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ABSTRACT: In this paper we used colouring of families of disjoint sets technique, to colour vertices of the graph
depend on the clique number, and we introduce some results of vertex’s colouring (trivial colouring and nontrivial
colouring) depend on clique number. We introduce the concept maximum and minimum number of edges in the graph
to colour k vertices by m colours, and we used this concept to prove a result about number of all possible ways to
colour kvertices bym colours, and a result about the range of edges in which we can colour kvertices bym colours.
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I. INTRODUCTION

In paper [1] we introduced the concept of colouring of families of disjoint sets technique as a topic of set theory. We
also introduce definitions of degree of intersection, meeting and standard of meeting, minimum number of families of
disjoint sets and maximum number of families of disjoint sets. In paper [2] we introduce some concepts in graph theory
to introduce new method for colouring edges and vertices of graph. This method has two types first related to vertices
of the graph and second related to cycles. This method depend on the theory in our paper "Family of disjoint sets and
Its Applications”, with suitable changes. In paper [3] we prove minimum number of families of disjoint sets with
known degree of intersection (minimum number of colours) and we introduce another proof for maximum number of
families of disjoint sets (maximum number of colours). Also in that paper we introduce the concept types of families
of disjoint sets (types of colouring) and prove some results related to this concept, and we introduce the concept
restricted families of disjoint sets (restricted colouring), restricted colouring is colouring in which we add a condition.
Suppose we have small identical cubes, we want to colour these cubes such that any two adjacent small cubes coloured
by two different colours, and any big cube consists of twenty seven small identical cubes coloured by twenty seven
different colours, how many colours will be used. This problem of cubes can be solved by using restricted colouring. In
paper[4] we assume both sets and graphs are finite. Results in that paper use colouring of families of disjoint sets
technique for finite sets and finite graphs. Using results in that paper we can compare between colouring of families of
disjoint sets technique and colouring of graphs in graph theory.

In paper [5] we prove some results in graph theory using colouring of families of disjoint sets technique. We introduced
the concept ofset labeled by families of disjoint sets and the degree of this set, as generalization to thedegree of
intersection and proved some results related to this concept. We introduce sorts of families of disjoint sets(sorts
ofcolour classes) as a concept related toset labeled by families of disjoint sets , also we compare betweenfamiliar and
unfamiliar sorts offamilies of disjoint sets and explain that by some examples.

In paper [6]we prove some results of edge’scolouring (trivial colouring and nontrivialcolouring).Weprove some results
of edge’scolouring for many graphs connected by bridges. In many examples we determine minimum colours to colour
edges of the graphs only by calculation when we know number of the edges , number of the vertices and largest degree
of vertex, whatever the graph is huge. We used the concept of trivial colouring and nontrivialcolouring to prove
resultsof edge’scolouring for trees, bipartitegraphs and complete graphs.
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In paper [7] we modify the definitions of local maximum families of disjoint sets and local minimum families of
disjoint sets, which we introduced in paper [1], and prove somepropositions related to these two concepts. Also in
paper [7] we definelocal minimum andlocal maximum colour classes to colour edges of the graph, and prove some
results related to these two concepts, in that paper for any graph with known number ofvertices, knownmaximum
degree of vertex, and known number of edges, such thatnumber ofvertices not exceed twicemaximum degree of vertex,
we can determineminimum and maximum number ofcolour classes to colour edges of the graph, for any hugenumber
of edges, and give many examples.

In this paper weintroduce the concept maximum and minimumnumber of edges in the graph to colour k vertices by m

colours, and introduce some results related to this concept. In section four we used colouring of families of disjoint sets
technique, to colour vertices of the graph depend on the cligue number, and we introduce some results of
vertex’scolouring (trivial colouring and nontrivialcolouring) depend on clique number. In section five weprove a result
about number of all possible ways to colour kvertices bym colours. In section six we introduced a result about the
range of edges in which we can colour kvertices bym colours. By this result we can determinethe range of edges in
which we can colour a huge number of vertices bya huge number of colours.

Il. RELATED WORK

In this section we recall some definitions and results related to colouring in graph theory and colouring of families of
disjoint sets technique.

Theorem2.1. The sum of degrees of vertices equals twicethe number of edges [13].

Definition2.2.The clique number is the greatest number of mutually adjacent vertices in the graphg [12 ].

Definition2.3. If we have m families of disjoint sets and we have a set all element of this set represent some of thesem
families of disjoint sets, such that any two elements of this set represent two different families of disjoint sets and there
is a relation between these elements of the set, then we call this set, set labeled by families of disjoint sets [5].
Definition2.4. Suppose we have m families of disjoint sets and many sets labeled by families of disjoint sets, if
maximum number of elements for each set labeled by families of disjoint sets isn wheren < m, thenn is called the

degree of set labeled by families of disjoint sets. Ifn = m then the degree is called trivial degree or trivial case [5].
Definition2.5.1f $,,,,55,...,5, , are sets(families of disjoint) each labeled by one label such that s »s._, where

1<i<k-2, k>3and any setg represent family of disjoint sets ,,, and if x,, X,, X,,..., X, are setslabeled by | labels,
such that, < <  at least there is one of degreen, andx labeled by | labels include label ofs  andinclude label ofs,
where , << 1, x labeled by | labels include label of S, and x, labeled by | labels include label of s, then
X1,8,,X,,5,, X5, S5, X, 1,8,y X 1S Called a sequence of intersections and sets [6].

