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I. INTRODUCTION 
 

Mathematical modeling of flows of multiphase media is of interest from the point of view of many scientific disciplines 
and has a great use in various applied fields. 
To date,  investigations  in the construction and study of models of two-phase media are  widely developed. The 
founder of these investigations is Kh.A. Rakhmatulin, who introduced the concept of interpenetrating continua 
(phases). This approach has been further developed in numerous works, both Russian and foreign authors. The 
behavior of each phase is described by the laws of conservation of mass, momentum and energy, and the interfacial 
interaction is taken into account by adding special algebraic or differential terms to the right-hand parts of the 
conservation laws [3]. 
 
A common approach is to use single-pressure models to describe two-phase fluid flows, which still underlie many 
analytical and numerical studies. Calculations carried out for similar models on coarse grids or using dissipative 
numerical schemes can provide plausible results, but when grinding the computational grid and using more accurate 
methods, the calculation results demonstrate the lack of convergence of the numerical solutions.To overcome the 
difficulties associated with the incorrectness of initial-boundary problems, various modifications of the model with 
single-pressure were proposed [1–4]. The hyperbolicity of the system of defining equations in such models is usually 
achieved by introducing additional differential terms to the right-hand sides of the  laws of conservation of phases 
momentum, which are called virtual mass forces, interfacial pressure, etc. 
As a result, the system of equations of the model is hyperbolic, but its reduction to a symmetric form, like the 
representation of all equations of the system in a divergent form, is impossible, which complicates the use of a 
modified model to study discontinuous solutions. 
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Note the work of C.K. Godunov [5, 6], where he first identified a special class of differential equations and showed that 
this system can be written as a symmetric ݐ– hyperbolic (Friedrichs) system, i.e. can be symmetrized. This paper shows 
that the system of equations of a two-fluid medium can be reduced to a symmetric form. Then, using the HLL method, 
the  symmetrized system of equations of two-speed hydrodynamics in the reversible approximation is solved 
numerically in the one-dimensional case without taking into account mass forces. 

 
II. SYMMETRIC FORM OF ONE-DIMENSIONAL SYSTEM OF EQUATIONS OF TWO-SPEED 

HYDRODYNAMICS WITH ONE PRESSURE 

The system of equations of two-speed hydrodynamics in the one-dimensional case without taking into account mass 
forces in the reversible approximation takes the form [1-4] 

 
డఘ
డ௧

+ డ(ఘ௨)
డ௫

= 0,    (1) 

డఙ
డ௧

+ డ(ఙ௩)
డ௫

= 0,      (2) 

డ௨
డ௧

+ ݑ డ௨
డ௫

= − ଵ
ఘഥ
డ
డ௫
− ఙ

ଶఘഥ
డ
డ௫

ݑ) −  ଶ,    (3)(ݒ

డ௩
డ௧

+ ݒ డ௩
డ௫

= − ଵ
ఘഥ
డ
డ௫

+ ఘ
ଶఘഥ

డ
డ௫

ݑ) −  ଶ,    (4)(ݒ

where ݑ and ݒ– are the velocity vectors of the subsystems that make up the two-velocity continuum with the 
corresponding partial densities ߩ andߩ̅ ,ߪ = ߩ +  and ܲ – is the common pressure. System (1) – (4) is closed by the ,ߪ
equation of state 

ܲ =  (5).(ߩ̅)ܲ

It can be showed  that the system (1) – (4) is reduced to a symmetric (divergent) form by passing from the set of 
variables {ݒ ,ݑ ,ߪ ,ߩ}to{ݓ ,ߪ ,ߩ, ݆},  by formulas  

ݓ = ݑ −  ,ݒ

݆ = ݑߩ +  .ݒߪ

Thus, the expression of velocities in the new set of variables is represented as 
 

ݑ = ାఙ௪
ఘഥ

ݒ , = ିఘ௪
ఘഥ

.    (6) 
Given these expressions, equations (1) – (2) take the form  
 

డఘ
డ௧

+ డ
డ௫
ቀߩ ାఙ௪

ఘഥ
ቁ = 0, 

 
డఙ
డ௧

+ డ
డ௫
ቀߪ ିఘ௪

ఘഥ
ቁ = 0. 

