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I.INTRODUCTION

Levine [4] Introduced the class of g-closed sets, a super class of closed sets in 1970. This concept was introduced as a
generalization of closed sets in Topological spaces through which new results in general topology. Recently Lellis
Thivagar introduced nano topological space with respect to a subset X of a universe which is defined in terms of lower
and up- per approximation of X. The elements of nano topological space are called nano open sets. He has also defined
nano closed sets, nano interior and nano closure of a set. He also introduced the weak forms of nano open sets.
Bhuvaneswari introduced nano g-closed sets and obtained some of the basic interesting results..In this paper,we define
a new class of sets called nano a generalized star semi-closed and its open sets in nano topological spaces and study the
relationships with other nano sets.

I1.PRELIMINARIES

Definition 2.1. [5] Let U be a non-empty finite set of objects called the universe and R be an equivalence relation
on U named as the indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements belonging
to the same equivalence class are said to be in discernible with one another. The pair(U,R) is said to be the
approximation space. LetX&U
e The lower approximation of X with respect to R is the set of all objects, which  can be for certain classified as
X with respect to R and it is denoted by Lr(X). Thatis Lr(X)=Uyxu{R(X):R(X) E X} where R(X)
denotes the equivalence class determined by X €U.
e The upper approximation of X with respect to R is the set of-all objects, which can be for certain classified as X
with respect to R and it is denoted by Ur(X).That is Ur (X)=Uxu{R(X):RCG)NXf=¢}

e The boundary of the region of X with respect to R is the set of all objects, which can be classified neither as X nor
as not X with respect to R and it is denoted by Br(X) That is Br(X ) = Ur(X ) —Lr(X).

Definition 2.2. [5] If (U,R) is an approximation space and X,Y S U, then
e Lr(X)EXZSUg(X)

e Lr(9)=Ur(9)=0
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e Lr(U)=Ur(U)=U

e Ur(XUY)=Ur(X)UUk(Y)
e Ur(XNY)S Ur(X)NUr(Y)
e Ur(XUY)2Ur(X)UUk(Y)
e Ur(XNY)=Ur(X)NUk(Y)

o Lr(X)SLgr(Y)andUr(X) S Ug(Y)wheneverX&Y

o Ur(X®)=[Lr(X)]%and Lr(X®)=[Ur(X)]"
o UR(UR(X)):LR(UR(X)):UR(X)

o Lr(Lr(X))=Ur(Lr(X))=Lr(X)

Definition 2.3. [5] Let U be the Universe and R be an equivalence relation on U and tr(X) = {U,0,Lr(X),Ur(X),Br(X
)}where X € U.tr(X) satisfies the following axioms:

e Uando €wr(X).
‘¢ The union of elements of any subcollection of Tr(X) is in tr(X).

‘e The intersection of the elements of any finite subcollection of tr(X) is in tr(X).
We call (U,r(X)) is a nano topological space. The elements of tr(X) are called a opensets and the complement
of a nano open set is called nano closed sets.
Throughout this paper (U,tR(X)) is a nano topological space with respect to X where X< U, R is an equivalence relation
on U, U/R denotes the family of equivalence classes of U by R.

Remark 2.4. [5] If tR(X) is the nano topology on U with respect to X. The set
B={U, LR(X), BR(X)}is the basis for TR(X ).

Definition 2.5. [5] If (U, tR(X)) is a nano topological space with respect to X. Where XSG and if ACG,then
e The nano interior of the set A is defined as the union of all nano open subsets contained in A and is denoted by
Nint(A), Nint(A) is the largest nano open subset ofA.

e The nano closure of the set A is defined as the intersection of all nano closed sets containing A and is denoted
by Ncl(A). Ncl(A) is the smallest nano closed set containing A.

Definition 2.6. [10] A nano-subset of a nano topological spaces U is called nano-dense if Ncl(A)=U.

Definition 2.7. [12] A nano topological space (U, TR(X)) is said to be nano extremally disconnected, if the nano-closure
of each nano-open set is nano-open.

Definition 2.8. [10] A space U is called nano-submaximal if each nano-dense subset of U is nano-open.

Definition 2.9. Let (U, tr(X )) be a nano topological space and A <G. Then A is said to be
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Nr-closed [5] if A =Ncl(Nint(A).

Noa-closed [5] if Nint(Ncl(Nint(A))) SA.
Np-closed [5] if Nint(Ncl(A)) SA.
Ns-closed [2] if Ncl(Nint(A) SA.
NB-closed [2] If Ncl(Nint(Ncl(A))) SA.
Nr-closed [1] if intersection of nanor-closed.

