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ABSTRACT: In 2013 & 2015, the functionally Hausdorff spaces were defined and studied their various properties .
In 1968, R.M.Stephenson Jr. defined and studied the concept of Completely Hausdorff spaces in connection with to
study the Stone-Weierstrass theorem . Again in 1970 , S.Willard has defined the same concept of Completely
Hausdorff spaces in topology. In this paper, we introduce and study the concepts of completely a-Hausdorff spaces,
completely s-Hausdorff spaces , completely p-Hausdorff spaces and completely B-Hausdorff spaces in topology
analogous to the definition due to S.Willard . Also, we study some basic characterizations of completely Hausdorff
spaces in this paper.

KEYWORDS: semiopen sets, preopen sets, a-open sets ,3-open sets , semicontinuity,precontinuity, a-continuity, j3-
continuity, CH-spaces , FH-spaces , t,-topology and semi-regular spaces

. INTRODUCTION

In 1968 , R.M.Stephenson Jr. [50] defined the concept of completely Hausdorff spaces (we denote them as CH-
spaces) and studied the Stone-Weierstrass theorem by defining CH-closed spaces and shown that a CH-space is Stone-
Weierstrass iff it is CH-closed space .In 1970 , S.Willard [54 ] introduced the same concept of CH-spaces. In 1971,
Asit B.Raha [45] introduced and studied the some more properties of CH-closed spaces and CH-closed extensions .In
1979 , R.A.Herrmann [21] studied the CH-spaces and shown that a CH-closed space is H-closed iff it is nearly
compact iff it is almost completely regular . In 1984 , Garg & Sivaraj [20] studied some properties of CH-spaces. In
1985 , M.Mrsevic et al [34] have studied many semiregularization properties of FH-spaces . In 1986 , C.Dorsett [13]
studied some basic properties of CH-spaces and shown that CH-space satisfy semitopological property , also CH-
spaces generalized to weakly CH-spaces. Latter, in 2013 and 2015, Sami Lazaar [24] and A.Dehghani etal [12 ]
defined the concept of functionally Hausdorff spaces (we denote them as FH-spaces) and studied their various
properties in topological spaces. In [12&24] , respectively , among other results obtained that : (i) Characterize
topological spaces for which FH-reflection is a spectral space ; (ii) A Tychonoff space implies FH-space implies
Hausdorff space & (iii)Every locally connected FH-space is c-resolvable. In the literature of topological spaces,
notions of CH-spaces and FH-spaces are treated as same concepts. The purpose of this paper is to introduce and study
the concepts of CaH-spaces, CsH- spaces , CpH-spaces and CBH- spaces in topology analogous to the definition due
to S.Willard[54] . Also, we study some basic character-rizations of CH- spaces in this paper.

II.LPRELIMINARIES

Throughout this paper, X and Y always mean topological spaces (or simply spaces) on which no separation axiom
is assumed unless explicitly stated. The closure and the interior of a set A is denoted by CI(A) and Int(A) ,
respectively. R and | denotes respectively , the set of reals and the unit interval [0,1].

Definition 2. 1 : A subset A of aspace X is said to be :
(1 semiopen [25] set if A — ClInt(A) .
(i) preopen [31] set if A  Int CI(A).
(iii) a-open [41] set if A < Int Cl Int (A).
(iv) B-open[1] set if Ac ClI Int CI(A).
The complement of a semiopen (resp.preopen , o-open , -open ) set is called a semiclosed [8] (resp. preclosed
[15], a-closed[ 32], B-closed [2] ) set of X..

Definition 2.2: A function f: X—Y is said to be :

() a-continuous [32 ] if for each open set V in Y, f1(V) is a-open in X .
(i) semi-continuous [25 ] if for each open set V in Y, f*(V) is semi-open in X .
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(iii) pre-continuous [ 31]if for each open set VV in Y, f*(V) is pre-openin X .

(iv) B-continuous [1] if for each open set V in Y, £1(V) is p-openin X .

(v) pre-a-open [11]if for each a-open set U in X ,f(U) is a-open setin.

(vi) pre-o-closed[11 ] if for each a-closed set F in X ,f(F) is a-closed setin'Y.

