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ABSTRACT: The present paper deals with two-dimensional convection flow and heat transfer of a viscous,
incompressible, conducting fluid, through porous medium confined in a vertical wavy wall and parallel flat wall under
the influence of transverse magnetic field. The non-linear equations governing the flow are solved by linearization
technique under the assumption that the flow consists of two parts; a mean part and a perturbed part. Darcy-Brinkman-
Forchheimer model is used to visualize the problem. Exact solutions are obtained for the mean part and the perturbed
part is solved using long wave approximation method. The effects of various parameters, zeroth order and total axial
velocity fields, transverse velocity, temperature distribution, shear stress and heat transfer rate are presented graphically
and discussed. The problem finds possible applications controlling the heat transfer efficiency in industrial processes
and nuclear energy system.
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I. INTRODUCTION

The study of heat transfer from irregular surfaces is of immense importance, because irregular surfaces are often
present in engineering applications. Therefore, the study of convective flows in wavy channels is essential to observe
the flow characteristics and heat transfer processes in several heat devices with variations in material parameters. The
channel consisting of a corrugated wall and flat wall is one of the several devices employed for enhancing the heat
transfer efficiency of industrial processes. Surface non-uniformities of such channels are encountered in insulating
systems and grain storage containers. The presence of roughness on the surface disturbs the flow past surfaces and
alerts the heat transfer rate. As such, the natural convection in vertical channels consisting of a wavy surface and a flat
surface is a model problem for the investigation of momentum and heat transfer from roughened and flat surfaces of the
wall in order to understand effect of material parameters on flow characteristics.

The references pertaining to flow through porous media are based on Darcy law. However its importance and
ramifications in process design and operation have been recognized only during the last three/four decades. However,
heat transfer in fluid flow by natural convection as a result of difference in temperature gradient of two vertical walls is
also affected by temperature ratio of the channel walls which is of immense importance particularly in heat transfer
devices in industrial processes and aerospace technology. Therefore, the present study addresses the free convective
flow of viscous incompressible fluid through porous medium confined in vertical channel consisting of a wavy wall
and a parallel flat wall. A generalized porous media model, namely, Brinkman-Forchheimer extended Darcy model is
considered in order to simulate momentum transfer in porous medium. Since new emerging technological models are
applicable over a wide range of porosity, the present paper deals with flow through porous medium using Brinkman-
Forchheimer extended Darcy model in the presence of transversely applied uniform magnetic field. Besides, the
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convection phenomenon between the walls is set by changing the temperature of the walls to that of the fluid
temperature and a non-dimensional parameter (buoyancy force parameter) is used to characterize the temperature of
vertical walls with respect to the fluid temperature. The present model enhances the applicability of the models
suggested by Paul et al (2006) and Singh et al. (2011). The model can have possible application in heat transfer devices
of industrial processes, nuclear energy technology and geothermal systems.

Il. FORMULATION OF THE PROBLEM

We consider steady two-dimensional laminar free convection flow of an incompressible, electrically
conducting, viscous fluid through a homogeneous porous medium confined in an open-ended vertical channel
consisting of a wavy wall and a flat wall as shown in Fig.-1. A uniform magnetic field is applied perpendicular to the
walls, i.e. normal to the flow region. It is assumed that the magnetic Reynolds number is small, so that the induced
magnetic field is neglected in comparison to the applied magnetic field (Ferraro & Plumpton, 1961).

The wavy and flat walls are respectively maintained at different constant temperatures TV(, and Tf such that

the fluid temperature Tr{] # TV’V. Besides, the present analysis is based on the following assumptions:

y =-H+a cos (X'X) Y=H y=-1+ & cos ( AxX)

Fig. 1: Physical model and coordinate system.

(i) All the fluid properties are constant except influence of density variation with temperature in buoyancy term in
the momentum equation.

(i) The density is a linear function of temperature so that usual Boussinesq approximation is taken into account.
(iii) The wavelength A" of the wavy wall is large compared with width of the channel.