 
Subtracting from equation (3) equation (4), we obtain the equation for the velocity difference ݓ 
 

డ௪
డ௧

+ డ
డ௫
ቀݓ ିఘ௪

ఘഥ
ቁ = 0. 

 
The sum of equation (1) multiplied by ݑ and equation (3) multiplied by ߩ  is given as 
 

డ(ఘ௨)
డ௧

+ డ൫ఘ௨మ൯
డ௫

+ ఘ
ఘഥ
డ
డ௫
− ఘఙ

ଶఘഥ
డ௪మ

డ௫
= 0.   (7) 
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The sum of equation (2) multiplied byݒ  and equation (4) multiplied by ߪ  is given as 
 

డ(ఙ௩)
డ௧

+ డ൫ఙ௩మ൯
డ௫

+ ఙ
ఘഥ
డ
డ௫

+ ఘఙ
ଶఘഥ

డ௪మ

డ௫
= 0.   (8) 

 
Taking into account formulas (6), the sum of equations (7) and (8) is 
 

డ
డ௧

+ డ
డ௫
ቀ

మ

ఘഥ
+ ఘఙ௪మ

ఘഥ
+ ܲቁ = 0. 

 
Thus, we obtained the following symmetric (divergent) system of equations  

డఘ
డ௧

+ డ
డ௫
ቀߩ ାఙ௪

ఘഥ
ቁ = 0,    (9) 

డఙ
డ௧

+ డ
డ௫
ቀߪ ିఘ௪

ఘഥ
ቁ = 0,    (10) 

డ௪
డ௧

+ డ
డ௫
ቀݓ ିఘ௪

ఘഥ
ቁ = 0,    (11) 

డ
డ௧

+ డ
డ௫
ቀ

మ

ఘഥ
+ ఘఙ௪మ

ఘഥ
+ ܲቁ = 0.   (12) 

The system (9) –(12) can be written in matrix form [5-8] 
 

డ
డ௧

+ డி()
డ௫

= 0,     (13) 
 
whereܷ = ,ݓ,ߪ,ߩ) ݆)்(ܶstands for transposing ), 

(ܷ)ܨ =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

j w





j w





j ww 



2 2j w P
 
 

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

. 

 
The equation (13) is also reduced to the following matrix equation  

 
డ
డ௧

+ ܣ డ
డ௫

= 0,(14) 
where 
 

ܣ = 2

1


⎝

⎜⎜
⎛

2 2

2 2

2 2

2 2 2 2 2 2 2 2 2

2
2 2 2w

j w j w
j w j w
jw w jw w w j w

P j w P j w j P w w 

     
     

     
       

  
   
    
     ⎠

⎟⎟
⎞

. (15) 
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III. SPECTRAL ANALYSIS OF THE SYSTEM OF THE EQUATIONS 
 

In a non-conservative form, the system of equations (1) – (4) has the form 
డఘ
డ௧

+ ݑ డఘ
డ௫

+ ߩ డ௨
డ௫

= 0, 

డఙ
డ௧

+ ݒ డఙ
డ௫

+ ߪ డ௩
డ௫

= 0, 

డ௨
డ௧

+ ݑ డ௨
డ௫

+ ഐഥ
ఘഥ
ቀడఘ
డ௫

+ డఙ
డ௫
ቁ − ఙ௪

ఘഥ
(డ௨
డ௫
− డ௩

డ௫
) = 0, 

డ௩
డ௧

+ ݒ డ௩
డ௫

+ ഐഥ
ఘഥ
ቀడఘ
డ௫

+ డఙ
డ௫
ቁ + ఘ௪

ఘഥ
(డ௨
డ௫
− డ௩

డ௫
) = 0, 

or in matrix notations [5,6] 
 

డொ
డ௧

+ ܤ డொ
డ௫

= 0,(16) 
 
whereܳ = ,ݑ,ߪ,ߩ) ்(ݒ , 

ܤ =

⎝

⎜
⎜
⎜
⎜
⎛

0 0
0 0
u

v
P P w wu

P P w wv

 

