e-ISSN: 2313-8753 | p-ISSN: 2347-6710

International Journal of Innovative Research in
SCIENCE | ENGINEERING | TECHNOLOGY

INTERNATIONAL JI,JURNQI.
OF INNOVATIVE RESEARCH

IN SCIENCE | ENGINEERING | TECHNOLOGY

Volume 10, Special Issue 2, December 2021

INTERNATIONAL
' ‘SD\NI)ARD
.\ \S[Rm Impact Factor: 7.569

NUMBER
INDIA

L] 9940572 462 {© 6381907 438 = jjirset@gmail.com @ www.ijirset.com



International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

ﬂ 1? S || e-ISSN: 2319-8753, p-ISSN: 2320-6710] www.ijirset.com | Impact Factor: 7.569| || Volume 10, Special Issue 2, December 2021 ||

J I Rs E 4™ International Conference on Emerging Trends in Science, Technology and Mathematics [ICETSTM <2021]

15" & 16" September 2021
Organized by

Department of Computer Science, Parvathy's Arts and Science College, Dindigul, Tamilnadu, India

Regular Sets in Generalised Topological Space

Dr.P.Thamil Selvi', P.Kavitha %, G.M. Kohila Gowri’
Assistant Professor, Department of Mathematics, Parvathy’s Arts and Science College , Madurai Kamaraj University,

Dindigul, Tamil Nadu, India"*"

ABSTRACT: We define and study regular and locally closed sets in generalized topological spaces.
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LINTRODUCTION

In 1975, A. Csaszar defined and studied regular sets in generalized topological spaces. In Section 2, we define
various kinds of regular sets and discuss their properties. Section 3 is devoted to the study of locally closed sets in
generalized topological spaces.

IL.LPRELIMINARIES

We recall some notion of the essential concepts needed in the following. A nonempty family A of subsets of a set X
is said to be a generalized topology [3] if @ € A and an arbitrary union of elements of A is again in A. The pair (X, A) is
called a generalized topological space and elements of A are called A-open sets. A € X is A-closed if X — A is A-open.
By a space (X, A), we always mean a generalized topological space. If X € A, (X, A) is called a strong generalized
topological space. In a space (X, M), if A is closed under finite intersection, (X, A) is called a quasi-topological space [4].
Clearly, every strong quasi topological space is a topological space. For A c X, C;(4) is the smallest A-closed set
containing A and i;(A) is the largest A-open set contained in A. Moreover, X — C;(A4) = iy (X — A) or every subset A
of X.

Lemma 2.1. If (X, A) is a quasi-topological space, then the following hold. (a) If A and B are A-open sets, then A N B
is a A-open set [7, Theorem 3.1].

() iz(A N B)=1i3(A) N iy(B) for every subsets A and B of X [5, Theorem 3.2].

(c) C3(A U B) = C;(A) U Cy(B) for every subsets A and B of X [7, Theorem 3.3(b)].

Lemma 2.2. If (X, A) is a quasi-topological space, then the following hold. (a) i;(A U F) c i3(A) U F where F is A-
closed [8, Theorem 2.1(c)]. (b) C3(A U F) = C3(A) U F where F is A-closed [8, Theorem 2.1(d)].

III. REGULAR SETS IN GTS

Let (X, A) be a space and A c X. Let a, o, 7, f be defined as in [3]. A is said to be a-regular (resp. c-regular, n-
regular, B-regular ) if A = i;C;i3(A) (resp. A = Cyi3(A), A =1i;C1(A), A = C3i;C3(A)). Clearly, if £ € {0, o, 7, B} and A
c X, then A is &-regular implies that A is &-open. A subset A of X is said to be &-clopen if A is both &-open and &-
closed. The following Theorem 2.1. gives the relation between n-regular sets and a-regular sets. Theorem 2.2 gives the
relation between c-regular sets and B-regular sets.

Theorem 3.1. Let (X, A) be a space and A c X. Then A is a n-regular set if and only if A is an a-regular set.