Definition2.6.1f 5 |s,,5.,...,S, ,are sets (families of disjoint) such that s, =, , where 1<i <k -2, k>3 and any sets,
represent family of disjoint sets ,,, and if x , x,, X,,..., X, are intersections each of degree|such that, .| <, at least
there is one of degreen, and x. intersection ofjsets include s ands, where , < < _1, x, can be intersection ofjsets
include s, and x, can be intersection ofjsets include s, thenx, s X,,s, X,,S,,...X, .S, X, IS called a sequence

of sets labeled by n families of disjoint sets orsequence of sets labeled by n labels [6].
Definition2.7.A walk of intersections and sets is an alternating sequence x,,s,X,,S,,X;,S;,...,X,,S, Of intersections

and sets where 5,,S,,5;,...,S, are sets such that s, =S ,S, =S, and any sets represent family of disjoint sets , where
1<i<k, and X, X,,X,,.,X,are intersections each of degree nsuch that x is intersection ofnsets include s_ ands,
where 2 <i<k and yx_ is intersection ofnsets include s, ands . The walk of intersections and sets can also denoted by
Xy, X e Xops X, . A Walk of i intersectionss | x,,s,,X,,S,,X,,S;,... X, ,S, is called cycle of intersections if any two
intersections meet each other at these intersections, s =s, andk > 3 [6].
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Definition2.8. Ifs , x,S,,X,,S,, X;,S,..... X,, S, 1S @ sequence of sets labeled by n families of disjoint sets orsequence of
sets labeled by n labels, then these k sets labeled byn labels called cycle ofsets labeled byn labels ifs = andk > 3 [6].
Theorem2.9. Letwintersections each with degree of intersection equaln, m benumber of local maximum families of

disjoint sets, meet each other atw intersections, then we have m(W+1) <wn for wodd, and (W, 4y < yp for w
2 2

even [1].

Remark 2.10. In this paper we mean by different families of disjoint sets (colour classes), different values of m from

relation Zm:t _ wn Wheren is constant (can be clique number) and both w andt; are variables, and we mean by different
i=1

types of families of disjoint sets, different values of m from relation Zm:t _ wn Wheren s variable, both w andt can

i=1

be variables or constant [4].

Proposition 2.11. For the regular graph hask vertices (andk edges) where k is number number, then minimum number

to colour edges of this graphis nontrivial colouring [6].

Proposition 2.12. For the regular graph has vertices (andk edges) where k is odd number, then minimum number to

colour edges of this graphis nontrivial colouring [6].

Definition2.13. Letc be a graph, mis called local minimum colour classes to colour edges of graphG,at wvertices

VY, V.,V If We usem—1colour classes tocolour edges of graphG, then exists at least two adjacent edges belong to

one colour class or satisfy trivial colouring (everycolour class appear wtimes at wvertices) [7].
Definition2.14.Letc be a graph, mis called local maximum colour classes to colour edges of graphG,atw vertices

V¥, V.,V If We usem1colour classes tocolour edges of graphG, then exists acolour classc, does not meetcolour
classcjat these wvertices, wherel<i < j <m+1[7].

. MAXIMUM AND MINIMUM NUMBER OF EDGES

In this section we introduce the concept maximum and minimumnumber of edges in the graph to colour k vertices by
m colours, and introduce some results related to this concept.

Definition 3.1. If the graphg of k vertices, these vertices coloured by m colours, theng is called complete graph of k
vertices with respect of m colours, as abbreviation ¢ is called complete graph with respect to colours. We will use the
symbol Ky -

Definition 3.2. We called | maximum number of edges in the graphe to colour k vertices of this graph by m colours, if
weadd any edge (without addition of any vertex) there will be two adjacentvertices have same colour.

Definition 3.3. We called | minimum number of edges in the graphg to colour k vertices of this graph by m colours, if
wedelete any edge, then there is a vertex colourless (of degree zero), or minimum colours to colour k vertices becomes
m-1.

Remark 3.4. If the vertices of the graphg coloured by m colours, thesem colour classes labeled by 1,2,3,...,m.Let &; be
number of vertices labeled by the colour classi, wherel < i < m, therefore iai — k WhereKk is the number of vertices in

i=1
the graphg. We exchange colour classes labeledby 1,2,3,...,msuch thata <a, <a, <..<a, Using this arrangementthe
number [a,(a, +a,+a, +...+a,)—h]+ [a,(a,+a, +a5 +...+a,)—h,]+ [a;(a, +a;+a, +...+a,)—h,]+...
+[a, ,(a,,+a,)-h ,1+[a,,(a,)-h_ ,]=I, where his number of edges not connected the following vertices:y, with
vV, Withy, v withy and tilly withy ,1<i<m-1,andy, vertex labeled byi. Maximum number of edges such
that there is no vertex of degree zero equal a(a,+a,+a,+..+a,)+ a,(a;+a,+a;+..+a,)+
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. m-1
as(a4+a5+a6+"'+am)+"' +am—2(am—1+am)+ a'm—l(a'm)zl' MaX|mUm Value Of Zai(a
i=1

+a +..+a,) When

i+2

+ ai+3

i+1
we minimizea; —a; for alla; # a;, wherel<i< j<m.
Minimum number of edges such that any two vertices in two different colours are adjacent, this mean there is no vertex

m-1
of degree one (m > 2) or degree zero, forz a(a
i=1
a,=k+1-m. Incasea =a, =a, =...=a, =1,the maximum number of edges equal minimumnumber of edges in the

+a +..+a,)Wehave a =a,=a,=..=a,, =1and

i+2

+a;

i+1 i+3

graph G, such that any two vertices in two different colours are adjacent. The symbol @ means number of vertices

labeled by the colour class1, and the &, means number of vertices labeled by the colour class2, thesymbol a,a, means

edge join vertex labeled by the colour class1, and vertex labeled by the colour class2, thenumber a,a, means number

of edges joiningvertices labeled by the colour classes1 and 2.