 




 
   

 
   




⎠

⎟
⎟
⎟
⎟
⎞

.(17) 

 
From the equation‖ܤ − ‖ܧߣ = 0 for the eigenvalues of the matrixܤ  we have 
 

ܤ‖ − ‖ܧߣ =
ተ

ተ

ݒ − ߣ 0
0 ݒ − ߣ

ߩ 0
0 ߩ

ఘܲഥ

ߩ̅
ఘܲഥ

ߩ̅
ఘܲഥ

ߩ̅
ఘܲഥ

ߩ̅

ݒ −
ݓߩ
ߩ̅ − ߣ

ݓߩ
ߩ̅

ݓߩ
ߩ̅ ݒ −

ݓߩ
ߩ̅ − ߣ

ተ

ተ
= 

 

= (−1)ଶାଶ(ݒ − (ߣ
ተ
ተ

ݒ − ߣ ߩ 0
ఘܲഥ

ߩ̅ ݒ −
ݓߩ
ߩ̅ − ߣ

ݓߩ
ߩ̅

ఘܲഥ

ߩ̅
ݓߩ
ߩ̅ ݒ −

ݓߩ
ߩ̅ − ߣ

ተ
ተ

+ 

+(−1)ଶାସߩ
ተ
ተ

ݒ − ߣ 0 ߩ
ఘܲഥ

ߩ̅
ఘܲഥ

ߩ̅ ݒ −
ݓߩ
ߩ̅ − ߣ

ఘܲഥ

ߩ̅
ఘܲഥ

ߩ̅
ݓߩ
ߩ̅

ተ
ተ

= 

 
= ݒ) − ݒ)](ߣ − ݒ)(ߣ − ݓߩଵିߩ̅ − ݒ)(ߣ − ݓߩଵିߩ̅ − (ߣ + ߩߩଶିߩ̅ ఘܲഥݓ − 
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ߩଵିߩ̅− ఘܲഥ(ݒ − ݓߩଵିߩ̅ − −(ߣ ݒ) − [ଶݓߩߩଶିߩ̅(ߣ + 