Ng-closed [2] if Ncl(A)c G whenever Ac G and G is nano-epen in U.
Ng*-closed [5] if Ncl(A)c G whenever Ac G and G is nano g-open in U.

Ng*s-closed [4] if Nscl(A)c G whenever A <G and G is nano g-open in U.
Nng-closed [6] if Ncl(A)SG, whenever A< G and G is Nz-open.
Nag-closed [11] if Nacl(A)S G, whenever A € G and G is nano-open.
Nsg-closed [2] if Nscl(A)< G, whenever A =G and G is Ns-open.
Nngp-closed[8] if NBcl(A)SG, whenever AC G and G is Nz-open.
Nngs-closed [7] if Nscl(A) €G, whenever AC G and G is Nr-open.
Ngs-closed[3] if Nscl(A)< G, whenever ACG and G is nano-open.

ITI. Nog*s- CLOSED SETS

Definition 3.1. A subset A of a nano topological space (U, tR(X )) is called nano o generalized star semi-closed (briefly
Nag*s-closed) set if Nscl(A) € G whenever A € G and G is Nag-open in (U,TR(X)).

Theorem 3.2. Every Nr-closed set is Nag*s-closed.

Proof: Let A be a Nr-closed set in U. Let G be a Nog-open set such that A € G. Since A is Nr-closed we have Nrcl(A)=A
c G. But, Nscl(A) < Nrcl(A) c G. Therefore Nscl(A) € G. Hence A is a Nag*s-closed set in X.

Remark 3.3. The converse of the above theorem need not be true as seen in the following example.

Example 3.4. let U={a,b,c,d} with U/R={{a},{b,c,d}}. Let X={a,c} < U and wr(X)={®?,U,{a},{b,c,d}}, nano r-closed
set ={@,U,{b,c,d},{a}} and nano ag*s-closed set={@,U,{a},{b,c}{b.d}{c,d}{b,c,d}}. Let A={b,d}. Thus the subset A
is Noag*s-closed but not Nr-closedset.

Theorem 3.5. Every Nog*s-closed set is Nmgs-closed.

Proof: Let A be any Nog*s-closed set in U. Let ACG and G be Nag-open in U. Every nano open is Nz-open and Nog-

open and since A is Nag*s-closed, we have Nscl(A) € G. Therefore A is Nrgs-closed.

Remark 3.6. The converse of the above theorem need not be true as seen in the following example.

Example3.7.Let U={a,b,c,d }with U/R={a}{b, c, d}}.Let X={b,c}S U and tR(X)={p,U,{b,c,d}} Nag*s-closed
set={o,U,{a},{b}} and Nrwg-closed set={¢,U,{b,c,d} } .Let A={a} and B={b,c,d}.The subset A is Nag*s-closed set but
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not in Nrwg-closed set. The subset B is in Nrwg-closed set but not in Nag*s-closed set. Therefore Nrwg-closed sets and
Nog*s-closed sets are independent of each other.

Theorem 3.8. Union of any two Nag*s-closed subset is Nog*s-closed.

Proof: Let A and B be any two Nag*s-closed sets in U,such that ASG and BEG where G is Nag-open in U and so
AUBCG.Since A and B are Nag*s- closed, we have ASNscl(A)and BENscl(A) and hence AUB < Nscl(A) U Nscl (B)
< Nscl (AUB).Thus,AUB is Nog*s-closed set in (U,tR(X)).

Example3.9.LetU={a,b,c,d} with U/R={{a}{b}{c,d}}.LetX={a,c} c U and
R(X)={o,U,{a},{a,c,d},{c,d} }.ThenNag*sclosed={¢,U,{a},{b},{a,b},{b,c,d}.Let A={a} is ag*s-closed set and
B={b} is ag*s-closed set, then AUB={a}uU{b}={a,b}is also a Nag*s-closed set.

Theorem 3.10. Intersection of any two Nag*s-closed subset is Nog*s- closed

Proof: Let A and B be any two Nag*s-closed sets in U,such that ASG and BEG where G is Nag-gpen in U and so
ANBCG.Since A and B are Nog*s-closed,we have ASNscl(A) and BENscl(A) and hence ANB S Nscl(A) N Nscl(B)
C Nscl(ANB). Thus,ANB is a Nag*s-closed set in (U,TR(X)).

