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I. INTRODUCTION

Mathematical modeling of flows of multiphase media is of interest from the point of view of many scientific disciplines
and has a great use in various applied fields.

To date, investigations in the construction and study of models of two-phase media are widely developed. The
founder of these investigations is Kh.A. Rakhmatulin, who introduced the concept of interpenetrating continua
(phases). This approach has been further developed in numerous works, both Russian and foreign authors. The
behavior of each phase is described by the laws of conservation of mass, momentum and energy, and the interfacial
interaction is taken into account by adding special algebraic or differential terms to the right-hand parts of the
conservation laws [3].

A common approach is to use single-pressure models to describe two-phase fluid flows, which still underlie many
analytical and numerical studies. Calculations carried out for similar models on coarse grids or using dissipative
numerical schemes can provide plausible results, but when grinding the computational grid and using more accurate
methods, the calculation results demonstrate the lack of convergence of the numerical solutions.To overcome the
difficulties associated with the incorrectness of initial-boundary problems, various modifications of the model with
single-pressure were proposed [1-4]. The hyperbolicity of the system of defining equations in such models is usually
achieved by introducing additional differential terms to the right-hand sides of the laws of conservation of phases
momentum, which are called virtual mass forces, interfacial pressure, etc.

As a result, the system of equations of the model is hyperbolic, but its reduction to a symmetric form, like the
representation of all equations of the system in a divergent form, is impossible, which complicates the use of a
modified model to study discontinuous solutions.
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Note the work of C.K. Godunov [5, 6], where he first identified a special class of differential equations and showed that
this system can be written as a symmetric t— hyperbolic (Friedrichs) system, i.e. can be symmetrized. This paper shows
that the system of equations of a two-fluid medium can be reduced to a symmetric form. Then, using the HLL method,
the symmetrized system of equations of two-speed hydrodynamics in the reversible approximation is solved
numerically in the one-dimensional case without taking into account mass forces.

Il. SYMMETRIC FORM OF ONE-DIMENSIONAL SYSTEM OF EQUATIONS OF TWO-SPEED
HYDRODYNAMICS WITH ONE PRESSURE

The system of equations of two-speed hydrodynamics in the one-dimensional case without taking into account mass
forces in the reversible approximation takes the form [1-4]

z;_;:_'_%:o, 1
2o oo @
A A Tl @

where u and v- are the velocity vectors of the subsystems that make up the two-velocity continuum with the
corresponding partial densities p anda, p = p + g, and P — is the common pressure. System (1) — (4) is closed by the
equation of state

P =P(p).(5)

It can be showed that the system (1) — (4) is reduced to a symmetric (divergent) form by passing from the set of
variables {p, o, u, vito{p, o, w, j}, by formulas
w=u-—uv,

j=pu+ov.

Thus, the expression of velocities in the new set of variables is represented as

— j+ow — Jj—pw (6)
1 ﬁ .
Given these expressions, equations (1) — (2) take the form
ap a jtow\ _
(et =0,
do a j—pwY\ __
S+ n(oE) =0
Subtracting from equation (3) equation (4), we obtain the equation for the velocity difference w
ow a j—pwY\ _
(W) =o
The sum of equation (1) multiplied by u and equation (3) multiplied by p is given as
Aow 4 2ew?) 4 pOP _ podwk _ ™

at ox p Ox 2p Ox
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The sum of equation (2) multiplied byv and equation (4) multiplied by ¢ is given as

Aav) a(ov?) 420 podw? _

at ax pox 2p ox
Taking into account formulas (6), the sum of equations (7) and (8) is
%+%(§+%‘”2+P) =0.
Thus, we obtained the following symmetric (divergent) system of equations
w () =o
5t (o) =0
S tam(wr)=o,
%+%(§+%‘”2+P) =0.