(vii) pre-B-open [26 ] if for each B-open set U in X ,f (U) is B-open setin.

(viii) pre-B-closed [26 ] if for each B-closed set F in X ,f(F) is B-closed setin'Y.

(ix) presemiopen [ 10] if for each semiopen set U in X ,f (U) is semiopen setinY.
(vii) presemiclosed [19 ] if for each semiclosed set F in X ,f(F) is semiclosed setin'Y.
(x) M-preopen[33 ] if for each preopen set U in X ,f (U) is preopen setin'.

(xi) M-preclosed [ 33] if for each preclosed set U in X ,f (U) is preclosed setin.

DEFINITION 2.3 : A space X is said to be :

(i) p-completely regular [29] ( resp. s-completely regular[28] , a-completely regular [37], B-
completely regular[36]) if for each closed set F and each point x € (X \ F), there exists
a precontinuous ( resp.a semicontinuous , an a-continuous , a f-continuous ) function
f: X—[0,1] suchthat f(x) =0 and f(y) =1 foreachye F.

(if)submaximal [9] if every dense subset of it is open (i.e. if PO(X) = t [46]).

(iif)an extremally disconnected ( E.D.) [55 ] if closure of each open set is openinit (i.e. if A e
1 for each A € RF(X) [23]).

(iv)PS-space [4] if every preopen set of X is semiopen in X.
(V)a-space [16] if every a-open set of X is open in X(i.e. T = aO(X)).
Lemma 2.4 [ 3] : If (X,r) is submaximal and E.D. space ,then t = BO(X,1).

Definition 2.5[55] : A space X is completely -Hausdorff (CH) if and only if whenever x =y in X | there is a
continuous f: X—[0,1] with f(x)= 0 and f(y)=1.

Definition 2.6 [24] : A space X is functionally -Hausdorff (FH) if for any two distinct points x and y in X, there is a
Urysohn function for {x} and {y} (we say that x and y are functionally separated or completely separated)

Definition 2.7[48 ]. A space X is called almost completely regular if for each regular closed set closed set F in X and
for a point xe X-F, there exists a continuous function f : X—[0,1] such that f(x)=0 and f(y) = 1 for each yeF.
Definition 2.8 [53] : A Hausdorff space X is called H-closed if every open cover of X has a proximate subcover.

Definition 2.9 [49] : A space X is called nearly compact if every open cover of X has a finite subfamily , the interiors
of the closures of whose members cover X.

Lemma 2.10[30] : If A is preopen set in X and B is an a-open set in X, then AnB is an a-open set in the subspace
(A,‘C|A).

Lemma 2. 11[47] : If A is semiopen set in X and B is an a-open set in X, then AnB is an a-open set in the subspace
(A,‘C|A).

Result 2.12[1]: Let X be a space and A and U be subsets of X,If UeaO(X) and AcBO(X) then AnU €BO(V).
Lemma 2.13[4] :For a space X the following conditions are equivalent :

(i) XisE.D.-space

(if) every semiopen subset is preopen

(iii) every semiopen subset is a-open

(iv) every B-open subset is preopen
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Lemma 2.14[4] :For a space X the following conditions are equivalent :
(i) Xis PS-space

(if) every preopen subset is semiopen

(iii) every B-open subset is semiopen

(iv) every preopen subset is a.-open

Theorem 2.15 [22 & 35]: Inan E.D.-space and submaximal-space X , then
1=a0(X) =SO(X) =PO(X)=LO(X).
Lemma 2.16 [ 5 &7] : Let X be a topological space .The following properties are satisfied .
(()SO(X,1) = SO(X,74) ; SF(X,1) = SF(X,1q) ;
(if) PO(X,1) = PO(X,1,) ; PF(X,7) = PF(X,1.);
(ii)RO(X,1) = RO(X,1,) ; RF(X,1) = RF(X,10).
Lemma 2.17[ 6 & 18] : Let X be a topological space .The following properties are satisfied .
(i))SPO(X,7)(i.e BO(X,1) =SPO(X,1,) (i.e. BO(X,ty) ;
(i) SPF(X,t)(i.e BF(X,t) = SPF(X,1,) (i.e. BF(X,to) ;
Lemma 2.18 [41] : Let (X,t) be a topological space.Then,
(i) t, isatopologyonXand tc 1.
(i) (to)a = Ta:
(iii)Topological spaces (X,t) and (X,t,, ) have the same class of semiopen sets ;
(iv)Let o be any topology on X such that SO(X,c) = SO(X,t) .Then,c c 1, .