Example3.11.LetU={a,b,c,d} with U/R={{a}{b}{c,d}}.LetX={a,c} c U and
TR(X)={o,U,{a},{a,c,d},{c,d}}.ThenNoag*sclosed={¢,U,{a},{b},{a,b},{b,c,d}}. Let A={ab} is ag*s-closed set and
B={b,c,d} is a ag*s-closed set, then AnB={a,b}n{b,c,d}={b}is also a Nag*s-closed set.

Theorem 3.12. A subset A of U is Nag*s-closed iff Nscl(A)-A contains no non-empty nano closed set .

Peoof: Let A be a Nogts —closed get . Suppose F is S non-empty nano closed set such that F&SNscl(A)-A. Then

FENscI(A)N AS, sipce Nscl(A)-A=Nscl(A)NAC. Therefore FSscl(A) and F € A°. Since FCis nano open, its is Nag-open
Now by the definition of Nag*s- closed set, Nscl(A) €k, that is FE[Nscl(A)]°. Hence F € Nscl(A) N [Nscl(A)]°= o.
That is F=¢, which is a contradiction. Thus, Nscl(A)-A contains no non-empty nano closed set in U. Conversely, assume
that Nscl(A)-A contains no non-empty nano closed set. Let AS U, where G is ag-open. Suppose that Nscl(A) is not

contained in U, then Nscl(A) UC is a non-empty nano closed subset of Nscl(A)-A, which is a contradiction. Therefore
Nscl(A) U and hence A is Nag*s-closed

Theorem 3.13. If A is a Nag*s-closed subset of U such that A € B < Nscl(A), then B is a Nog*s-closed set in U.
Proof: Let A be a Nag*s-closed set of U such that A €B S Nscl(A). Let G be a Nag-open set of U such that B G, then
AC G. Since A is Nog*s-closed. We have Nscl(A) € G. Now Nscl(B) € Nscl(Nscl(A)) = Nscl(A) € G. Therefore B

isa Nag*s—closed set inU.
Theorem3.14. For each{a}€U,either {a}is nano closed set (or) {a}* is nano generalized closed in Tr(X).

Proof: Suppose {a} is not nano closed in U.Then{a}® is not nano open and the only nano open set containing {a}° is
GcU. That is {a}C cU. Therefore Nscl{a}°cU which implies {a®}is nano Nag*s—closed in Tr(X).

Corollary 3.15. Let A be a Nag*s-closed set and suppose that F is a nano closed set. Then A U F is a Nag*s-closed set
which is given in the following example.

Example 3.16. Let U={ab,cd} with U/R = {{ac}{b}{d}}.Let X = {ab}cU and w(X )=
{(p,U,{a,c,d},{d},{b,d}}.ThenN(xg*s—closed={(p,U,{b},{d},{a,b},{a,c},{a,d},{b,d}, {c,d},{a,b,d}, {a,c,d},{b,c,d}}. Let
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A={a,c,d}and F={b,c,d}. Then ANF ={c,d}is a Nocg*s-closed set.

Definition 3.17. A subset A of a nano topological space (U, 1r(X )) is called nano o generalized star semi-open
(briefly nano (xg*s-open) if AC is nano ag*s-closed.

Theorem 3.18 .A subset A c U is Nocg*s—open iff F < Nint(A) whenever F is a Nag- closed setand F € A.
Proof: Let A be nano ag*s—open suppose F € int(A) where F is Nag-closed and F CA. Let A € G where G=FC is
Nog-open. Then G¢ < A and GC < Nint(A). Then we have AC is Nag's- closed. Hence A is Nag's-open.
Conversely, If A is Nog s-open, FEA and F is Nog-closed. Then F C is Nag-open and ACCF. Therefore
Ncl(A©)S(FC). But Ncl(A®) = (NInt(A))e. Hence F € NInt(A).

Theorem 3.19. If NInt(A) € B < A and if A is nano ag*s- open, then B is nano ag*s-open.
Proof: Let NInt(A)SBCA, then AC is nano ag*s-closed and hence BC is also nano ag*s—closed by the above
Theorem3.8. Therefore B is nano ag*s-open.

IV.NANO ag*s-INTERIOR AND ag*s-CLOSURE

Definition4.1.Let(U,tr(X)) be a nano toplogical space and A € U then nano ag*s-interior is defined as Nog*s-

int(A)= U{B:B is nano ag*s-open, BcA}. Clearly Nag*s-int(A) is the largest nano ag*s-closed set over U which
is contained in A.