 
ݒ)ൣߩ+ − ߩଶିߩ̅(ߣ ఘܲഥݓ + ߩଶିߩ̅ ఘܲഥ

ଶ − ߩଶିߩ̅ ఘܲഥ
ଶ − ଵିߩ̅ ఘܲഥ(ݒ − ݒ)(ߣ − ݓߩଵିߩ̅ − ൧(ߣ = 

 
= ݒ) − ݒ)](ߣ − ݒ)(ߣ − ݓߩଵିߩ̅ − ݒ)(ߣ − ݓߩଵିߩ̅ − ߣ + ݒ − (ݒ + ߩߩଶିߩ̅ ఘܲഥݓ− 

 
ߩଵିߩ̅− ఘܲഥ(ݒ − ݓߩଵିߩ̅ − ߣ + ݒ − −(ݒ ݒ) − [ଶݓߩߩଶିߩ̅(ߣ + 

 
ߩଵିߩ̅+ ఘܲഥ(ݒ − ݓߩଵିߩ̅)(ߣ − ݒ + ݓߩଵିߩ̅ + (ߣ = 

 
= ݒ) − ݒ)](ߣ − ݒ)}(ߣ − ݓߩଵିߩ̅ − ݒ)(ߣ − ߣ 1)ݓ− + −((ߩଵିߩ̅ ଶݓߩߩଶିߩ̅ − 

 
ߩଵିߩ̅− ఘܲഥ} + ߩߩଶିߩ̅ ఘܲഥݓ− ߩଵିߩ̅ ఘܲഥ(ݒ − −(ߣ ߩଵିߩ̅ ఘܲഥ൫−1)ݓ + [൯(ߩଵିߩ̅ = 

= ݒ) − ݒ)](ߣ − ݒ)}(ߣ − ݒ൫(ߣ − ߣ 1)ݓ− + ൯(ߩଵିߩ̅ − 
 

ݒ)ݓߩଵିߩ̅− − ߣ − 1)ݓ + −((ߩଵିߩ̅ ଶݓߩߩଶିߩ̅ − 
 

ߩଵିߩ̅− ఘܲഥ − ߩଵିߩ̅ ఘܲഥ} + ߩଵିߩ̅ ఘܲഥ(̅ିߩଵߩݓ + ݓ + [(ݓߩଵିߩ̅ = 
 

= ݒ) − ݒ)](ߣ − ݒ)}(ߣ − ଶ(ߣ 1)ݓ− + ݒ)(ߩଵିߩ̅ −  −(ߣ
 

ݒ)ݓߩଵିߩ̅− − (ߣ + ଶ(1ݓߩଵିߩ̅ + −(ߩଵିߩ̅ ଶݓߩߩଶିߩ̅ − ఘܲഥ} + ߩଵିߩ2̅ ఘܲഥݓ] = 
 

= ݒ) − ݒ)](ߣ − ݒ)}(ߣ − ଶ(ߣ − ݒ)ݓ2 − (ߣ + ଶݓߩଵିߩ̅ − ఘܲഥ} + ߩଵିߩ2̅ ఘܲഥݓ] = 0. 
 
Thus, one of  the eigenvalue of the matrix ܤ  is ߣଵ =  and the remaining eigenvalues satisfy the cubic equation  ݒ

 
ݑ) − ଷ(ߣ − ݑ)ݓ2 − ଶ(ߣ + ݑ) − ଶݓߪଵିߩ൫̅(ߣ − ఘܲഥ൯+ ߩଵିߩ2̅ ఘܲഥݓ = 0.(18) 

 
Multiplying the resulting equation by  ଵ

(ඥഐഥ)య
, we get 

 
(௨ିఒ)య

(ඥഐഥ)య
− ଶ௪(௨ିఒ)మ

ඥഐഥ(ඥഐഥ)మ
+

(௨ିఒ)൫ఘഥషభఙ௪మିഐഥ൯

ඥഐഥ(ඥഐഥ)మ
+ ଶఘഥషభఘഐഥ௪

ඥഐഥ(ඥഐഥ)మ
= 0. 

 
Changing the variables in this equation by the formulas 

 
ݖ = ௨ିఒ

ඥഐഥ
ߙ ,  = ௪

ඥഐഥ
    (19) 

we have 
 

(ݖ)݂ ≡ ଷݖ − ଶݖߙ2 − −1)ݖ (ଶߙߪଵିߩ̅ + ߙߩଵିߩ2̅ = 0.  (20) 
 
Figure 1 shows the ݂(ݖ) graph of the function for values ௨

ඥഐഥ
= 0.1, ௩

ඥഐഥ
= 0.3, ఘ

ఘഥ
= 0.2and ఙ

ఘഥ
= 0.8. We can see that the  

function ݂(ݖ) has 3 real roots.  
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Fig.1: The graph of the function ݂(ݖ) 

 
For small values of ߙ, we find the roots of the equation ݂(ݖ) = 0  by expanding (ߙ)ݖ  in a series in powers of  ߙ .  
Let  

(ߙ)ݖ = ݖ +  (21)    .ߚߙ 
 

Substituting expression (21) into equation (20), assuming ߙ is sufficiently small, we find the following equation 
 

ଷݖ)ߙ − (ݖ + ߚଶݖଵ(3ߙ − ଶݖ2 − ߚ + (ߩଵିߩ2̅ = 0. 
 
The identity is achieved if the coefficients of the  powers ߙ  are equal to zero. The coefficient at ߙ is zero for the 
following values 

 
,ଵݖ = ,ଶݖ ,0 = ,ଷݖ ,1 = −1. 

 
Accordingly, we obtain the conditions for the coefficient of ߙଵ to be zero 

 
ଵߚ = ଶߚ ,ߩଵିߩ2̅ = ଷߚ = 1−  .ߩଵିߩ̅

 
Substituting these values in (21) we get  

 
(ߙ)ଵݖ = (ߙ)ଶݖ,ߙߩଵିߩ2̅ = 1 + (ߙ)ଷݖ,ߙߪଵିߩ̅ = −1 +  .ߙߪଵିߩ̅

 
From (19) it follows that 

 
ߣ = ݑ − ඥݖ ఘܲഥ . 