I11.CH - SPACES
We , follow the [ 55, p.99 14G] definition :

Definition 3.1[55] : A space X is called completely -Hausdorff (in brief , CH) if and
only if whenever x =y in X , there isa continuous f: X—[0,1] with f(x) =0 and f(y) =1.

Lemma 3.2 : Every CH-space is Hausdorff space.
Proof : Let p, g € X with p = g. Since X is CH-space, then there is a continuous function f:X—[0,1] such that f(p) =
0 and f(q) = 1.

As ([0, %) =U and FY( (%, 1]) =V are open sets in X such that peU and qeV. So, X is Hausdorff space.

A space X is called a completely regular if for each closed set A of X and a point pg A, there is a continuous
function f: X —[0,1] such that f(p) = 0 and f(q)= 1 for each qeA.

It isclear inview of Ex.113in [54] that if aspace X is Hausdorff E.D.-space then it is CH-space.

It is well known that a completely regular T;-space is called Tychonoff space and every singleton set is closed
in a Ty-space.

Next , we prove the following.
Lemma 3.3 : Every Tychonoff space is CH- space.
Proof : Let p,g eX with p = g and X is Tychonoff space. . As X is T;-space , singleton set {q} is closed for each
geX. Hence , {q} = A (say) and pgA . Also, X is completely regular space, there is a continuous function f:X
—[0,1] such that f(p) =0 and f(g) =1 foreach qeAi.e., f(g) = 1. Hence, X is CH space.
Remark 3.4 :In fact, if f:X—Y is continuous and A is a subspace of X , then f/A :A—Y is also continuous.
So, we state the following inview of. above Remark-3.4 :
Theorem 3.5 : Every subspace of a CH- space X is CH.

In 1984 , Garg & Sivaraj [20 ] proved that a space (X, t) is CH iff (X, t,) is CH.
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In a space (X,t) , a set A is called regular open if A = Int CI(A) and regular closed if A=ClInt(A). The family of all
regular open sets of X is denoted by RO(X). Since the intersection of two regular open sets is regular open , so the
family of regular open sets forms a base for a smaller topology 7, on X as t;  t, called the semi-regularization of t.
The space X is called (X,t) is said to be semi-regular if t, = t. Any regular space is semi-regular and | = [0,1] is
regular . See , M.Mrsevic et al [34] and S.Psyk [44 ] both studied for semi-regularization topologies in the literature.

In 1985, Mrsevic et al [ 34] proved that (X,t) is FH-space iff (X,t;) is FH.

In 1986, C.Dorsett [13] proved that the CH-space is both a semi-topological property and a r-property. Also,
generalized CH-space to weakly CH-space. Thus , we have the following :

Definition 3.6 [13] : A space X is called weakly completely Hausdorff ( in brief , wCH ) if and only if for each pair
X,y € X with C{x} = Cl {y}, there is a continuous function f : X—[0,1] such that f( CI{x}) = 0 and f (CI{y}) = 1.

Remark 3.7 [13] : (i) Every CH-space implies wCH
(ii) If (X,1) is wCH-space then (X,ts) is WCH.