The system (9) —(12) can be written in matrix form [5-8]

U | 9F(U
U L FW) _

0
at ax !

wherelU = (p, o, w, j)T(Tstands for transposing ),
j+ow

F(U) =

i2
g
p

The equation (13) is also reduced to the following matrix equation

(8)

©)
(10)
(11)

(12)

(13)

WA =0,14)

at dx
where
/ jo+wo? —jp+wp?® pp ppo \
a= L | —jo —wo? jip—wp? po -ppo | s)
p’ -jw-w'oc —jw+wip pW pi-2pwp '
\,132Pp—j2+wzcr2 p°P - j*+wWp* 2pj 2,52PWW+2[)Wpcr/
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111. SPECTRAL ANALYSIS OF THE SYSTEM OF THE EQUATIONS

In a non-conservative form, the system of equations (1) — (4) has the form

0, 0

at ox TP5 =0
do do ov __
VRt
ou o, Pp(dp 00 _ow du_ dvy _
ot ox P (6x * ax) D (6x ax) 0,
9, % Po(dp | 90 , pw Ou _ Ovy _
ot +vax+ D (Bx+ax) * P (6x ax) 0,
or in matrix notations [5,6]
29, g _
at+Bax 0,(16)
whereQ = (p,o,u,v)7,
/u 0 p 0 \
| 0 v 0 o |
P. P
p=| Loyt oW
| p P P P |
\i 5 pw V_P_W/
p P P p
From the equation||B — AE|| = O for the eigenvalues of the matrixB we have
v—24 0 p 0
0 v-2 0 |
P; P pw pw
B-aEl=| 2 2 -2 2 -
p P p
) LU
p P p p
|v—/1 p 0
B, pw_, v
=)@ -] P p p +
Py w w
£ pT 17—pT—/1
p p p
|v—/1 0 p
P P5 oW
2+4 5 £ £ V—pT—/l _
+(=1)**p o P p =
oL
p p p

= (5= DW= D~ g~ pw ~ D)(F — 5~ pw — 1) + p~2ppPyw —
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—p P (0 —ptpw — A) — (v — A)p 2 ppw?] +
+p[(w = D)2 pPyw + p2pP} — p*pP; — p Py (v = (v = p pw — )] =
=@-D-D@-p7pw =)@ —p " pw — A+ v —v) + 5 ?ppPyw —
—p P (T —prpw — A+ v —v) — (v = )p*ppw?] +
+p 1 pP (v =) (P tow —v+p T pw + A) =
=@ -D-DH{w-ppw—-Dw—-2-w(@+p"p) - p2ppw? -

~p 1 BPs} + p2ppPw — ppPp(v = 2) = p Py (~w(l + 571 p))] =
=@ -D[w-2){w-Dv-1-w(l+51p)) -

—ptpw(w —A—w(l+p7p)) — p 2 ppw? —
—p Py — P pPsY+ ppPs (P W + w o+ pipw)] =
=@ -DE@-NH{w-2)?-w@l+p'p)v-2) -
—ptpw(v —A) + p pwA (1 + pp) — pEppw? — Po} + 2p pPyw] =
=@ =D -D){(wv-21)?-2w(v—2)+p~'pw? — P;} + 2p~ pP;w] = 0.
Thus, one of the eigenvalue of the matrix B is 4, = v and the remaining eigenvalues satisfy the cubic equation

(w =23 =2wu - 22+ (u—-2)(p"tow? — P,) + 2p~*pP,w = 0.(18)

. . - . 1
Multiplying the resulting equation by o we get
@-2)%  2w(-2)* w-)(p~tow?-Pp) . 2p ‘pPpw —0
WPp®  Pa(Pp)? VP (/Pp)? VP (/Pp)? '
Changing the variables in this equation by the formulas
u-A71 w
Z=—,a=— 19
Pﬁ Pﬁ ( )
we have
f(z)=2z%-2az2—z(1—p loa?)+2p 1pa=0. (20)
Figure 1 shows the f(z) graph of the function for values — = 0.1,— = 0.3, £ = 0.2and = = 0.8. We can see that the
VPp Pp p p

function f(z) has 3 real roots.
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Fig.1: The graph of the function f(z)
For small values of a, we find the roots of the equation f(z) = 0 by expanding z(a) in a series in powers of « .
- z(a) =z, + ap. (21)
Substituting expression (21) into equation (20), assuming « is sufficiently small, we find the following equation

a®(z3 —zy) +a'(3z¢B — 225 — B+ 2p"1p) =0.