Proposition 3.5. If the vertices of the graphg coloured by m colours, these colour classes labeled by 1,2.3,..., m.Let & be

number of vertices labeled by the colour i, wherel < i < m, therefore iai equal the number of vertices in the graphg,

i=1

and a,(a, +a,+a,+..+a,)+a,(a;+a,+a;+..+a,)+ a,(a,+a; +a; +...+a,)+.. +a, ,(a,, +a,)+ a,,@,) =1

where lis the number of edges in the graphg,

Proof: Since @, be number of vertices labeled by the colour classi, wherel < i < m, and every vertexlabeled by a colour

classi, wherel < i < m, therefore iai equal the number of vertices in the graph G. Let | be the number of edges in the
i=1

graph G, since & is the number of vertices labeled by the colour1, and @, is the number of vertices labeled by the

colour 2, then &8, is the number of edges connected vertex labeled by1, and vertex labeled by 2. therefore

a(a,+a,+a,+..+a,)+a,(a,+a, +a; +...+a,)+ a,(a, +a; +a, +...+a,)+... +a, ,(a,, +a,)+ a,,(a,) =1

Example3.6. Let the graphg be the triangle, the three vertices labeled by the colour classes1,2,3. &,,a,,a;, are

numbers of vertices labeled by the colour classes1,2,3respectively.a, =1, a, =1, a, =1, UsingProposition 3.5. we have

a,(a, +a,)+ a,(a,) =11+ 1) + 1) - 3. The number of edges in graphg equal three.

Example3.7. Let the graphg be the complete graph K, the four vertices labeled by the colour classes1,2,3,4.

&, 8,,8,,a,, are numbers of vertices labeled by the colour classes1,2,3,4 respectively.a, =1, a, =1, a, =1, a, =1,

usingProposition 3.4. we have g, (a, + a,+a,)+ a,(a,+a,)+ a,(a,)=1(1+1+1) +1(1+1) +1(1) = 6. The number of edges

in graph G equal three.
Example3.8. Letg be a graph with five vertices, its vertices coloured by three colours find maximum and minimum
number of edges.

Solution: Let @, a,,a;, are numbers of vertices labeled by the colour classes1,2,3 respectively, and such that

a <a,<a;,anda +a, +a, =5,then a;,a,,8;have the value1,1,3, or the value 1,2,2. Forthe value1,1,3maximum number
of edges equal a, (a, + a,) + a,(a,) = 1(1+ 3) + 1(3) = 7. Forthe value1,2,2maximum number of edges equal a, (a, + a,) +
a,(a,)=12+2)+2(2) =8.

Example3.9. LetGbe a graph with 20 vertices, its vertices coloured by 13colours, we have 14ways, in each way we
coloured the graph by 13colours, and ineach way we can findmaximum number of edges |where

l=a,(a,+a,+a,+..+8y)+ 8,(8, +a, + 8 +..+ 8;) + a;(a, + 85 + 8, +...+a,) +... +a,,(a, +a,) + a,(a,;), and aequal
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number of vertices coloured by the colour classi, 1<i <13, 1< a <8 ,and1<i <13.Table (1) explains these 14ways
with more details.

a a, a, a, as & a; ag ay & ap; ap, a3
1 1 1 1 1 1 1 2 2 2 2 2 2 2
2 1 1 1 1 1 1 1 2 2 2 2 2 3
3 1 1 1 1 1 1 1 1 2 2 2 2 4
4 1 1 1 1 1 1 1 1 1 2 2 2 5
5 1 1 1 1 1 1 1 1 1 1 2 2 6
6 1 1 1 1 1 1 1 1 1 1 1 2 7
7 1 1 1 1 1 1 1 1 1 1 1 1 8
8 1 1 1 1 1 1 1 1 2 2 2 3 3
9 1 1 1 1 1 1 1 1 1 2 3 3 3
10 |1 1 1 1 1 1 1 1 1 2 2 3 4
11 |1 1 1 1 1 1 1 1 1 1 2 4 4
12 |1 1 1 1 1 1 1 1 1 1 2 3 5
13 |1 1 1 1 1 1 1 1 1 1 1 4 5
14 |1 1 1 1 1 1 1 1 1 1 1 3 6
Table (1)

Example3.10. Leta (a, +a, +a, +a;) + a,(a, +a, +a,) + a,(a, +a,) + a,(a;) =1, , ad b (b, +b, +b, +b,) +
b, (b, +b, +b;)+ b, (b, +b,)+ b, (b;) =1,, Where a,, b.,are integers , such thatzsla_ _ Zslb' |1 haveé terms, each can be
i=1 i=1 2
written asa,a; where1<a, < a; <5,and 1, have(m: terms, each can be written aspp wherel<b, <b; <5, .Let
a,=x-2,a,=x-1,a,=x,a,=x+1,a,=x+2,b, =b, =b, =b, =b, = x, |1haveé:10terms ofaa, , alsol, have
(5; 10 terms of bb; (with the same subscript),
|, =aa, +aa, +a,a, +a,a, +a,a, +a,a, +a,a; +a,a, +a,3, +a,a; =10x* -1-4,
l, =b,b, +b,b, +bb, +bb, +b,b, +b,b, +b,b, +bsb, +b,b, +b,b, =10x?, then we have |, <1,.
m m
Lemma3.11. Let Y a ='b, a,(a, +8 + 8, +.+8,) + 8, (8 +8, + 85 +...+8,) + 8y(8, + 85 + a5 +...+a,) ..
i=1 i=1
+a_ ,(a ,+a )+a, (a )=1,and b (b, +b,+b, +...+D0,)+ b, (b, +b, + b, +...+b, )+ by (b, +by + b, +...+b,) +...
+b_, (b, +b )+ b (b )=1,such thatl have~ terms, each can be written asa,a, where1 <i < j <m, Mis odd, and
m-. m-: m m- m ' c ]

2

such thatl2 have(m: terms, each can be written asblbjwherels i<j< m.Leta_ __Mm+1-2i anda . Mm+1-2j
i 2 ) i= )
2

wherel<i< j<m,andp =b, =b, =..=b, = x,then 1, <I,.

