R,Y), X, =(G,R,Y), the four colours B,G,R,Y
eachcolour appear twice. Ifthe map coloured by five colours B,G, O, R,Y eachcolour appear three times, and standard of meeting
equal five will be like this X, = (B,G,0), X, =(B,R,Y), X,=(B,0,Y), X, =(G,R,Y), X, =(G,0,R).Ifthe map coloured by six
colours, we know five colours (fivefamilies of disjoint sets) is maximum number of families of disjoint sets fordegree of intersection
is three. We can exchange the six colours to be reduced tofive colours.Alsowe can exchange the five colours to be reduced tofour
colours.

If we have a map withdegree of intersection equal five, to colour this map, we can used six colours, seven colours, eight colours or
nine colours.If we have a map with degree ofintersection equal six, to colour this map, we can used sevencolours, eight colours, nine
colours, ten colours or eleven colours.

In this paper weintroduced the concept of families of disjoint sets as a topic in sets theory. If we look map of countries, any point of

map either belongs to one set (one country), two sets (two countries) or three sets (three countries), so the degreeof intersection in
countries mapis three.Table (16) explain maps of countries, number of minimum colours used is four and number of maximum

colours used is five. In Table (16) N = 3.

w Local minimum Local maximum
3 4 4
4 4 4
5 4 5
Table (16)

Table (17) explain maps of countries, number of minimum colours used is five and number of maximum colours used
is seven. In Table (17) n = 4, in maps of countries usually there is no common point belong to four countries.

w Local minimum Local maximum
3 6 6
4 5 5
5 5 6
6 5 6
7 5 7
Table (17)
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Table (18) explain maps of countries, number of minimum colours used is six and number of maximum colours used is nine. In
Table (18) N = 5, in maps of countries usually there is no common point belong to five countries.

w Local minimum Local maximum
3 7 7
4 6 6
5 6 8
6 6 7
7 6 8
8 6 8
9 6 9
Table (18)

Table (19) explain maps of countries, number of minimum colours used is seven and number of maximum colours used is eleven. In
Table (19) N = 6, in maps of countries usually there is no common point belong to six countries.
w Local minimum Local maximum
9 9

8

10

9

10

9
10
10
11

S ENRENA ENEENEENE ENE G

Table (19)

Table (20) explain maps of countries, number of minimum colours used is eight and number of maximum colours used is thirteen. In
Table (20) N = 7, in maps of countries usually there is no common point belong to seven countries.

W Local minimum Local maximum
3 10 10
4 9 9
5 8 11
6 8 10
7 8 12
8 8 11
9 8 12
10 8 11
11 8 12
12 8 12
13 8 13
Table (20)
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Table (20) explain if we have map of eight colours and degree of intersection seven, here is nine different types of eight
colours, this different types due tonine different standards of meeting W. Same thing in maps of four colours, at W = 3
we have m = 4, atw = 4 we have m = 4, andat W = 5 we have m = 4. For this you can return to Table (16).

In these tables above for any degree of intersection N at W intersections, we observe that local minimum atw =3
and atw =4 is greater than anylocal minimum in the same table, this because local minimum equallocal maximum at
w=3 andatw =4.

In Table (16)degree of intersection N = 3can explain maps of countries. The number of colour four and five, there is
local maximum and local minimumat eachstandard of meeting W. For differentstandards of meeting if we have the
same number of colour, but may have different properties. e.g. fourcolours whenstandard of meeting consist of
threeintersections, there is a colour appear at eachintersection, fourcolours whenstandard of meeting consist of four

intersections, each colour appear three times at these four intersections, maximumnumber of colour is five and
minimumnumber of colour is four.

In Table (20)degree of intersection N = 7, here in this map there are many points each of them belong to seven sets,
and these seven sets coloured by seven different colours,maximumnumber of colour ism =13, and minimumnumber
of colour m = 8. There are fourstandards of meeting at each onelocal maximum m =12,ism =13, and they have
different properties (appearance of a colour at each element of intersection).

The following table, Table (21) explain map of eight colours with degree of intersection N = 7. We can take different
standard of meeting W for this map and have different properties as shown in the table.

Local minimum | Properties of local minimum
Local minimum equal local maximum

[
o

Local minimum equal local maximum

All families appear four times and three families appear at each intersection.

All families appear five times and two families appear at each intersection.

All families appear six times and one family appears at each intersection.

All families appear seven times at these intersections.

>oNlolug|s~w s

All families appear eight times except one family appear seven times. .

All families appear nine times except two families appear eight times.

All families appear ten times except three families appear nine times.

Four families appear eleven times andfour families appear ten times.