The identity is achieved if the coefficients of the powers a are equal to zero. The coefficient at a® is zero for the
following values

Zp1=0,25, =1,2,5 = -1
Accordingly, we obtain the conditions for the coefficient of a! to be zero
Br=2p""p, B =B =1—p"p.
Substituting these values in (21) we get
z (@) =2p7pa,z,(a) =1+ ptoa,z;(a) = -1+ ploa.
From (19) it follows that
A=u-— Z\/P_ﬁ.
So we have got

A =vd,=u-2p"pw,
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A3=u—[P;—ptowd, =u+ [P, —p low.
The eigenvalues of the matrix B up to a replacement accuracy, provided

P =P(p),
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are the eigenvalues of the matrix A, corresponding to the matrix representation of equations (1) - (4) for the more

general equation of state. In terms of divergent variables, the eigenvalues are represented as

_ j-pw _ jtow-2pw
/11 - — ,/12 - — L]

p p

b =1— [Py =1+ [P,

IV. NUMERICAL SOLUTION OF THE SYSTEM OF EQUATIONS

The calculations performed in the preceding paragraph allow us to apply for the system of equations (13) the HLL-

method [9-13]

U  9F(U)
at 0x

n n ngn n n n n
n MG E -mPEL A+ M m (U — U
7

i+1/2 — n _ ,,n
M, —m;

ngn n n n n n n
n _MIEL -mi F+Memi (U - UL
i-1/2 — n n ’
M —mi,

p— n — .
MP, = max (Akyi%,O) k=T14:

m?zmin(/ln, o),k:1,

k,L+%’
Consider the case when the equation of state has the following form
P =p3.

Then, respectively, the following formulas hold

a ,_ _ _
Py = -(p%) = 3p%, VP = V3.
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The calculation of eigenvalues is made according to the following formulas

N n n
n _Jit1/27Piv1/2Wit1/2

i1 n porr)
Lity Pit1/2%Piv1/2

N ~Nn n n n
m _ Jit1/2Piv172Wit1/272Pi+1/2Wit1/2
L=

: n —n y
21+ Pit1/2%Piv1/2
2
N n ~Nn
n _ Ji+1/2_\[§(pi+1/2+pi+1/2)
1= = — )
343 Pit1/2%Pit1/2
2
N n ~Nn
m _ Ji+1/2+\[§(pi+1/2+pi+1/2)
1= = — )
4ty Pi+1/2%Piv1/2
where
n n ~N , ~N
n — PitPiv: ~n  _ PitPiyq
Pivirz == P2 =" 5
n n N, n
n _WitWiy .on _ Ji it
Wis2 = > o Jie T

Fori = 0 we have
Us*t = U =5 (Fiyz = Flyy2) = O,

_ MI R —mB A Ml m T -ug)

Fije = pr ,
n _ MEFM -m™ FMPm™ (U -uly)
i-1/2 = Mi—mT, .
Redenote the index —1 as 0.In this case
Filas, = F(,

Ut = Ug =5 (Fljy = F§) = 0.
If i = Iwe have
UPt = U =L (FLa = FL) =0,

n n nrgn n n n n

Fn _ My Fmy Frg My my (U, —Ur)

1+1/2 — n n ’
My —my

nrgn n n n.n n n
Fn _ MpF_—mp  Fp+Mpmy_ (U —Uj—1)
1-1/2 — n n .
My -mp_y

Reassigne the index I + 1 asI.Then

n — Fn
TI+1/2_F11
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Uptt = Up = (Fr = F1) =0,
2
Pl+1s2 = PIPIr1/2 =PI
Wiz = Wil = JI
It is easy to verify that for constant values of densities and velocities, the application of this method will keep the
values constant. This fact was verified on a test calculation.

A numerical calculation was made for the following initial data

I =21, N=200,h=01,
pP = 075,57 = 0307,

v9 =059 =0,

I
(—2(ih—1)3—3(ih—1)2+1.1,i<§,
ﬁ?:{ e I\2 i
.__ 3_ .__ 2 .>_

(2(1 2) h 3(‘ 2) Wr1llizg,

" = 0.25h/ M},

TN
SN
/ N\
/ N
/ N\

// \\.

Fig.2: Density p°

Figure 3 shows a graph representing the dynamics of changes of p asa functionon one spatial interval.
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Fig.3: Density p

V. CONCLUSION

A symmetrized system of dynamic equations describing the propagation of nonlinear waves in a two-fluid medium
without taking into account mass forces in a reversible approximation in the case when the equation of state is a
function of the density of a two-velocity continuumis obtained. The spectral analysis of this system is carried out.
Using the HLL method, the system of equations under consideration is solved numerically.

The work was partially supported by a grant from the Ministry of Innovation Development of the Republic of
Uzbekistan (grant number OT-Atech-2018-340).
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