Proof. Suppose that A is a m-regular set. Then A = i3C;(A) which implies that A is p-open and so A = i;C;i;(A).
Therefore, A is an a-regular set. Conversely, suppose A is an a-regular set. Then A = i3C;i3(A). This implies that
i1C1(A) = i3 Chi3Chi(A) = i3, C1i3(A) = A and so A = i,C;(A). Therefore, A is a n-regular set.

Theorem 3.2. Let (X, ) be a space and A c X. Then A is a o-regular set if and only if A is a B-regular set.

Proof. Suppose that A is a o-regular set. Then A = C;i;(A) and so A is A-closed. Therefore, A = C3i;(A) = C3i,C1(A)
which implies that A is a B-regular set. Conversely, suppose that A is a B-regular set. Since A is a A-closed set, we have
A = C3i3C1(A) = Cyi(A). Therefore A is a y-regular set.

The following theorem characterizes 6-regular sets and o-clopen sets of generalized topological spaces.
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Theorem 3.3. Let (X, L) be a space and A c X. Then the following hold.

(a) A is o-regular if and only if A is c-open and p-closed if and only if A is 5-open and n-closed. (b) A is o-clopen if
and only if A = C,i,,(A).

Proof. (a) If A is y-regular, then clearly, A is c-open and A-closed which implies that A is y-open and n-closed.
Suppose A is y-open and n-closed. Then A € Ci;(A) and C;i;(A) € A. Hence A = C,i;(A) which implies that A is c-
regular.

(b) If A is y-open and y-closed, then clearly, A = C,i,,(A). Conversely, suppose A = C,i,,(A). Then A is y-closed. Also
A=Cyi, (A) € G, (A) = C3ix(A), by Lemma 2.4(f) of [7] and so A is y-open. Hence A is y-clopen.

The following theorem characterizes B-regular sets and -clopen sets of generalized topological spaces.

Theorem 3.4. Let (X, A) be a space and A € X. Then the following hold.

(a) A is B-regular if and only if A is f-open and A -closed if and only if A is B-open and a-closed.

(b) Ais B-clopen if and only if A = CpigCp(A).

Proof. (a) Similar to Theorem 2.3(a).

(b) If A is B-clopen, then clearly, A = CgigCg(A). Conversely, suppose A = CgigCg(A). Then A is B-closed. Also, A
ChigCs(A) < ChigCi(A) © (1ixCi(A), since iB(A) € A N (3i3C3(A) by Lemma 1.1 of [2]. Hence A is f open which
implies that A is B-clopen.

Let (X, A) be a space. Let § € {m, ¥, a, B}. X is said to be extremally &-disconnected if the &-closure of every &-open set
is &-open. The following theorem characterizes m-regular sets and m-clopen sets of generalized topological spaces.
Example 2.6 below shows that the condition extremally n-disconnected in Theorem 2.5(b) cannot be dropped.

Theorem 3.5. Let (X, A) be a space and A € X. Then the following hold.

(a) A is m-regular if and only if A is m-open and y-closed.

(b) If (X, A) is extremally n-disconnected, then A is n-clopen if and only if A = i;C,(A).

Proof. (a) A is n-regular if and only if A = i;C;(A) if and only if A € i;C;(A) and A D i3C;(A) if and only if A is 7-
open and A is o-closed.

(b) If A is m-clopen, then clearly, A = i,C,(A). Conversely, suppose A =i,C, (A). Then A is m-open. Since X is
extremally m-disconnected, C,(A) is m-open and so i;C,(A) = C;(A) which implies that A = C(A). Therefore A is 7-
closed and hence A is m-clopen.

Example 3.6. Let X = {a, b, ¢} and p= 0,X, {a}, {b}, {a, b} . Then n(X) = @, {a}, {b}, {a, b},X . Since {a} is m-open
but C, {a} = {a, ¢} is not w-open, (X, A) is not extremely n-disconnected. But {a} =i,C,{a} and is not n-clopen.

The following theorem shows that the intersection of two m-regular sets is again a n-regular set. Corollary 3.8 follows
from Theorem 3.1. Example 3.9 below shows that the intersection of y-regular sets (resp. p-regular sets) need not be a
y-regular (resp. B-regular) set. Example 3.10 below shows that the intersection of two m-clopen sets is not a m-clopen
set even if the generalized topology is strong and extremally disconnected.