 
So we have got 

 
ଵߣ = ଶߣ,ݒ = ݑ −  ,ݓߩଵିߩ2̅
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ଷߣ = ݑ −ඥ ఘܲഥ − ସߣ,ݓߪଵିߩ̅ = ݑ +ඥ ఘܲഥ −  .ݓߪଵିߩ̅
 

The eigenvalues of the matrix ܤ up to a replacement accuracy, provided  
 

ܲ =  ,(ߩ̅)ܲ
 

are the eigenvalues of the matrix A, corresponding to the matrix representation of equations (1) - (4) for the more 
general equation of state. In terms of divergent variables, the eigenvalues are represented as 
 

ଵߣ = ିఘ௪
ఘഥ

ଶߣ, = ାఙ௪ିଶఘ௪
ఘഥ

, 
 

ଷߣ = 
ఘഥ
−ඥ ఘܲഥ ସߣ, = 

ఘഥ
+ ඥ ఘܲഥ . 

 

IV. NUMERICAL SOLUTION OF THE SYSTEM OF EQUATIONS 
 

The calculations performed in the preceding paragraph allow us to apply for the system of equations (13) the HLL-
method [9-13] 

 
߲ܷ
ݐ߲ +

(ܷ)ܨ߲
ݔ߲ = 0; 
 

ܷ
ାଵ = ܷ

 − ఛ


(ℱାଵ/ଶ
 − ℱିଵ/ଶ

 ) = 0, ݅ = 0, ,തതതതܫ ݊ = 0,ܰതതതതത ; 
 

ℱାଵ/ଶ
 =

ାଵߊ
 ܨ −݉

ܨାଵ ାଵܯ+
 ݉

( ܷାଵ
 − ܷ

)
ାଵܯ

 −݉
 ; 

 

ℱିଵ/ଶ
 =

ܯ
ܨିଵ −݉ିଵ

 ܨ ܯ+
݉ିଵ

 ( ܷ
 − ܷିଵ

 )
ܯ

 −݉ିଵ
 ; 

 
ାଵܯ

 = max൬ߣ
,ାభమ

 , 0൰ ,݇ = 1,4തതതത ; 

 
݉
 = min ൬ߣ

,ାభమ

 , 0൰ ,݇ = 1,4തതതത . 

 
Consider the case when the equation of state has the following form 
 

ܲ =  .ଷߩ̅
 
Then, respectively, the following formulas hold 
 

ఘܲഥ = డ
డఘഥ

(ଷߩ̅) = ଶ,           ඥߩ3̅ ఘܲഥ =  .3√ߩ̅
 

 
 
 

http://www.ijirset.com


 

 

                        ISSN(Online): 2319-8753 
           ISSN (Print) :  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com 

Vol. 8, Issue 5, May 2019 

Copyright to IJIRSET                                                               DOI:10.15680/IJIRSET.2019.0805058                                            5245 

    

The calculation of eigenvalues is made according to the following formulas  
 

ߣ
ଵ,ାభమ

 =
శభ/మ
 ିఘశభ/మ

 ௪శభ/మ


ఘశభ/మ
 ାఘశభ/మ

 , 

 

ߣ
ଶ,ାభమ

 =
శభ/మ
 ାఘశభ/మ

 ௪శభ/మ
 ିଶఘశభ/మ

 ௪శభ/మ


ఘశభ/మ
 ାఘశభ/మ

 , 

 

ߣ
ଷ,ାభమ

 =
శభ/మ
 ି√ଷቀఘశభ/మ

 ାఘశభ/మ
 ቁ

మ

ఘశభ/మ
 ାఘశభ/మ

 , 

 

ߣ
ସ,ାభమ

 =
శభ/మ
 ା√ଷቀఘశభ/మ

 ାఘశభ/మ
 ቁ

మ

ఘశభ/మ
 ାఘశభ/మ

 , 

where 
 

ାଵ/ଶߩ
 = ఘ

ାఘశభ


ଶ
ଵ/ଶߩ ,

 = ఘ
ାఘశభ



ଶ
, 

 
ଵ/ଶݓ
 = ௪

ା௪శభ


ଶ
, ݆ଵ/ଶ

 = 
ାశభ



ଶ
. 