Proof: Let us take the terms in the form Ofaiaj asfollows (x + c)(x—c), (x+d)(x=d), (x+c)(x+d), (x—c)(x—d),
(x+c)(x=d), (x=c)(x+d), whereg <c <d ng_l, then we have

(x+c)(x—c)+ (x+d)(x=d)+ (x+c)(x+d)+ (x=c)(x—d) + (x+c)(X—d) + (x—c)(x+d) =6x> —c* —d? (3.1)
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Let us take the termsin the form ofa,a; as (x +c¢)(x+g), (x-c)(x+g), (x+d)(x+g), (x—d)(x+g),Where, _ ge<m-t
>

then we can write

(X+0)(X+9)+ (X=C)(X+g)+ (Xx+C)(x=g) + (x—c)(x—g) = 4x? 3.2)
Let us take the termsin the form ofa,a; as x(x+c), x(x—c), then we can write
X(X+¢) + X(x—¢) = 2x? (3.3)

From view of (3.1),(3.2) and (3.3)we can write

m-1
m

=CX 2Z| (3.4)

2

Letus take the terms in the form of hb, whereb, = b, = x,and1<i< j<m, then we have

1 :;b,bj = cx? (3.5)

from 3.4)and35)then |, <1,.

Example3.12. Leta (a, +a, +a, +a, +a,) + a,(a, +a, +a, +a,)+ a;(a, +a; +a,) + a,(a; +a,) + a,(a;) =1,, and

b, (b, +b, +b, +b, +b;) + b, (b, +b, + b, +b,)+ b, (b, +b, +b;) + b, (b, +b) + b, (b,) =1,, Wherea;, b, , are integers , such
thatza _zb a,<a,<a;<..<agandb <bh, <b, <..<by, Ilhaveéterms, each can be written asa,a; where

i=1 2
l<a <a; < 6,andI2haveé terms, each can be written ashb,where1<b, <b, <6, -Let a, =x-2,a, =x-1, a, = x,

2
6

. . 6
a,=X+1,a,=x+2,a,=x+3,b, =b, =b, = x, b, =b, = b, = x +1,satisfying Ya =0, I, haves terms ofaiaj ,
i=1 i=1 2
alsol, haveé _ 5 terms of b, (bothaa; andhb; have the same subscript),
2
|, =a,a, +a,a, +a,a, +&,a; +a,8, +a,a, +a,a, +a,3; +a,d; +8,3, + 3,8, +A,8, +a,3; + 8,8, + a3, =15x° +15x -5,
I, =bJb, +byb, +byb, +byb, +bb +b,b, +byb, +b,b, +byb, +byb, +b,b, +b,b, +b,b, +b,b, +b.b, =15x> +15x + 3, then we have
|, <L,

m m
Lemma 3.13. Let tzai =3b, a(@,+a;+a, +..+a,)+ a,(a;+a, +a;+...+a,)+ a,(a, +ag +ag +...+a,)+...
i=1 i=1

+a, ,@,,+a,)+a,,(@,)=1, and b,(b, +b, +b, +...+b, )+ b, (0, +b, + b +...+b,) + by (b, +0; + by +...4+b,) +...
+b_ (b, +b )+ b (b )=l suchthatl, have(m: terms, each can be written asa,a, wherel<i < j <m, Mis even, and

such thatl, have(m: terms, each can be written ashb, where1<i < j<m,i<i<m-12<j<m.let, _ _m-2t where
t 2 '

2

1<t<m,and b=b,=b,=..—b, :X,bﬁ:bﬁ:b@:"':bm:X+l’then |, <L,
2 2 2 2

Proof: Let us take the terms in the form Ofaiaj asfollows (x +c)(x —c—2), (x+d)(x—d), (x+c)(x+d), (x—c)(x—d),

(x+c)(x—=d), (x-c)(x+d), wherei<c<d<

m- 2, then we have
2

(x+c)(x—c)+ (x+d)(x—d)+ (x+c)(x+d)+ (x—c)(x—d)+ (x+c)(x—d) + (x—c)(x+d) =6x> —c? —d? (3.6)
Let us take the terms (y o) x+ 1) (x—c)(x+2), (x+d)(x+2), (x—d)(x+2), then we can write
2 2 2 2

(x+c)(x+%)+ (x—c)(x+%)+ (x+d)(x+%)+ G- a)0s Ty = ax? + 2me 3.7)
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Let us take the terms x(x +c), x(x—c), then we can write
X(X+C)+ X(x—c) = 2x? (3.8)

We have 8= x- m2—2 a4 =x,a,=x +% from view of (36), (3.7) and (3.8)we can write

m-2
| —gx2+m(m—2)x—7i2 3.9)
L =X+ Zl: :

Let us take the terms in the form of pp, such thatb, = b, = x, where, _; _; _m then we have
<i<j=o,

.. 2

D bb; = (2:x2 (3.10)

i=1

Let us take the terms in the form of b, such thatp, —p - x+1,wherem+2 _, j<m then we have
j 5 = sm,

S bb, :mT(x2+x) 3.11)

Let us take the terms in the form of b, such thath; = x, andy, — x1,where; _; _m andm+2 j<m then we have
T2 2~

S b, :mT(x2+x) 3.12)
From view of (5 10y (3.11) and 3 12) We can write

m m
2

| m, 23 m 2 313
2 =CX +( §+T)x+g (3.13)
From (3 ¢yandsq3yWe have | <1,.