In 1961 , Z.Frolik has proved the following result.
Lemma 3.8[17] : If f:X—Y is an open ,closed surjection map and ¢ :X—[0,1] is a continuous map, then the map
v:Y—[0,1] given by y(y)= Sup{o(x)| xef*(y)} for each yeY , is continuous . See also p.96 Ex.16 in [14] & p.142
Lemmato Th.4.4.2 in [27]
Theorem 3.9: If f: X—Y be closed, open bijective function froma CH-space X onto aspace Y, thenY is CH.
Proof : Let f :X—Y be open closed bijective function and X isa CH-space. Let p,q €Y be two distinct points . Let X,y
eX be two points such that f(x) = p and f(y) = q .Then , xe (p) and yef’(q) implies that x = y since p and q are
distinct points in Y.Since X is CH-space, there is a continuous function ¢ : X —[0,1] such that ¢(x) = 0 and ¢(y) =
1.Now , let y :Y—>[0,1] be a function defined by y(p) = Sup{¢d(x)| xe (p)} for every pe Y . Then , y is continuous
function by Lemma-3.8 . Clearly , w(p) = 0, since ¢(x) =0 & xe f*(p) and as f(y)=q and ¢(y) = 1 hence y(q) =
Sup{d(y)| ye f(q)} for every q €Y , implies that y(q) =1 . Therefore , Y is CH.

IV. CaH-SPACES
We define the following.

Definition 4.1: A space X is called a-Hausdorff if for any two distinct points x,y of X, there exist disjoint a-open
sets U and V such that xeU and yeV.

Definition 4.2 : A space X is called completely -a-Hausdorff (in brief, CaH ) if for every pair of distinct points x
and y of X, there exists a o-continuous function f: X—[0,1] such that f(x) =0 and f(y) =1.
Clearly, every CH- space is CaH .

Lemma 4.3 : Every CaH-space is a-Hausdorff space.
Proof: Letp, g € X with p = g. Since X is CaH-space, then there is a a-continuous function f:X—[0,1] such that
f(p) = 0 and f(q) = 1.
As f1([0, %) = U and f'( (%, 1]) =V are a-open sets in X such that peU and qeV. So, X is a-Hausdorff
space.
In view of Lemma-2.18 above , we state the following.
Theorem 4.3 : A space (X, t,) is CaH iff (X, 14,) is CaH.

We , define the following analogous to Def. -3.6 above.

Definition 4.4 : A space X is called weakly completely o- Hausdorff (in brief, wCaH) if only if for each pair x,y €
X with C{x} = ClI {y}, thereis a a-continuous function f : X—[0,1] such that f( CI{x}) = 0 and f (CI{y}) = 1.
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Clearly, every wCH- space is wCaH and every CaH-space is wCaH-space.
Theorem 4.5 :Every preopen subspace of a CaH-space X is CaH.

We define the following.
Definition 4.6 : A space X is called a-Tychonoff if it is a-completely regular T;-space.
Lemma 4.7 : Every a-Tychonoff space is CaH- space.

Proof : Let p,q eX with p=qand X is a-Tychonoff space. As X is T;-space , singleton set {q} is closed for each
geX. Hence, {g} = A (say) and pgA . Also, X is a-completely regular space, there is a a-continuous function f:X
—[0,1] such that f(p) =0 and f(q) =1 foreachqgeAi.e., f(q) =1. Hence, X is CaH space.

The following three results were proved in [ 40].
Lemma 4.8 : A function f: X—Y from a space X intoaspace Y is a-continuous iff the inverse image of each
member of a basis for the topology of Y is a-open in X.
Lemma 4.9 : Let X be an a-space .Then a function f: X—Y is a-continuous iff the inverse image of each member
of subbasis for the topology of Y is a-open in X.
Lemma 4.10 : If f: X — Y be a pre-a-open , pre-o-closed surjection from a space X onto an a-space Y.Let
$:X—[0,1] is a a-continuous function .If vy :Y—[0,1] is a function defined by y(y) = Sup{$(x) | xef(y)} for each
yeY , then y is a-continuous.

In view of Lemma-4.10 above , we prove the following.

Theorem 4.11: If f: X—>Y be pre-a-closed , pre-a-open bijective function from a CaH-space X onto an a-space
Y ,then Y is CaH.