 
For ݅ = 0  we have 

ܷ
ାଵ = ܷ

 − ఛ


(ℱଵ/ଶ
 −ℱିଵ/ଶ

 ) = 0, 
 

ℱଵ/ଶ
 = ெభ

ிబିబ
ிభାெభ

బ
(భିబ)

ெభ
ିబ

 , 
 

ℱିଵ/ଶ
 = ெబ

ிషభ ିషభ
 ிబାெబ

షభ
 (బିషభ )

ெబ
ିషభ

 . 
 
Redenote  the index −1 as 0.In this case 
 

ℱିଵ/ଶ
 =  ,ܨ

 
ܷ
ାଵ = ܷ

 − ఛ


(ℱଵ/ଶ
 − (ܨ = 0. 

If ݅ =  we haveܫ
ூܷ
ାଵ = ூܷ

 − ఛ


(ℱ
ூାభమ

 − ℱ
ூିభమ

 ) = 0, 

 
ℱூାଵ/ଶ
 = ௹శభ

 ி
ି

ிశభ
 ାெశభ

 
(శభ

 ି
)

ெశభ
 ି

 , 
 

ℱூିଵ/ଶ
 = ெ

ிషభ
 ିషభ

 ி
ାெ

షభ
 (

ିషభ
 )

ெ
ିషభ

 . 
 

Reassigne the index ܫ + 1 as ܫ.Then  

ℱூାଵ/ଶ
 =  ,ூܨ
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ூܷ
ାଵ = ூܷ

 − ఛ


ூܨ) − ℱ
ூିభమ

 ) = 0, 

ூାଵ/ଶߩ
 = ூାଵ/ଶߩ,ூߩ

 =   ,ூߩ

ூାଵ/ଶݓ
 = ூ,݆ூାଵ/ଶݓ

 = ூ݆
. 

It is easy to verify that for constant values of densities and velocities, the application of this method will keep the 
values constant. This fact was verified on a test calculation.  
A numerical calculation was made for the following initial data 

 
ܫ = 21, ܰ = 200, ℎ = 0.1, 

ߩ = ߩ,ߩ0.7̅ =  ,ߩ0.3̅

ݒ = ݒ,0 = 0, 

ߩ̅ =

⎩
⎨

⎧ −2(݅ℎ − 1)ଷ − 3(݅ℎ − 1)ଶ + 1.1, ݅ <
ܫ
2 ,

2 ൬݅ −
ܫ
2
൰
ଷ

ℎଷ − 3 ൬݅ −
ܫ
2
൰
ଶ

ℎଶ + 1.1, ݅ ≥
ܫ
2 ,

 

߬ = 0.25ℎ/ߊூାଵ
 . 

 

 
Fig.2: Density  ̅ߩ 

 
Figure 3 shows a graph representing the dynamics of changes of  ̅ߩ asa functionon one spatial interval. 

http://www.ijirset.com


 

 

                        ISSN(Online): 2319-8753 
           ISSN (Print) :  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com 

Vol. 8, Issue 5, May 2019 

Copyright to IJIRSET                                                               DOI:10.15680/IJIRSET.2019.0805058                                            5247 

    

 
Fig.3: Density  ̅ߩ 

 

V. CONCLUSION 
 

A symmetrized system of dynamic equations describing the propagation of nonlinear waves in a two-fluid medium 
without taking into account mass forces in a reversible approximation in the case when the equation of state is a 
function of the density of a two-velocity continuumis obtained. The spectral analysis of this system is carried out. 
Using the HLL method, the system of equations under consideration is solved numerically. 
 
The work was partially supported by a grant from the Ministry of Innovation Development of the Republic of 
Uzbekistan (grant number OT-Atech-2018-340). 
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