(iv) In the energy equation the dissipative effect is negligible.

(V) The inter-particle and inertia-particle heat transfer effects are negligible.

(vi) Darcy-Brinkman-Forchheimer model is considered to simulate momentum transfer in porous media, which is
applicable over a wide range of porosity (Nield & Bejan, 2006).

(vii) Transport properties of the fluid are constant and the fluid rises in the channel driven by buoyancy forces.
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(viii)  Both the walls are in stationary position, as such the boundary conditions on velocity components U’ and V'
are the no slip conditions.
Under the above stated configuration and assumptions, the e equations governing the flows are:
Continuity equation:

LN (1)
6X/ ayV
Momentum equations:
’ ’ ’ 2 2. 2
gV p0U _ 10p" Heif (00 0% +gﬂ(T’—Tn'1)—3u’—GB° v F o2 2
x oy opx plax? ay? k P Jk

Vv Llop et (0 V') v, F - ®)
U—+V —=-"""— st — [V =V
x o pdy plax? ay?) ko VK

Energy equation:

OT'aT' Ky (8°T' &°T'
U—+V—= st —5 | 4)
OX o' pCploxs oy
The relevant boundary conditions on velocity and temperature are:
u'=0, v=0, T'=T, at  y'=-H+acos(A'x"),
u'=0, v'=0, T'=Ts at  y'=H. (5)
We introduce following non-dimensional variables and parameters:
X' y' Hu' Hv’ Heft
X=—, Y=, Uu=—mor V=—, y=—,
H H v v Y7,
2 ’ ! 14
H T'-T, a k
p:—llz)pl T= - n: ,ﬂz:ﬂz,H andé‘:_, Da: 2"
U Ty —Tm H H
3 ! !
{ o H (T, =T, uC
M = —BOH (magnetic parameter), Gr = 95 ( W m) (buoyancy parameter), Pr Sl
v 2 K
P v T
(Prandtl number).
Introducing above mentioned non-dimensional variables and parameters, the Equations. (1)-(4) become:
6_U+@:O . (6)
ox oy
u%+v%:—%+y[%+%J+GrT—Diau—Mzu—%uzl (7)
W (ot oty 1 F ®)
ax 'y o a2 7)) Da Jpa
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2 2
Pr(uﬂ+vﬂj:£+ﬂ- (9)
x ) ox% oy?

The boundary conditions (5) on velocity and temperature in hon-dimensional form are:
u=0, v=0, T=1, y =—14&C0S AX,
u=0, v=0, T=Tg, y=1. (10)

Tt —Tn

where Tp = ———, (temperature ratio parameter).
w~ Tm

Now we proceed for the solution of Equations. (6)-(9) under boundary conditions (10).
I1l. SOLUTION OF THE PROBLEM

In order to obtain the solution of the Equations. (7)-(9) satisfying the boundary conditions (10), we assume that the
solution consists of a mean part and a perturbed part so that the velocity, temperature and pressure distribution can be
expressed as:

u(x,y)=ug(y)+eu (xy),
V(X y)=evi(XY),
T(X%Y)=To(y)+eT (X Y),
P(XY)=Po (X y)+ep(XY),

where ¢ is the amplitude, used as perturbation parameter. The perturbed quantities Uy, V¢, T; and pq are small
compared to mean quantities.

Introducing (11) in Equations. (6)-(9) and boundary conditions (10), we obtain:

Zeroth order equation and boundary conditions:

11)

2
9T _, (12)
dy2
d2ug ( 1 2) F 2
—|—+M“ |ug +GCrTyp +C———=uj =0" (13)
4 dy? Da ) 0 'Da 0
0
where _Po =
OX
Up=0,Tp=1 at y=-1,
Up=0,Tp =Tg at y=1 (14)
First order equation and boundary conditions:
oup OV
M, M _q (15)
ox oy
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o AUy 9§ o’y U 1 2F
uo—1+v1§0=—a—il+ (éx_21+8y_21J+GrT1 —(D—a+M2ju1——Euou1- (16)
vy op [Py Pv ) 1
oX oy ox?>  oy> ) Da
o, ) 8T, 07Ty
Pr (uo +Vi j =t (18)
OX &y ) x° oy

du
ulz—cosﬂx—o, v =0, T1=—COS/”LX% aty=-1,
dy dy

U]_:O, Vl:O, T]_:O atyzl. (19)