Proposition 3.14. If G a graph of k vertices, coloured by m colours, these m colour labeled by 1,2,3,..., m.Let @ and bi

any one of them is the number of vertices labeled by the colour classi, where1<i<m,ifk _ 4 Is integer,
m

a=a,=8;=...=a,,=4a,=a and a(a,+a;+a,+..+a,)+a,(a,+a, +a;+..+a,)+ a,(a, +a; +a, +..+a,) +...
+a, ,(a,,+a,)+a,,(a,)=1,andifb <b, <b,<..<b, , <b,, b (b, +b,+b, +..+b )+ b,(b, +b, + b, +..+b )+

by (b, +bg + b +...+b, ) +... +b, (0, , +b,)+ b, ,(b,) =1, thenl, <1,.

Proof: The proof directly from Lemma 3.11.

Proposition 3.15. If G a graph of k vertices, coloured by m colours, these m colour labeled by 1,2,3,..., m.Let @ and bi

any one of them is the number of vertices labeled by the colour classi, where1 < i < m, if k is not integer,
m

a<a<a<..<a,,<a,a,-a-=1 ada(a,+a,+a,+..+a,)+a,(a,+a,+a,+..+a,)+
a,(a, +a,+ag +..+a,)+... +a, ,(a,, +a,)+a, ,(@,)=1,and ifb <b, <b, <..<b, , <b,, b (b, +b, +b, +..+b )+

b, (b, +1, + b, +...+b, )+ by(b, +g + b, +..+b, ) +... +b, (0, +b, )+ b, ,(b,) =1, thenl, <1,.
Proof: The proof directly from Lemma 3.13.
Proposition 3.16. Minimum number of edges to colour k vertices of the graphg with clique number n,byncolours equal

@uk—n).

n(n-1)

Proof: Since edges of a clique with clique numbern not less than edges, if the graph consist of a clique with

clique numbern andk —n vertices each of degree zero, thenminimum number for sum of vertices degree equal n(n-1),
if the graph consist of a clique with clique numbern andk —n vertices each of degree one and connected to a vertex of
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the clique, thenminimum number for sum of vertices degree equal n(n—1) +2(k —n), from

Theorem2.1.thereforeminimum number of edges to colourk vertices of the graph by ncolours equaln(n-1) (k —n)
5 .

Remark 3.17. If the graphg of k vertices, these vertices coloured by m colours, theng is called complete graph of k
vertices with respect of m colours, as abbreviation g is called complete graph with respect to colours. We use the
symbol g, .

IV.SOME RESULTS DEPEND ON CLIQUE NUMBER

Using colouring of families of disjoint sets technique, to colour vertices of the graph depend on the clique number. In
this section we prove some results of vertex’scolouring (trivial colouring and nontrivialcolouring) depend on clique
number.

Remark 4.1. Suppose we have a clique of mutually adjacent n verticesv,,v,,v,,...y,,these vertices labeled by123,...n
respectively, where each number represent colour class, coloured the vertex. We label the clique by (1,23...n),same as
in edge colouring, (if the degree of vertex Vequal N, and these edgesincident with the vertexV labeled by123...n,
welabeled the vertexv by (1,2,3,..., n) ).

Remark4.2.Colouring of families of disjoint sets technique depend on the number N, generally in case of setsNis
degree of intersection or n is the degree of set labeled by families of disjoint sets, for colouring edges of the graphn is
the largest degree of vertex (maximum number of edges such that any two are adjacent). If minimum number of colours
m equal N it is trivial case, if m=n+1 it is nontrivial. Forcolouring vertices of the graph n is the clique
number(maximum number of vertics such that any two are adjacent). In Example3.9. we have 14choices, in each we
coloured the graph byl13colours, all thesel4choices are trivial colouring. Suppose we have a graph consist of three
cliques c,,c,,c,, each with clique number N, minimum number of colours to colour vertices of this graph either equal
N, (trivial case) orequal n +1, (nontrivial case).

Proposition4.3. Suppose we have a graph consist of two cliques ¢ ,c,,each with clique number N, and the two cliques

haven—1 common vertices, also there is an edge connects two nonadjacent vertices, then number of colours to colour
these vertices is nontrivial colouring.
Proof: Suppose number of colours to colour these verticesequal N, and suppose then—1 common vertices labeled by

1,2,3,..,n-1, let the vertex different fromn—1 commonvertices in the first cliquec, labeled byn, andlet the vertex
different fromn—1 commonvertices in the second cliquec, labeled byn the edge connects two nonadjacent vertices,
connects two vertices both labeled byn, a contradiction, we can notconnect two vertices have same colour. Therefore
number of colours to colour these vertices equal n+1, where first clique labeled by (1,2,3,...,n-1,n,),second clique
labeled by (1,2,3,...,n—1,n+1),the third clique (the edge connects the two vertices) labeled by (n,n+1), and then-1
common vertices labeled by (1,2,3,...,n—1), each colour class appear twice at these three cliques.