00|00 |00 |00 (00|00 (00|00 |00|©O

Three families appear twelve times andfive families appear eleven times.
Table (21)

In Table (21) we explain if we have map of eight colours and degree of intersection seven, here is nine different types
of eight colours, this different types due tonine different standards of meeting W. Same thing in maps of four colours, at

W =3we havem =4, atW =4 we have M = 4, andat W = 5 we have m = 4. For this you can return to Table

(16). For eachdegree of intersection N we have 2n — 3 cases oflocal maximum andhave 2n — 3cases oflocal minimum,
so famous problem (Four colour problem), has simple cases, three cases oflocal maximum andthree cases oflocal
minimum.

For eachdegree of intersection N we have 2n — 3 cases oflocal maximum andhave 2n — 3 cases oflocal minimum, so
famous problem (Four colour problem), has simple cases, three cases oflocal maximum andthree cases oflocal
minimum, for this you can return to Table (16).
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For constant M families of disjoint sets and constant degree of intersection N, we can find different standards of
meeting W, 3 < w < 2n —1and different appearances for these M families of disjoint sets. This can be explained in

Table (22), where M families of disjoint sets means four colours anddegree of intersection N means degree of
intersection three. Table (22) explains allstandards of meeting for map of four colours.

m n w nw nw a+b=m=11 a([n—w]il)+b([n—w]):nw
m m m
4 3 3 9 2.25 1+3=4 13)+3(2)=9
4 3 4 12 3 0+4=4 0(4)+4(3)=12
Table (22)

In Table (23), where [T families of disjoint sets means eleven colours anddegree of intersection N means degree of
intersection eight. Table (23) explains allstandards of meeting for map of eleven colours, withdegree of intersection
eight. Also Table (23) explains a drawing coloured by eleven colourswithdegree of intersection eight , such that regions

with one colour formed onefamily of disjoint sets.About Table (23) we can say: (For constant Tl families of disjoint
sets and constant degree of intersection N, we can find different standards W and different appearances for these M
families of disjoint sets).

e B e I A e e
m m m

11 8 3 24 2.18 2+9=11 2(3)+9(2) = 24

11 8 4 |32 2.9 1+10=11 1(2) +10(3) =32

11 8 5 40 3.6 7+4=11 7(4)+4(3) =40

11 8 6 48 4.36 4+7=11 4(5)+7(4) =48

11 8 7 |56 5.09 1+10=11 1(6) +10(5) =56

11 8 8 64 5.81 9+2=11 9(6) +2(5) = 64

11 8 9 72 6.55 6+5=11 6(7) +5(6) = 72

11 8 |10 |80 7.27 3+8=11 3(8) +8(7) =80

11 8 |11 | 88 8 0+11=11 0(9) +11(8) =88

11 8 |12 |9 8.73 8+3=11 8(9) +3(8) = 96

11 8 |13 |104 | 9.81 5+6=11 5(10) + 6(9) =104

11 8 14 | 112 | 1018 | 2+9=11 2(11) +9(10) =112

11 8 15 120 10.90 10+1=11 10(11) +1(10) =120

Table (23)

Here when we mentionfamilies of disjoint sets, we have to mention withfamilies of disjoint sets the degree of

intersection. Same thing for number of colours used, we have to say M colours withdegree of intersection . Four
colours here related only to degree of intersection equal three, and three colours related only todegree of intersection
equal two. Fivecolours related to degree of intersection equal three and four. We have two maps offivecolours,five
colours withdegree of intersection equal three andfivecolours withdegree of intersection equal four. Sixcolours related
to degree of intersection equal four and five.We have two maps ofsixcolours,sixcolours withdegree of intersection
equal four andsixcolours withdegree of intersection equal five.Elevencolours related to degree of intersection equal
6,7,8,9,10. There are different maps ofelevencolours depend on different degrees ofintersection. Table (22) explain
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map ofelevencolours withdegree of intersection equal eight. There is only map offourcolours, four colours with
degrees ofintersection equal three. Table (21) explain map four colours with degrees ofintersection equal three.

Here we explain M colours problem as an application to theory of families of disjoint sets. M colours problem
have many maps.We have different maps of M colours with degree of intersection N, where M is constant and N has
M+l m+3 m+5

2 2 2 "
is even,this is relation from N+1<m < 2n —1.For each map we have different values standard of meeting W, W
equal34,s,...,2n - 1.

different values, N equa

.m—1 where M s odd, andequal g+17g+27m+37___,m_]ﬂ where M

VI. CONCLUSION

Families of disjoint sets with concepts which we have introduced, have many applications because sets in several
problems in mathematics similar to sets in families of disjoint sets, such as map, regions in the same colour as a family
of disjoint sets. We apply theorems of local minimum and local maximum families of disjoint sets to find minimum
and maximum colours used in maps. Number of bus routes in a city and number of plane routes between cities can be
consider families of disjoint sets, alsonumber of bus stops number of airports can be consider standard of meeting. As
we have seen in examples in this papers problems can be changed, without essential changes, families of disjoint sets
where studying of minimum and maximum and some properties become easy.
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