In arriving at the boundary conditions at the wavy wall y =-1, the actual boundary conditions are

transformed to mean position. This is justified when & <<1, i.e., when the amplitude (&) of the disturbance is small
compared with the disturbance of the wavelength (Lekoudis, 1976; Tuck et al., 1995).

where

The solution of Equation (12) under the boundary conditions (14) is:

Tpr -1 Tp +1
To(y)={B-Hy Trrl (20)
2 2
To solve Eqg. (13), we assume:
U (Y) =Uoo (Y)+ Fuoy (Y)- (21)
Introducing (21) into Equation (13), we obtain:
d%u
20— Ago =—Aoy - Ag. (22)
dy
d®ugy 1 2
Ay = u,. (23)
0 Alos Jba 0
11 2 Gr(Tr -1 Gr(Tr +1)+2C
n-Y(Lomz) p-Srad) p Grarhe2C
y\ Da 2y 2y

The boundary conditions (14), become:

UOOZO, U01=0 aty:—l;UOOZO, U01:0 atyzl, (24)

The solutions of Equations. (22) and (23) satisfying boundary conditions (24) are:

Uoo (y) = Cleﬂy + Cze_my + % y+ % . (25)
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oy (v) = CaeVAY +Cre VALY 4 kgAY 1 K ye 2VAY
+KeyeVAY 4 Koye VA 4 K [ B ]ery
5 6 7 \/E

+K8(y +\/E] \/—V+K9(y +A1]+K10y+K11' (26)

In order to solve the first order Equations. (16)-(18), we introduce the stream function !//(X, y) such that:

ulz_%”, W :%—V;. 27)

Introducing (27) into Equations. (16)-(18), in view of the continuity equation (14), the governing equation for
the perturbed flow and heat transfer after eliminating p; are as follows:

2
y [63 63.//] 8%ug oy [2 oy +a4w+a4w]

oy ox

xS axoy?

+[i+M jaw Lo, 1%y oF [uay/ aoan o (28)

Da o7 oy Daal Joal oy oy

2
Pr( o, ay/aToj aT1 Lo 29)
OX Ox oy ox2 ayz

In view of boundary conditions (19), we assume general solution for y and Ty in the following form:

w (X y)=Real ( > V,rﬂeiﬂXJ — Real [Woeiﬂx +‘//119MXJ . (30)
r=0
Ti(xy)= Real[ze i'e '“] Real[ doe'* + 26" | (31
r=0

Introducing (30) and (31) into the Equations. (28) and (29), we get the following set of ordinary differential
equations for (r = 0,1):

2
4% _,. (32)

(33)

d*wo 7(L+M2)d2'/’0—erdﬂ+ 2F [u d%yo  du dl//o}'

a2 dy JDal ° @y? dy dy

Lo 2F d l//l dUOM . (34)
VDa dy dy dy
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d%e . [ dTo
——==IPr UOHO +Yo—— | (35)
dy? dy

In the light of (30), (31) and (27), the boundary conditions (19) corresponding to wq, 6y, w1 and 6
become:

dl//o dUo dTO
=0, =21 Oy=—"= aty=-1.
%o dy dy 0 dy at'y
vo=0, ddﬂzo, G =1 a y=1 (36.1)
y
w1 =0, M=0, 6=0 a y=-1l.y;=0, M:O, 6 =0 a y=1.
dy dy
d& dys
&)y =0, [_j -0, (1), =o,(_j 0. @62)
( )y 1 dy y=1 (1)y +1 dy yott

