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ABSTRACT:  In this paper we shall see another generalization of a near perfect number with a fixed redundant divisor 
and also establish results concerning the number of positive divisors of certain forms of near perfect numbers and hyper 
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I. INTRODUCTION 
 

A positive integer n is said to be a perfect number if  
( ) 2n n   

where the function ( )n is the sum of all positive divisors of n. Many have studied the properties and results 
concerning perfect numbers. In the meanwhile P.Pollack and V. Shevlev[1] introduced the concept of Near perfect 
numbers and defined a positive integer n is a Near perfect number if  

( ) 2n n d    
where d is called the redundant divisor and the function ( )n is the sum of all positive divisors of n. Further study led 
them to define k-Near perfect number as follows. A positive integer n is said to be a k-Near perfect number, if 

1
( ) 2

k

i
i

n n d


   

where id ’s are the proper divisors of n and are called redundant divisors of n and the function ( )n is the sum of all 
positive divisors of n. Manoli and Bear [7] defined n as a k-hyper perfect number, if  

1 1( ) k kn n
k k


 

   

where the function ( )n is the sum of all positive divisors of n. 
 

II. NOTATIONS 
 
Notation 1: The function ( )n denotes the sum of all positive divisors of n. 
Notation 2: The function ( )n is the number of positive divisors of n. 
Notation 3: ( , )a b  is the greatest common factor of the two positive integers a and b . 
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III. MAIN RESULTS 
 

Theorem 1: If p and 2 1p   are primes then 2 (2 1)p p  is a Near Perfect Number with redundant divisor 2p . 
Proof: 

1

1

2 (2 1)
( ) (2 (2 1))

(2 ) (2 1)
(2 1)[(2 1) 1]
(2 1)2

p p

p p

p p

p p

p p

n
n 

 




 

 

 

   

 

 

By the definition of near perfect number we have 

1 1

1

1 1

( ) 2
(2 1)2 (2 1)2
2 (2 1 2(2 1))
2 (2 1 2 2)
2

p p p p

p p p

p p p
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d n n
 



 

 

   

   

   



 

Hence 2 (2 1)p p   is a Near Perfect Number with redundant divisor 2p . 
 
Theorem 2: If 2 (2 1)p pn    is a Near Perfect Number then ( )n = 2( 1)p  . 
Proof:  

2 (2 1)
( ) (2 (2 1))

p p

p p

n
n 

 

 
 

Since 2 1p  is a prime and 1p  we have (2 , 2 1) 1p p   hence 

( ) (2 ) (2 1)
2( 1)

p pn
p

   
 

 

Hence the proof. 
 
Lemma 3: If p and 2 1p   are primes then 1 2(2 , (2 1) ) 1p p   . 

Proof: On contrary assume that 1 2(2 , (2 1) ) 1p p d     
1| 2 pd   and 2| (2 1)pd   

1 2 3 1

2 2

| 2 {2, 2 , 2 ,...,2 }
| (2 1) {(2 1), (2 1) }

p p

p p p

d d A
d d B

   

     
 

d A  and d B  
d A B    

This contradicts the fact A B  hence the proof. 
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Theorem 4: If both p and 2 1p   are primes then 1 22 (2 1)p pn    is a Near Perfect Number with redundant 

divisor 2 1p  . 
Proof: See [1] 
 
Theorem 5: If 1 22 (2 1)p pn    is a Near Perfect Number then ( ) 3n p  . 
Proof:  

1 2

1 2

2 (2 1)
( ) (2 (2 1) )

p p

p p

n
n 





 

 
 

By lemma 3 we have 1 2(2 , (2 1) ) 1p p   hence 
1 2( ) (2 ) (2 1)p pn     

Since 2 1p  is a prime 2(2 1) 3p    hence 
( ) 3n p   

Hence the proof. 
 