Proposition4.4. Suppose we have a graph consist of two cliques ¢ ,c,,each with clique number N, and the two cliques

have n—2 common vertices, also there is an edge connects two nonadjacent vertices, then number of colours to colour
these vertices is trivial colouring.
Proof: Suppose number of colours to colour these verticesequal N, and suppose then—2 common vertices labeled by

1,2,3,...,n-2, therefore the two vertices different from n—2 commonvertices in the first cliquec, labeled byn—1,n,
andthe two verticesdifferent fromn—2 commonvertices in the second cliquec, also labeled byn—1,n, we connect the
vertex labeled by n—1 in the first cliquec, with the vertex labeled by n in the second cliquec,, therefore number of
colours to colour these vertices equal n, where first cliquec, labeled by (1,2,3,...,n—1n,),second cliquec, labeled by
(L,2,3,...,n—-1n),the third clique (the edge connects the two vertices) labeled by (n—1,n).
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Example4.5.1f we have a graphg consist of three cliques c,,c,,c,,each with clique numbern = 4, such that any two
cliques has one common point, number of vertices in this graphequal , , (5 1)+ (n - 2) = 3n - 3, in case of , _ , number
of vertices in this graphequalz, _ 3 _ ¢ using Theorem2.9. m(W + 1) <wn Wherey _3 yn —3n_3-9, m=s5 We have
2
5(3 + 1) < 9 acontradiction, number of colours can not be five, it is four, therefore colouring istrivial colouring.
> ,

Remark4.6. We have directlyfrom definition of clique the following:

(i) If bothC,and C, are cliqueseach with clique number 3 and both labeled by (1,2,3) where1,2,3 labels of colourclasses, C,
clique of verticesy,,v,,v,,and C,clique of verticesy_,v,,v,, v,is common vertex ofC,andC,. The vertices v, labeled by,

v, labeled by 2, V; labeled by 3, v, labeled by, V; labeled by1. For the labels (1,2,3) and (1,2,3) the label 3in the first andthe
label 3in the second represent common vertexy,, the labeliin the first andthe label1in the second represent non
adjacent vertices v, andv,, the label 2 in the first andthe label 2 in the second represent non adjacent vertices v,andy,.
(i) If the two cliquesC,andC, have many common vertices, for non common vertices, any twovertices not in same
clique, are non adjacent vertices.

(iii) If the two cliquesC,andC, have not any common vertex, and connected by an edgeV,V;, v inC,andy,inC,, the
verticesy, andvj are onlyadjacent vertices andnot in same clique.

(iv) If the two cliques C,and C, have not common vertex, and notconnected by any edge,each clique with clique number
n, and each cliquelabeled by labels(1,2,3,...,n,) then any twoverticesy, andvjnot in same clique, for allj = jandfor all
i j,verticesy, andy, are notadjacent.

(v) If the two cliquesC,andC, have one common vertex, and there areedges join pairs of vertices,let the number of

n

vertices equal k, and thenumber of colours to colour these g vertices equal n, then Zai =k. For all i, we have
i=1

1<a, < 2,andifa;, = 3, is a contradiction because there are no three vertices every two of them non adjacent, since

the three vertices either in one clique or in the two cliques. Since wehave one common vertex, there is one vertex of
degree equal k —1, therefore exists j such thata, =1,

(vi) If the three cliquesc,,c,,c, have one common vertex, and there areedges join pairs of vertices,let the number of

n

vertices equal k, and thenumber of colours to colour these g vertices equal n, then Zai =k. For all i, we have
i=1

1<a, <3,andifa; = 4, is a contradiction because there are no four vertices every two of them non adjacent, since

the four vertices either in one clique or in two cliques or in the three cliques.

Proposition4.7. Ifg is a graph consists of one clique with clique number n if we connect this clique to one vertex of
degree two, then number of colours to colour these n 4+ 1 vertices equal n.

Proof: From addition of one vertex of degree two, we have three cliques first clique withclique number equal n, the two

other cliques, each of clique number equal 2. UsingTheorem2.9. wis number of cliques, w =3, suppose m=n+1
isnumber of colours to colour n 41 vertices, using m(WTJfl) <wn We have 2(n +1) < n+ 2, Which is a contradiction,
therefore thenumber of colours to colour n 41 vertices equaln.

Definition4.8.1f v, ,v,,v,,...,v, ,are verticeslabeled by123..where123..are labels of colour classes, such that labels of
v, is not identical to thelabels ofy_, where 1<i <k -2, k>3and each of ¢, c,,C,,...,C, ismutually adjacent | vertices
V.V, V..., Where 2<1<n, if ¢ labeled by N labels, ¢ is a cliqueboth vertices v, and v, are in ¢, then
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C,.v,,C,.V,,C5,Vs,...,C, v, ,,C, IS Called a sequence of cliques and vertices. Definition4.9.A walk of cliques and
vertices is an alternating sequencevy,,C,,v,,C,,v,,C,V;,....C, ;.V, 4,C, v, OF cliques and vertices wherev,,v,,v,,...v,,are
vertices such that v =v,_,,v, #v,, andeach of c c,,c,,.,c,,,C, ismutually adjacent | verticesv,v,,v;,...v,, where
2<I<n,ifc labeled by Nlabels, c,is a clique, theny c,,v,,C,,v,,C,,v;,...C, ,.v, ,,C,,v, IS called a cycle ofk cliques and
vertices ify, =y, andk > 3. The walk and cycle of cliques and vertices can also denoted byc,,c,,c,.....C, ,,C,.