The solution of Eq. (32) satisfying corresponding boundary condition (36.1) is:
00 :C5y+C6. (37)
The Equations. (33) and (34) are coupled equations and cannot be solved directly. Hence we assume:

wo=voo+Fyor and w1 =yr0+Fyar (38)
Introducing (38) into Equations. (33) and (34) we obtain:

4 2
d l//oo_AlOI voo _Cs 5,

(39)
dy4 dy2 4
Ao, A% 2 Yoo d®yo . duoo dyep |. (40)
dy* dy? yVDa dy? dy dy
d*wio , dPwio _Grdg if, . d’yo0 0 d®ug ). (41)
dy* dy? 7 dy r dy? dy?
dygy , dy i %y d®y0 dugg
——=—-A—==—|U +u -y
dy? a2 L g2 g2 T gy
d%u 2 d%yyq  dugg dy
- 21 e Ugo 210 4 QYoo A¥o |, (42)
dy y~Da dy dy dy
The boundary conditions corresponding to g, W1, W10 and yqq are:
dygo _ dugo dyo1 _ dug
woo=0. wo1=0, & dy v g at y=-1.
y y y y
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d d
l//]_O:O, 1//11:0, ﬂ=0, %=0 aty:—l.

dy y
dwoo dyo1
=0, =0, —==0, ———==0 aty=1.
Y00 Yo1 dy dy y
1% =0 7% =0 M:O %:O aty:]__ (43)
10 ' 11 ' dy ) dy
The solutions of Equations. (39)-(42) satisfying (43) under corresponding boundary conditions (36):
woo (Y)=Cry+Cg + Cgeﬂy + Cloe_my ~Kygy?- (44)
wor(Y)=C11y+Cp2 +Clseﬂy +Cl4ej/§y + Kmezﬂy ’LK17e_2\/Ey +Kyg ye\/Ey —Kyg ye—ﬂy
+K20 yZQWy — K21yzeiﬁy - K22 y3 + K23y2 . (45)

The solution of Eg. (35) introducing (21) and (38) satisfying conditions (43) is:
6 =Cisy+Cpe + ipr[(K31y +Kgp )ezﬂy +(Kagy + K34)e_2\/gy
+(Kasy® + Kggy® + Kgzy + K38)eﬁy
+(K39 y> +Kagy® + Kggy + K42)9_JEy
+Kg3y® + Kagy* +Kysy® + K46y2] : (46)
V10 = Ci7y +Cig + CroeV Y + Cope VALY 4 {(Ksly +Ksp)e?VAY +(Ksgy + Ksg)e 2R +(K55Y4 +Ksgy® +Ks7y? + KssY)e‘/Ey
+( Ksgy* +Keoy® +Kgry? + K62Y)e_ﬂy
+Keay® +Keay® +Kesy? —Kegy® - K67y2} : (47)
Y11 = Cory + Cop + CogeVAY 4 Cppe VALY 4 {K78e3ﬁy +Kyge VALY JFKBOEZ\/gy + K81‘3_2\/Ey +Kgp ye3ﬂy + K83ye_3\/gy

+Kga ye2 VA Kgs ye /Ay o Kss yeVAy Kgz ye VA +Kagy2e VALY 1 Kgey%e 2VAY 1 KooyZeVAY 4 KgyyZe VALY
+Kgp YRR K93y3€_2‘/§y +Kgg ylelAy . Koz yle VA
+Kgg yler/Ay . Ko7 yle2/Ay o K98y4eﬂy + K9>9y4€“/gy
+Kioo Vseﬁy + K101y5€7\/gy + Klozyee\/gy + Klosyeef‘/gy

7 6 5 4 3 2
—Ka0aY" —Kiosy™ —KaogY~ +Kio7y™ +Kiogy~ +Kiggy } (48)

From these solutions the first order quantities y/q and & can be expressed in the following form:

w1 =(yr +iyi) =wi0 + Ay (49)
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6 =(6 +i6h) =G0+ A611, (50)
where the suffix I' denotes the real part and i denotes the imaginary part.
Considering only the real part, the expressions for first order velocity and first order temperature become:

U = g(dd"”' Asin(Ax)- V;r cos(/lx)j
(GDv :g(—/ly/r sin(Ax)— A%y, cos(ﬂx))- (52)

Ty = £(6, cos(Ax)—Asin(Ax) &) . (53)

The entire solution for the velocity components and temperature distribution is the summation of the mean
part and the perturbed part.