Proof : Let f :X—Y be pre-a-closed , pre-o-open bijective function and X is a CaH-space.Let p,q €Y be two distinct
points . Let X,y X be two points such that f(x) = p and f(y) = q .Then, xe f*(p) and yef(q) implies that x=y since p
and q are distinct points in Y.Since X is CaH-space, there is a a-continuous function ¢ : X —[0,1] such that ¢(x) =0
and ¢(y) = 1. Now, let y :Y—[0,1] be a function defined by y(p) = Sup{®(x)| xe £'(p)} for every pe Y . Then , y is
a-continuous function by Lemma-4.10. Clearly , w(p) = 0, since ¢(x) =0 & xe f'(p) and as f(y)=q and ¢(y) =1
hence w(q) = Sup{d(y)| ye f'(q)} for every q €Y , implies that y(q) =1 . Therefore , Y is CaH.

V. CsH - SPACES
We define the following.

Definition 5.1: A space X is called s-Hausdorff if for any two distinct points x,y of X , there exist disjoint s-open sets
U and V such that xeU and yeV.

In view of Lemma -2.16 (i) one can prove the following.
Theorem 5.2 : (X,t) is s-Hausdorff space if and only if (X,z, ) is s-Hausdorff.
We define the following.

Definition 5.3 : A space X is called completely s-Hausdorff (in brief, CsH)if for every pair of distinct points x and y
of X, there existsa semicontinuous function f: X—[0,1] such that f(x) =0 and f(y) =1.

Clearly, every CH-space is CsH .
Lemma 5.4 : Every CsH-space is s-Hausdorff space.

Proof: Letp, q € X with p = g. Since X is CsH-space, then there isa semicontinuous function f:X—[0,1] such that
f(p) = 0 and f(q) = 1.
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As f1([0,%2) = U and fY( (%, 1]) =V are semiopen sets in X such that peU and qeV. So, X is s-Hausdorff
space.

We define the following.
Definition 5.4 : A space X is called s-Tychonoff if it is s-completely regular T;-space.
Lemma 5.5 : Every s-Tychonoff space is CsH- space.

Proof : Let p,q eX with p=qand X iss-Tychonoff space. . As X is T;-space , singleton set {q} is closed for each
geX. Hence, {q} = A (say) and pgA . Also, X is s-completely regular space, there is a semicontinuous function
f:X —[0,1] such that f(p) =0 and f(q) =1 foreachqeA i.e., f(q) =1. Hence, X is CsH space.

We , define the following analogous to Def. -3.6 above.

Definition 5.6: A space X is called weakly completely s- Hausdorff (in brief, wCsH) if only if for each pair x,y € X
with CI{x} = Cl {y}, there is a semi-continuous function f : X—[0,1] such that f( CI{x}) =0 and f (CI{y}) = 1.

Clearly, every wCH- space is wCsH and every CsH-space is wCsH-space.
Theorem 5.7 :Every open subspace of a CsH- space X is CsH.

Proof : Let X be a CsH- space and Y be an open subspace of X. Let p and q be two distinct points of Y. Since Y < X,
sop,q e Xwithp=q.As Xis CsH- space , there exists a semicontinuous function f : X—.[0,1] with f(p)= 0 and f(q)
=1 .Since the restriction of a semicontinuous function to an open subspace is semicontinuous by Th.3 of [42], so it
follows that the function f/Y :Y—[0,1] is semicontinuous such that (f/Y)(p)=21and (f/Y)(q) =0. Hence, Y is
completely —s-Hausdorff space.

The following three results were proved in [28].
Lemma 5.8 : A function f: X—Y from a space X into aspace Y is semicontinuous iff the inverse image of each
member of a basis for the topology of Y is a-open in X.
Lemma 5.9 : Let X be an E.D.-space .Then a function f: X—Y is semicontinuous iff the inverse image of each
member of subbasis for the topology of Y is semi-open in X.
Lemma 5.10 : If f:X—Y be a presemiopen and presemiclosed function from a space X onto an E.D.space Y. Let
¢ :X—[0,1] be a semicontinuous function.If y: Y—[0,1] be a function defined by y(y) = Sup{d(x) | xef?*(y)} for each
yeY , then y is semicontinuous.

We , state the following in view of Lemma-5.10 above .

Theorem 5.11 : If f: X—Y be presemiclosed presemiopen bijective function from a CsH- space X onto an E.D.
space Y, then Y is CsH.