Example 4.10. Let cand C,, be two cliques with clique number equal3 and they have onecommon vertex, if we add

two edges, each one join pair ofvertices not in same clique, thenthenumber of colours to colour vertices of this graph
equal trivial colouring.
Solution: The graph consists of five vertices, six edges andtwo cliques with clique number equal 3, we labeled

thecommon vertex by label1we label thetwovertices (except thecommon vertex) in same cliqueby the label 2,and by
the label 3 we have three colours fromRemark4.6. a, =1, a, =, a, = 2,since| = a,(a, +a,)+a,(a;)=8, wherelis maximum

number of edges to colour five verticesby three colours. If we add two edges to the graph, the edges of the graph
become eight, therefore thenumber of colours to colour vertices of this graph equal trivial colouring.
Example 4.11. Let cand C,, be two cliques with clique number equal3 and they have onecommon vertex, if we add

four edges, each one join pair of vertices not in same clique, thenthenumber of colours to colour vertices of this graph
equalnon trivial colouring.
Solution: The graph consists of five vertices, six edges andtwo cliques with clique number equal 3, we labeled

thecommon vertex by label1we label thetwovertices (except thecommon vertex) in same cliqueby the label 2,and by
the label 3 we have three colours fromRemark4.6. a, =1, a, =, a, = 2,5ince| = a,(a, +a,)+a,(a;)=8, wherelis maximum

number of edges to colour five verticesby three colours. If we add four edges to the graph, the edges of the graph
become ten, andmaximum number of edges to colour five verticesby four colours equal
l=a,(a,+a,+a,)+a,(a,+a,)+a,(a,) =9, therefore thenumber of colours to colour vertices of this graph equal5,the

graph become one clique with clique number equal 5.
Example4.12. Let ¢ ,c,,C,,be three cliques with clique number equal 3,and they have onecommon vertex, if we add

seven edges, each edge join pair ofvertices not in same clique, thenthenumber of colours to colour vertices of this graph
equal 4.
Solution: The graph consists of seven vertices, nine edges andthree cliques with cliqgue number equal 3, we labeled

thecommon vertex by label1we label thetwovertices (except thecommon vertex) in same cliqueby the label 2,and by
the label 3 we have three colours fromRemark4.6. a =1 a, =3, a,=3 since | = a, (a, +a,)+a,(a,) =15, where | is

maximum number of edges to colour seven verticesby three colours. If we add seven edges to the graph, the edges of
the graph become sixteen, therefore thenumber of colours to colour vertices of this graph equal 4.
Proposition4.13. Ifg is a graph of walk ofkcliquesand verticesc ,v,,C,,v,,C,,v,,....C, ; .V, ;,C, v, , €ach clique with

clique number equal n,thenumber of colours to colour vertices of this graph equal n.

Proof: Ifg is a graph ofkcliques, and c ,v,C,,v,,C,.v,,...C, ,V,;,C, v, IS @ walk of x cliques and vertices, from
definition of walk,v,in C,,and v,in C,, alsov,in C,,and v,in c_, v,in c,,and v,in C,, v, in c , both v, andv,in C,,
from definition of clique v, and v, are adjacent, v, andy, are adjacent, so any twosuccessive vertices of the walk
V;,Vy, Vg0V, v, @€ adjacent, for any kodd or even we colouredy, bynandy,  byn-1 whereijis odd1i<i <k, and other

4 Vg

vertices in any cliquecoloured by1,23,..,n-2, so any twosuccessive vertices of the cycley,v,,v,,...,,v, ,,v, have two

different colours, thereforethenumber of colours to colour vertices of this graph equal n.
Exampled.14.Letg be a graph of 6vertices, withclique number equal 4, two vertices of degree4, two vertices of degree3, and two
vertices of degreel, find minimum number of edges to colour 6 vertices of the graph byminimum number of colours.
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Solution: This graph satisfies condition ofProposition4.13. therefore colouring of vertices of this graph is trivial, since theclique
number equal 4, we applyProposition 3.16. therefore minimum number of edgesto colour the 6vertices of the graph by4colours equal

@+2:8
9 )

Corollary 4.15. If the graph G consists of one clique (with clique number n) and I edges, each edge connected to one vertex of the
clique and the other vertex of degree one , the minimum number of colour to colour vertices of the graphg equal .
Proof: Let G be a graph of n + r verticeswith clique number n, fromProposition 3.16. therefore minimum number of colour to

colour vertices of the graphg equal N.

V. POSSIBLE WAYS TO COLOUR VERTICES

In this section we prove a result about number of all possible ways to colour kvertices bym colours

Theorem 5.1.A graphg ofk vertices bym colours there are Xways to colour thesevertices bym colours, where X equalpartition of
k —m +1 such that the partition of k —m +1 can not consists of more thanm integers.

Proof: To colourk vertices bym colours, we label thesem colours by labels 1,2,3,...,m, anda, is number of vertices labeled by1, a, is

number of vertices labeled byi, we exchange colour classes labeledby 1,2 3,...,m such tha’ta1 <a,<a,<..<a,, fromProposition

b,, defined as

1Mm-1

m
35 we haeY'g =k andl<a, <a,<a,<..<a_, <a <k-m+1. Let the integersb,,b,,b,,...,b
i ' ai 2 3 m-1 m 21 M3

i=1
b +b,+b;+...+b,;+b, =k—m, and 0<b, <b,<h, <..<b, , <b, <k-—m, from definition of these integers,
bl, b2 , b3,..., bmfl, bm can be a partition of the integer k — m, such that the partition of k — m can not consists of more thanm
integers.  Let f:B—>A defined as f(p,b,,b,,..,b,,.b,)=(a,a,8a,..,a,)=(0+1b, +1b, +1..,b +1), Where
B ={(b,b,,b;,....b, ,,b,):b, +b, +b,+...+b =k-m, 0<b <b, <b, <..<b, <k-mand
A={(a,a,,a;,..,a,):1<a <a,<a;<..<a,<k-m+l1 a +a,+a, +..+a, =k. Let
R={f(b,b,,b,,....b, ,,b,):(b,b,,b;,...b,) € B}. Therefore fromdefinition of the set B and definition of the set R, any element of
R, can bepartition of the integer k — m + 1, such that the partition of k —m+1 can not consists of more than m integers.