IV. SHEAR STRESS
The shearing stress (Txy ) at any point in the fluid in non-dimensional form is given by:

8U av duo iAx iix

T +ge! du1+gi/1e (54)
YTy T dy oy

v (y)

Therefore, the shear stress (7, ) at the wavy wall y = —1+gcos(/1x) and the shear stress (7 ) at the

parallel flat wall ¥ =1 in non-dimensional form can be expressed as:

—) Rel eix| 970 d’y (55)
W (dy jy_l+ R({e ( ) H
and
i 2
T¢ =(dﬂj +5Re(e"1xd—l2//(l)} (56)
dy y=1 dy

V. HEAT TRANSFER RATE
The heat transfer rate in terms of Nusselt number (Nu) in non-dimensional form is given by:

Nu =ﬂ=%+gRe(ei’lx ﬂ] (57)
oy dy dy

Hence, the Nusselt number ( Nuy, ) at the wavy wall and the Nusselt number (NU ¢ ) at the flat wall in non-
Nuw=(dﬁJ +gRe( el OI9( 1)} (58)
dy y=—1

Nu =(dﬂj +5Re( el OI‘9(1)j (59)
dy Jyq

dimensional form take the form:
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VI. RESULTS AND DISCUSSION

Magnetohydrodynamic (MHD) mixed convection flow through porous medium bounded in a vertical channel
consisting of a wavy wall and a parallel flat wall is investigated analytically. In order to simulate the momentum
transfer within the porous medium, the Brinkman-Forchheimer extended Darcy model commonly known as Dracy-
Brinkman-Forchheimer model is considered. Consideration of the Darcy-Brinkman-Forchheimer model gives rise to an
additional empirical parameter (F), which is known as Forchheimer parameter (inertia constant). The numerical value
of the Forchheimer parameter (F) depends upon the porosity of the porous medium (€ ). If the porous medium consists
of concrete (ordinary mixes) or concrete (bituminous) then € lies in the range 0.02 <e<0.07 [Neild & Bejan,

2006]. When €=0.02, the value of F is found as 0.01 approximately. As such F <<1, which is used as
perturbation parameter in (21). Non-linear equations governing the motion have been solved by linearization technique,
wherein the flow is assumed to be consisting of two parts; a mean part and a perturbed part. Exact solutions are
obtained for the mean part and are expressed in (20), (25) and (26). The perturbed part is solved using long wave
approximation, which are expressed in (51)-(53). The solutions for axial velocity (u), transverse velocity (v) and
temperature distribution (T) are numerically evaluated for several sets of values of parameters.

The Forchheimer parameter (inertia constant) F, appearing in Eq. (1) is evaluated from the following empirical formula
suggested by Ergun (1952).

1.75

V1503

The effects of material parameters on the axial velocity (u), zeroth order velocity (Ug), transverse velocity (Vv),

F=

temperature distribution (T), shear-stress at the wavy wall ( z,, ); shear stress at the flat wall (75 ); rate of heat transfer

(Nusselt number) at the wavy wall ( Nu,,, ) and the parallel flat wall ( NUf ) are presented graphically and discussed.

Fig. 2] Fig20)

Curve Gr M [}
0.8 | 4.0 05 0.8
[ I 60 05
I 80 05
IV 40 10
V. 60 10
VI 80 10

00 s 00 05 10 T 00 05 10

y— y—

Fig. 2 : Effect of Grashof number (Gr) and magnetic field (M) on [a] zeroth order axial velocity (uo) and [b] total axial
velocity (u) at Da=10% 1 =0.05,F=0.01, Pr=1.0, € =0.02, y=6.0, Tr=0.5and Ax = 0.78.