Theorem 3.7. Let (X, A) be a quasi-topological space and A,B  X. Then, the intersection of two n-regular sets is a 7-
regular set.

Proof. Let A and B be two n-regular sets. Then A = i,C;(A) and B = i;,C;(B). Then A and B are p-open and so ANB is
p-open, since (X, A) is a quasi-topological space. Therefore, AN B =1i3(A N B) c (;i;(ANB)andso AN B c
iC1i2(A N B) C i3C3(A N B). Again, i;C;(A N B) € i;C3(A) N i;C;(B) =A N B. Thus A N B =i;C;(A N B) which
implies that A N B is n-regular.

Corollary 3.8. Let (X, A) be a quasi-topological space and A € X. Then, the intersection of two a-regular sets is an o-
regular set.

Example 3.9. Let X =R, with the usual topology. If A =[—1, 0] and B = [0, 1], then A and B are 5-regular but A N B =
{0} is not o-regular. By Theorem 3.2, it follows that the intersection of two B-regular sets need not be a f-regular set.
Example 3.10. Let X = {1,2,3,...n} and un= {@,X} UA € X|A=X— {i} for some i € X . Then (X, A) is not a quasi-
topological space such thatw = {@,X} UA C X ||A|>1.IfA={1,2} and B = {1, 3}, then A and B are n-clopen sets
but A N B = {1} is not a n-clopen set.
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IV. MORE ON A -LOCALLY A -REGULAR SETS

Let (X, A) be a generalized topological space, and & € {u, a, o, m, B}. A subset A of a generalized
topological space (X, A) is said to be p-locally &-regular [6] if A =U N S where U is p-open and S is &-regular. A is
said to be p-locally &-closed if A =U N S where U is p-open and S is &-closed. In this section, we discuss the properties
of p-locally &-regular and p-locally &-closed sets.

Theorem 4.1. Let (X, A) be a space and A c X. If (X, A) is strong and A is &-closed, then A is p-locally &-closed.
Proof. If (X, A) is strong, then X is p-open and so A =X N A, which implies that A is p-locally &-closed.

Theorem 4.2. Let (X, 1) be a space and A C X. Then the following hold.

(a) Aisa A-locally y- regular set if and only if A is A- locally - regular.

(b) AisaA-locally a- regular set if and only if A is A- locally ©- regular.
Proof. The proof follows from Theorem 3.1 and Theorem 3.2.

It is well known that every y- closed set is a 8- closed set. The following Theorem 4.3 shows that the converse
holds for A- locally y- closed sets in a quasi — topological space. Example 4.4 below shows that the condition quasi-
topological space on the space cannot be dropped.

Theorem 4.3. Let (X, 1) be a quasi-topological space and A € X. If A is a B-closed set and a A-locally y-closed set,
then A is a y-closed set.

Proof. Suppose that A is B-closed and A-locally y-closed. Then i;c;i;(A) € A = U N S where U is A- open and S is y-
closed. Therefore, ijc;(S) € S which implies that i;c;(S) € i3(S). Now i;¢;(A) = i1;(UNS) cizeU)n
i (S) € i (U) Ni(S) =i ((U)Niy(S)) by lemma 2.1(b).  Therefore, izc;(4) < i ((U) Nix(S)) =
iyc1i2(U N'S) © A. Therefore, A is y-closed.

Example 4.4. Let X = {p,q,7} and 2 = {0,{p},{q,7}, {p,7},{p,q,7}}. Then (X, 1) is not a quasi-topological space
and the A- closed sets are {@,{q,7},{p},{q},.{p,q,7}}. Now {r} = {p,7} N {q, 7} where {p,7} is 2-open and {q,7} is
y-closed and so {r} is A-locally y-closed. Also, {r} is B-closed,since i;c;iy({r}) = izc (@) < {r}. Hence {r} is both -
closed and A-locally y-closed, but {r} is not y-closed, since i;c;{r} = {q,r} is not a subset of {r}.

The following Theorem 4.5 gives a characterization of A-locally y-regular sets and Example 4.6 shows that the
condition quasi-topological space on the space cannot be dropped.