VI. pH - SPACES
We define the following.

Definition 6.1 : A space X is called p-Hausdorff if for any two distinct points x,y of X, there exist disjoint p-open sets
U and V such that xeU and ye V.

In view of Lemma -2.16(ii) , one can prove the following.
Theorem 6.2 : (X,t) is p-Hausdorff space if and only if (X,z, ) is p-Hausdorff.
We define the following.

Definition 6.3 : A space X is called completely p-Hausdorff (in brief , CpH) if for every pair of distinct points x and y
of X, there exists a precontinuous function f; X—[0,1] such that f(x) =0 and f(y) =1.
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Clearly, every CH-space is CpH .
Lemma 6.4 : Every CpH-space is p-Hausdorff space.
Proof is on similar lines of Lemma-5.4
We recall the following.
Lemma 6.4 [ T.Noiri 1998] : If Y is an open subspace of a space X and A € PO(X), then AnY e PO(Y).
We prove the following.

Lemma 6.5 : If f :X—Y is precontinuous and U is an open subspace of X, then the restriction f/U: U — Y is
precontinuous.

Proof : Let V< Y be an open set, so f1(V) e PO(X). Since U is an open subspace of X, we have by Lemma-6.4 , f*(V)
A U = (flUY}(V) e PO(U). Therefore , f/U : U—Y is precontinuous.

Theorem 6.6 :Every open subspace of a CpH- space X is CpH.
Proof : Let X be a CpH-space and U be an open subspace of X. Let p and q be two distinct points of U. Since U <
X, s0p,g e Xwithp=q.As X is CpH-space , there exists a precontinuous function f : X—.[0,1] with f(p)= 1 and f(q)
=0 .Since the restriction of a precontinuous function to an open subspace is precontinuous by Lemma-6.5 above , so
it follows that the function f/U :U—[0,1] is precontinuous such that (f/U)(p) =0 and (f/U)(q) =1. . Hence, U
is CpH-space.

We recall the following.
Lemma 6.7 [30] : If V ePO(X) and U € SO(X) ,then U NV e PO(U).

In view of Th.2.1 of [30], one can prove the following.
Theorem 6.8 :Every semiopen subspace of a CpH-space is CpH.

We define the following.
Definition 6.9 : A space X is called p-Tychonoff if it is p-completely regular T;-space.
Lemma 6.10 : Every p-Tychonoff space is CpH- space.
Proof : Let p,g eX withp=qgand X is p-Tychonoff space. . As X is T;-space , singleton set {q} is closed set for each
geX. Hence, {q} = A (say) and pgA . Also, X is p-completely regular space, there is a precontinuous function f:X
—[0,1] such that f(p) =0 and f(g) =1 foreachqeAi.e., f(g) = 1. Hence, X is CpH space.

We , define the following analogous to Def. -3.6 above.

Definition 6.11 : A space X is called weakly completely p- Hausdorff (in brief, wCpH) if only if for each pair x,y
X with CI{x} = Cl {y}, there is a pre-continuous function f : X—[0,1] such that f( CI{x}) =0 and f (CI{y}) = 1.

Clearly, every wCH- space is wCpH and every CpH-space is wCpH-space.

The following three results were proved in [29].
Lemma 6.12 : A function f: X—Y from a space X into a space Y is precontinuous iff the inverse image of each
member of a basis for the topology of Y is preopen in X.
Lemma 6.13: Let X be an submaximal.-space .Then a function f: X—Y is precontinuous iff the inverse image of
each member of subbasis for the topology of Y is preopen in X.
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Lemma 6.14 : Let f:X—Y be an M-preopen and M-preclosed surjective function from a space X onto an submaximal
space Y.Let ¢ :X—[0,1] be a pre-continuous function .If y :Y—[0,1] is a function defined by y(y) = Sup{¢(x) | xef
Y(y)} for each y €Y, then v is precontinuous .

We , state the following in view of Lemma-6.14 above .

Theorem 6.15 : If f: X—Y be M-preclosed,M-preopen bijective function froma CpH-space X onto an submaximal
space Y, then Y is CpH.

VII. CBH- SPACES
We define the following.

Definition 7.1 : A space X is called p-Hausdorff if for any two distinct points x,y of X, there exist disjoint 3-open sets
U and V such that xeU and yeV.