Fig.-2a is intended to illustrate the effect of Grashof number (Gr) and the magnetic parameter (M) on the zeroth order
axial velocity (Ug). It is observed that the effect of increasing Grashof number (Gr) is to increase the zeroth order axial

velocity (Ug), whereas the effect of the magnetic parameter (M) is to decrease it. Also, the zeroth order axial velocity

in the vicinity of the wavy wall is more enhanced as compared to the velocity in the vicinity of the flat plate. The effect
of Grashof number (Gr) and the magnetic parameter (M) on the total axial velocity (u) is shown in Fig.-2b. It is noted
that the effect of Grashof number (Gr) and the magnetic parameter (M) on the axial velocity (u) is similar to that on the
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zeroth order axial velocity (Ug). Also, maximum magnitudes of the velocities Uy and U are recorded for maximum
value of the Grashof number (Gr) and minimum magnitude of the magnetic parameter (M).

Fig. 3(a] Fig. 3o}

“o0 s Go 05 10 0 05 00 05 10
y— y—

Fig. 3:Effect of temperature ratio (Tr < 0) on [a] zeroth order axial velocity (uo) and [b] total axial velocity (u) at Gr =

4.0, Da=10° A=0.05F=0.01,Pr=1.0, €=0.02, y=6.0and Ax =0.78.

Fig.-3a illustrates the effect of the temperature ratio parameter (Tg ) and the magnetic field parameter (M) on
the zeroth order axial velocity (U ) for the case T <O, intherange O <Tg < —1. It is observed that an increase in
the numerical value of the temperature ratio (Tg < 0) decreases the zeroth order axial velocity (Ug ) and the presence
of the magnetic field (M) also decreases it. The velocity (Ug) is positive upto half width of the channel, approximately,
from the wavy wall (y =—1), whereas reverse flow is observed in the remaining flow region. The effect of the

temperature ratio parameter (Tg ) and the magnetic field (M) on the axial velocity (u) is shown in Fig.-3b.

VII. CONCLUSION

Comparison of the effect of temperature ratio parameter of the present paper with that of steady case of Paul et al.
(2006) show that findings of the present paper are in agreement under the same physical situation of the channel walls
and the boundary conditions. From the obtained graphs, the following conclusions are drawn:

The effect of increasing Grashof number (Gr) is to increase the zeroth order axial velocity (Uq).The effect of the
magnetic parameter (M) is to decrease the zeroth order axial velocity and total axial velocity.

An increase in the numerical value of the temperature ratio T <O in the range 0 <Tg < -1 decreases the zeroth
order axial velocity (Ug) and the total axial velocity (u), whereas an increase in T increases these velocities and the
reverse flow exists. For the case T > 0 an increase in Tg increases Ug as well as u in therange 1>Tr > 0. When
Tr =0, the enhanced velocity is noted near the wavy wall and when Tg =1, the velocity increases symmetrically.
The magnitude of velocity is optimum for T =1 and minimum Tg =—1. When Tg =1, the reverse flow is noted
at the right flat wall. The effect Darcy number (Da) is to increase in the zeroth order velocity (Uq) as well as in total
axial velocity (u). For Tg =1, the temperature field is constant and is independent of the distance parallel to the y-

axis; whereas for Tg =—1, the temperature decreases at constant rate towards the y-axis.The temperature increases
with increase in the magnitude of Prandtl number.
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The shear stress (75 ) at the flat wall decreases whereas the shear stress (7, ) at the wavy wall increases as Grashof

number (Gr) increases. The effect of Grashof number (Gr) is to decrease the Nusselt number ( Nu,, ) at the wavy wall

and to increase the Nusselt number ( NU ¢ ) at the flat wall.
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