Example5.2. Let G be a graph with k vertices, its vertices coloured by m colours, here we find possible ways to colour
thesevertices by m colours. Table (I1) explain how this example satisfiesTheorem 5.1.

Number of Number of colours m Possible colouring (a,,a,,a,,...,a,) Number possible

vertices k colouring

7 3 (4,15) (1,2,4) (1,3,3) (2,2,3) 4

7 4 (111,4) (1,1,2,3) (1,2,2,2) 3

8 5 (11114) (1,11,2,3) (1,1,2,2,2) 3

9 3 @17) (1,2,6) (1,3,5) 6
(2,2,5) (1,4,4) (2,3,4)

9 4 (1,11,6) (1,1,2,5) (1,1,3,4) 6
(1,2,2,4) (1,2,3,3) (2,2,2,3)

9 5 (11115) (1,1,1,2,4) (1,1,1,3,3) 5
2,1,2,2,3) (1,2,2,2,2)

Table (1)

VI. RANGE OF EDGES IN WHICH WE CAN COLOUR VERTICES
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In this section we prove a result about the range of edges in which we can not colour kvertices bym colours. By this
result we can determinethe range of edges in which we can not colour a huge number of vertices bya huge number of
colours.

Theorem6.1. LetG be a graph, the range of edges in which we can colour kvertices bym colours is number of edges not

less than m(m*1)+(k7m) and not greater than a(a,+a,+a,+..+a,)+ a,(a,+a,+a; +..+a,)+
5 ,
a,(a,+a,+a, +...+a,)+.. +a,,(a,,+a)+ a,,(a,)=1, ~where ~k__ is an integer, and
m
a=a,=8;=..=a,,=2a,=2a,03, <a,<a;<..<a,, <a,,suchthata —a =1if k _, isnotan integer.
m

Proof: UsingProposition 3.16. minimum number of edges to colourk vertices of any graph by M number of colours

equalm(m-1) (k 7m)_Using Proposition 3.15. the maximumnumber of edges to colourk vertices of the graphg by m
2

colours equal a(a,+a,+a,+..+a,)+ a,(a,+a,+a;+..+a,)+ a,(a,+a,+a,+..+a,)+.. +a,,(@,,+a,)+

a,,(a,)=1, Wwhere k __ is integer, anda, =a, =a;=...=a,,=a,=a, ora; <a,<a;<..<a,, <a,,such
m

thata, —a, =1,if k __ isnotan integer.Hence the theorem holds.
m

Example6.2.Find range of edges in which we can colour a graph of 7vertices by4 colours.
Solution: FromProposition 3.16. minimum number of edges to colour 7 vertices of the graph by 4 colours equal
4(4-1) +(774):9_FromProposition 3.15. maximumnumber of edges to colour 7 vertices of any graph by 4 colours

2
equal a(a, +a,+a,)+ a,(a, +a,)+ a,(a,) =18, where a, =1, a, =2, a,=2,8,=2 Therefore maximum number of edges

to colour 7 vertices of any graph by 4 colours equal1g. The range of edges in whichwe can colour a graph of 7vertices by
4 colours is, fromg edges to 18 edges.

Example6.3. Find range of edges in which we can colour a graph of 1000vertices by 25 colours.
Solution:FromProposition 3.16. minimum number of edges to colour1000vertices of the graph by 25colours equal
25(225*1) + (1000 — 25) = 675, FromProposition 3.14. maximumnumber of edges to colour1000vertices of any graph by

25 colours equal equal a(a,+a,+a,+..+ay,)+ @,(Ay+a,+ag .. FA)+  Ay(A, F8g+ 8+t By) o
a,, (a,) = | = 480000, where g —a, = A, =..=ay = 40. Therefore maximum number of edges to colour100cvertices of
any graph by 25colours equal 480000 The range of edges in whichwe can colour a graph of 1000Qvertices by 25 colours is,
from 675 edges to 480000 edges.

Example6.4. We have two graphbyG, of 7vertices and11edges coloured by4 colours, and alsoG, of 7 vertices and11

edges coloured by4 colours. G, consists of 4cliques each with clique number equal 3.First clique and second clique

have two common vertices (common edge), second clique and third clique have one common vertex, third clique and
fourth clique have two common vertices (common edge), fourthclique andthird clique connected by an edge. InG, we

have 6vertices each of degreeequal3, and one vertex of degreeequal4. G, has oneclique with clique number equal 4.
There are3 vertices each connected by an edge to the clique. InG, we have2 vertices each of degreeequal 2, and 2
vertices each of degreeequal 3, and3 vertices each of degreeequal 4. G, is a graphwith clique number equal 3, coloured
by 4 colours, colouring is nontrivial. G, is a graphwith clique number equal 4, coloured by4 colours, colouring is trivial.

Remark6.5. For two graphs with same number of vertices and same number of edges, bothcoloured bym colours,
colouring may be trivial colouring or nontrivial colouring. This meansthe range of edges in which we can colour k
vertices by m colours, may be trivial colouring or nontrivial colouring, as we have been seen in Example6.4.
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