In view of Lemma — 2.17, one can prove the following.
Theorem 7.2 : (X,t) is B-Hausdorff space if and only if (X,t, ) is B-Hausdorff.

Definition 7.3 : A space X is called completely -B-Hausdorff (in brief , CBH) if for every pair of distinct points x and y
of X, there exists a B-continuous function f: X—[0,1] such that f(x)= 0 and f(y) =1.

Clearly, every CH-space is CBH .
Lemma 7.4 : Every CBH-space is B-Hausdorff space.
Proof is on similar lines of Lemma-5.4
Theorem 7.4 :Every «-open subspace of a CBH- space X is CBH.
We define the following.
Definition 7.5 : A space X is called B-Tychonoffif it is f-completely regular T;-space.
Lemma 7.6: Every B-Tychonoff space is CBH- space.
Proof : Let p,g eX with p = gand X is B-Tychonoff space. . As X is T;-space , singleton set {q} is closed set for
each geX. Hence , {q} = A (say) and pgA . Also, X is B-completely regular space, there is a - continuous function
f:X —[0,1] such that f(p) =0 and f(q) =1 foreachqeAi.e., f(q) =1. Hence, X is CBH space.

We , define the following analogous to Def. -3.6 above.

Definition 7.7 : A space X is called weakly completely B- Hausdorff ( in brief, wCBH) if for each pair x,y € X with
Cl{x} = CI {y}, thereis a B-continuous function f : X—[0,1] such that f( CI{x}) =0 and f (CI{y}) = 1.

Clearly, every wCH- space is wWCBH and every CBH-space is wCBH-space.

The following three results were proved in [39].
Lemma 7.8 : A function f: X—>Y from a space X into aspace Y is PB-continuous iff the inverse image of each
member of a basis for the topology of Y is B-open in X.
Lemma 7.9 : Let X be an submaximal & E.D. -space .Then a function f : X—>Y is B-continuous iff the inverse
image of each member of subbasis for the topology of Y is B-open in X.
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Lemma 7.10 : Let f:X—Y be an pre-B-open and pre-B-closed surjective function from a space X onto an submaximal
& E.D.- space Y.Let ¢ :X—[0,1] be a B -continuous function .If y :Y—[0,1] is a function defined by w(y) = Sup{d(x)
| xef'(y)} for each y €Y, then y is B-continuous .

We , state the following in view of Lemma-7.10 above .

Theorem 7.11: If f: X—>Y be pre-p-closed, pre-B-open bijective function froma CBH-space X onto an
submaximal & E.D.-space Y, then Y is CBH.

VIII. CONCLUSIONS

Remark 8.1 : In view of Def. 2.3 (v), we have
CH-spaces & CaH-spaces are coincide each other in an a-space .
Remark 8.2 : In view Def. 2.3 ((ii) , we have :
CH- spaces & CpH-spaces are coincide each other in an submaximal space,
Remark 8.3 : In view of Lemma -2.4 above , we have :
CH-spaces and CpBH-spaces are coincide each other in an E.D and submaximal space. ,
Remark 8.4 : Since every a-open set — preopen set — 3-open set , so we have :
CaH- space — CpH-space — CBH-space.
Remark 8.5 : Since every a-open set — semiopen set — B-open set , so we have :
CaH- space — CsH-space — CBH-space.
Remark 8.6 : In view of Lemma -2.13 above, we have :
(i Every CsH-space implies CpH.
(i) Every CsH-space implies CoH.
(iii) Every CBH-space implies CpH.
Remark 8.7 : In view of Lemma-2.14 above , we have :
0] Every CpH-space implies CsH.
(i) Every CBH-space implies CsH.
(iii) Every CpH-space implies CaH.
Remark 8.8 : In view of above Lemma — 2.15 , we have : CH- space X, CaH- space X, CsH- space X, CpH- space X
and CBH- space X coincide each other.
Finally, we state that there is a lot of scope to work on each of the concepts like - wCaH-spaces, wCsH-spaces ,
wCpH-spaces and wCBH-spaces.
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