Definition4.2.Let(U,tr(X)) be a nano toplogical space and A U then nano ag*s-closure is defined as
Nog*scl(A)= N{F:F is nano ag*s-closed, AcF}. Clearly Nog*s-cl(A) is the smallest nano ag*s-closed set over U
which contains A.

Lemma 4.3. Let A and B be any two subsets of U in a nano topological spaces (U, Tr(X )) and the following are
true

i.Nag*s-int(A)cA
ii.AcB = Nag*s-int(B) cNag*s-int(B)

iii. Nag*s-int(A)UNag*s-int(B)cNag*s-int(AUB)
iv. Nag*s-int(A)NNag*s-int(B)cNag*s-int((ANB)

Lemma 4.4 For a subset A of U.
() Nag*s-cl(A)=Ncl(A)
(i) N-int(A)cNog*s-cl(A)
Lemma 4.5. A subset A of U is nano o generalized star semi-closed if and only if A = Nag*s-cl(A).
Theorem 4.6. Let A and B be two subsets of nano topological space (U,tr(X)).Then
i.Nag*s-int(U) = U and Nag™*s-int(p) =¢
ii. Nag*s-int(A) cA

iii. If B is any Nag™*s-openset contained in A,then Bc Nag™*s-int(A)
iv. If Ac B, then Nags-int(A) c Nags-int(B)
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V. Nag*s-int(Nag*s-int(A)) =Nag*s-int(A).
Proof:
i.  Let Uand ¢ are Nag*s-open sets.

Nag*s-int(U) = U{B:B is a Nag*s-open, BcU}= U vall Nag*s-open sets = U.
(ie) int(U) = U.
Since ¢ is the only Nag*s-open set contained in ¢,
Nag*s-int((p) =0
ii. Let x € Nag*s-int(A) = xis ainterior point of A.

=A is a nbhd of x.
>XEA
Thus,(ie) XxeNag*s-int(A)=>xeA

Hence Nag*s—int(A)cA

iii. Let Bbeany Nag*s-open sets such that Bc A. Let xeB. Since B is a Nag*s-open set contained in A. xisa Nag*s-
interior point of A.

i.e Xe Nag*s-int(A).Hence BcNag*s-int(A).

iv. Let A and B be subsets of (U, tr(X)) such that A € B. Letx € Nag*s-int(A). Then x is a Nag*s-interior point
of Aandso Aisa Nag*s-nbhd of x. Since Bo A, Bis also Nag*s—nbhd of x
> XE Nag*s-int(B). thus we have shown that xe Nag*s- int(B).

Theorem 4.7.If a subset A of space (U,tr(X)) is Nag*s- open, then Nag*s-int(A)=A.
Proof:Let A be Nag*s—open subset of (U, tr(X )). We know that Nag*s-int(A) c A. Also, Ais Nag*s—open set
contained in A. From above Theorem 4.6(iii) A c Nag*s-int(A) = A

Theorem 4.8 If A and B are subsets of (U, r(X )), then Nug*s-int(AﬂB) = Nag*s-int(A) N Nag*s-int(B).
Proof:

We know thatA NBcB. we have Nags-int(ANB) Nag*s-int(A) and Nag*s—int(Aﬂ B) c Nag*s int(B).This implies
that Nag*s-int(AﬂB) c Nag*s-int(A) ﬂNag*s-int(B). Again let xeNug*s-int(B). Then xe Nag*s-int(A) and x €
Nag*s— int(B). Hence x is a Nag*s—int point of each of sets A and B. It follows that A and B is Nag*s—nbhd of x, so
that their intersection ANB is also a Nag*s-nbhds of x.Hence XENag*S- int(ANB). Thus xENag*S-int(A). Nag*s-
int(B) implies that xENag*s-int(AﬂB). Therefore Nug*s—int(A)ﬂNag*s-int(B) c Nag*s int(ANB).From the above,We get
Nag*s-int(Aﬂ B)= Nag*s-int(A)ﬂNag*s-int(B).
Theorem 4.9. Let A be a subset of a nano topological space (U, Tr(X)). Then
(1) (Nag"s-cl(A))® =Nag"s-int(A°)
(i) Nag”s-int(A))¢ =Nag"s-cl(AC)

Proof:

(i) (Nag™s cl(A))C=(F:F is Nag™s closed, A cF})°
=U{F®:FC is Nag's open,FCcAC}.
=Nog''s int(A°)
(Nags-int(A))°=(U B:B is Nags-open, B A)C
=N{BC:BC is Nog"s-closed, ACc BC}.
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= Nags-cl(A°).
Theorem 4.10. If A is a subset of a space (U, T (X)), then

Nag*s—cI(A) cNag-cl(A), where Nog-cl(A) is given by Nag- cl(A)=N{FcU : Ac F and F is a Nog-closed set in U.
Proof:
Let A be a subset of U. By definition of Nag-cl(A) =N {FcU:ACF and F is a Nag-closed set inU}.IfAcFand F is Nag-

closed subset of x, then AcFeNag-cl(A), because every Nag-closed subset in U.That is Nag*s-cI(A)cF.There- fore
Nag*s-CI(A)cﬂ {FcU:AcF and F is a Noag-closed set in U}= Nag-cl(A).
Hence N(xg*S-CI(A)cNag-CI(A).

V. NANO ag*S-NEIGHBOURHOODS
Definition 5.1. A subset My cU is called a nano ag*s-neighbourhood (Nog's-nghd) of a point xeU if and only if
there exists exists a A eNag*sO(U,X) such that xe Ac My and a point x is called Nag*s-nghd point of the set A.
Definition 5.2. The family of all Nag*s-nghd of the point xe U is called Nag*s—nghd system of U and is denoted by
Nug*s-nghd .
Example 5.3. Let U={a,b,c,d} with U/R={{a,c},{b},{d}}.
Let X={a,b}<U and tR(X)=
{p,U,{b},{a,b,c},{a,c}} Nag*sO(U,X)={ ¢,U,{a}.{b}.{c}.{ab}{ac}.{b,c}{b,d}{cd} {ab,c}{ac,d}}.Then
Nog*s-nghds(a)= {¢,U,{a}.{a,b}.{a,c}.{ab,c} {a,c,d}},
Nog*s-nghds(b)= {¢,U,{b},{a,b}{b,c}.{b,d}.{a,b,c}},
Nog*s-nghds(c)= {¢,U,{c},{a,c},{b,c}{cd}{ab,c}{ac,d}},
Nag*s-nghds(d)= {¢,U,{b,d}.{c,d}{b,c}{a,c.d}}.

Lemma 5.4 An arbitrary union of Nag*s-nghds of a point x is again a Nag*s-nghd of x.

Proof: Let { Ay}.€ be an arbitrary collection of Nag*s-nghds of a point x € U. We have to prove that UA, for X\ €l
(where I denote index set) also a Nag*s-nghd of x. For all A € I there exists Nag*s-open set My such that xeMyc A, c
UA, i.e X UM 4 c UA; therefore UA; for A €1 isaNag " s- nghd of x. That is an arbitrary union of Nag"s-nghds of
x is again a Nag*s-nghds of x. But intersection of Nag*s-nghds of a point is not a Nag*s- nghds of that point in general.

Theorem 5.5. The Nag*s-nghd system Nag*s-nghd(x) of a point xeU satisfies the following properties

(@)  if NeNag's-N(x) thenxeN

(b)  ifNeNag™s-N(x)andNcMthenMeNag™s-N(x)

(C)  ifNENag™s-N(x )then there exists a GENag s-N(x )such that GEN and GeNag’s-N(y), for all yeG.
Proof:

(@) Let NeNag*s-N(x) implies N is the Nag*s-nghd of
X. therefore xeN

(b)  LetNeNog s-N(x) and NcM. Therefore there exists GENag sO(U,X)s uch that x€GENcM implies M is a
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Nag*s- nghd of x and hence MeNag*s-N(x)
(©) Let NeNag*s-N(x Jimplies GeNug*sO(X) such that xeGcN .G is Nag*s-nghd of each of its points implies for
all yeG, Gis the Nag*s-nghd of y and hence GeNag*s-N(y) for all yeG.

Theorem 5.6 If A be a subset of (U, tr(X)). Then N(xg*s- int(A)=u{B:Bisa Nag*s-open ,BCA.
Proof:

Let A be a subset of (U, Tr(X)). X ENag*s-int(A)
oXxisa Nag*s-interior point of A.

©Aisa Nag*s—nbhd of point x.
othere exists Nag*s-open set B such that x eB cA

. *
ox eu{B:BisaNag s-open, BcA}
Hence Nag*s-int(A) =U{B:Bisa Nag*s—open, BcA}.
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