Corollary 6: If 1 22 (2 1)p pn    is a Near Perfect Number then ( ( ))n   ൜3 ݂݅ ݌ = 3
݌ ݂݅ 4 ≠ 3 

Proof: From previous theorem we have ( ) 3n p   
Case 1: ݌ = 3,  

( ( )) (9)
3

n  


 

Case 2: ݌ ≠ 3  
In this case since p  is a prime we have ( ) 2p  and (3, ) 1p   

( ( )) (3 )
(3) ( )

2(2)
4

n p
p

  
 






 

Hence the proof. 
 
Lemma 7: If 1  and qk p p k   are primes then 1( , ) 1q qp p k   . 
Proof:       1k p         (1) 

1On contrary assume that ( , ) 1q qp p k d     
1

1 2 3 1

|  and |
| { , , ,..., }
| { }

q q

q q

q q

d p d p k
d p d p p p p A
d p k d p k B



 

 

  

    

 

Since the element qp k B   is a prime it can at most be equal to p A . Hence assume that qp p k   
qp k p         (2) 
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But  
0(mod )
0(mod ) and (mod )q

p p
p p p k k p



   
 

Substituting in (2) we get  
0(mod )k p  

Substituting in (1) we get   
1 0(mod )p  

This contradicts the fact that p  is a prime. 

Hence qp p k  .  Since  
 and d A d B

d A B
 

  
 

This contradicts the fact that A B  . Hence 1( , ) 1q qp p k   . 
 
Theorem 8: [2] If 1  and qk p p k   are primes then the number of the form 1( )q qn p p k   is a k-hyper 
perfect number. 
Proof: See [2]. 
 
Theorem 9: If n is a k-hyper perfect number of the form 1( )q qn p p k  then ( ) 2n q  . 
Proof:   

1

1

( )
( ) ( ( ))

q q

q q

n p p k
n p p k 





 

 
 

By lemma 7 we have 1( , ) 1q qp p k    
1( ) ( ) ( )q qn p p k      

Since qp k is a prime ( ) 2qp k    
( ) 2n q   

Hence the proof. 
 

Corollary 10: If n is a k-hyper perfect number of the form 1( )q qn p p k  then ( ( ))n   ൜3 ݂݅ ݍ = 2
ݍ ݂݅ 4 ≠ 2 

Proof: From previous theorem we have ( ) 2n q   
Case 1: 2q   

( ( )) (2 )
(4)

3

n q  






 

Case 2: 2q   
In this case since q  is prime we have (2, ) 1q  and ( ) 2q   
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( ( )) (2 )
(2) ( )

2(2)
4

n q
q

  
 






 

Hence the proof. 

IV. CONCLUSION  
 
In this paper we have generalized near perfect number with a fixed redundant divisor and also we have proved some 

results concerning the number of positive divisors of certain Near perfect numbers and Hyper perfect numbers. 
 

REFERENCES 
 

1. P.Pollack, V.Shevlev, “On Perfect and Near Perfect Numbers”, Taiwaneese J. Math., vol.132,pp.3037-3046, 2012. 
2. V.Puneeth, On k-Hyperperfect and Superhyper Perfect Numbers”, International journal of Mathematics Trends and Technology, vol.63, 

no.1,pp.65-67, 2018 
3. B.Das, H.K.Saikia, “Identities for Near and Deficient Hyperperfect Numbers”, Indian. J. Math. Soft Comput., vol.3, pp.214-134, 2016. 
4. V.Puneeth, T.V.Joseph On k-Near Perfect Numbers”, Int. J. Math. And. Appl., vol.6 no.2-B, pp.61-65, 2018 
5. A.Bege, K.Fogarasi, Generalized Perfect Numbers”, Acta Univ. Sapientiae, Mthematica, vol.1, no.1, pp.73-82, 2009  
6. D.Suryanarayana, Superperfect Numbers”, elem. Math., 24(1969), 213-225. 
7. D.Manoli, R.Bear, Hyperperfect Numbers”, Pi Mu Epsilon J., vol. 2, pp.153-157, 1975 

http://www.ijirset.com