Theorem 4.5. Let (X, 1) be a quasi-topological space and A € X. Then the following are equivalent.

(a) A is a A-locally y-regular set.

(b) A = U N c;i (A) for some A-open set U.

(¢c) A is y-open and A-locally A-closed.

(d) A is B-open and A-locally A-closed.

Proof. (a) — (b). Suppose that A is a A-locally y-regular set. Then A = U NS where U is A-open and S = ¢;i,(S).
A c S implies that c¢;i;(A) € c;i3(§) =S which implies that SN ci3(A) = ciz(A). Now A=UnS=UnN
€1i2(S) € (U N iy(S)), since U is A-open and so A < ¢;(i3(U) Niy(S)) c ciz(UNS) = cyiy(A). Therefore,
A=AN CAiA(A) =UNnsSn CAiA(A) =UnN CAiA(A).

(b) — (). Suppose that A = U N c;iy(A) for some A-open set U. Let G = c;i3(4). Then c3i;(G) = cizci(4) =
€i2(A) = G and so G is a y-regular set. Therefore, A is a A-locally y-regular set.

(a) — (c). Suppose that A is A-locally y-regular. Then A = U N S where U is A-open and S is y-regular. By Theorem
3.3, S is A-closed and so A is A-locally A-closed. A=UNS =UnNci(S) c c,l(U n i,l(S)) cqi,Uns) =
€313 (A). Therefore, A is y-open.

(¢) = (d). Since y(1) < B(A), the proof follows.

(d) — (a). Assume that A is S-open and A-locally A-closed. Then A = U N S where U is A-open and S is A-closed.
Since A is f-open, A € cyi;c;(A) which implies that c;(4) € cjizci(A) € cyci(A) = ¢ (A). Therefore, c;(A) =
cipca(4). A c S implies that ¢;(A) < c;(S) = S, since S is A-closed. Therefore, U N c;(A) c U NS = A C
Unc(4), since A c U. Hence, A = U N ¢;(A) = U N qizc(4). If S = cizc;(4), then ;i (S) =
Cipcaizci(A) = cizc (A) = S. Therefore, S is y-regular and so A is A-locally y-regular.
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Example 4.6. (a) — (b).

LetX = {p,q,7,5s,t} be
1= 0,X{ps}{sth{p.th{p.ar}p.qarsh{p.arthips th{qgrh{qrst}. Then{p,s}n{s,t} = {s} €1
and so (X, 1) is not a quasi-topological space. The family of all A-closed sets is
2, X {qg. .t} {p,q.r}{q. v st {s 1 {p}{t} {st{a.r}{p,s,t} . Now{p,q,r} = ciia{p,q,r}andso {p,q,1}isy-
regular. Since {p} = {p,s} N {p, q,r}, where {p, s} is A-open and {p, q, r} is y-regular, {p} is A-locally y-regular.
Again, ¢;iy ({p}) = (@) = 0, implies that U N c¢;iy ({p}) =0 = {p} for every A-open set U and so (a) — (b).
The following theorem gives a characterization of A-locally m-regular sets.

Theorem 4.7. Let (X, 1) be a quasi-topological space. Then the following are equivalent.

(a) A is A-locally m-regular.

(b) A is m-open and A-locally y-closed.

Proof.

(a) — (b). Suppose that A is A-locally m-regular. Then A = U N S where U is A-open and S is m-regular. By Theorem
4.5, S is y-closed. Therefore, A is A-locally y-closed. Now A = i,(U) N iy (S) = (U N ¢;(S)) € i (U NS)
and so A C iyc;(A). Therefore, A is m-open.

(b) — (a). Suppose that A is m-open and A-locally y-closed. Then A = U N § where U is A-open and S is y-closed.
Since A is m-open, U N S Cijc(U N S) which impliesthat A = U NS =UNnUNSclUniclUnSs)c
U Nnije(U)Niyge(S) € U niye(S), since Uis m-open. Then, U N ic;(S) € U N S = A, since Sis y-closed.
Therefore, A = U N i;c;(S). Take B = i;¢;(S). Then iyc,(B) = iycizci(S) = iycy(B) = B. Therefore, B is -
regular.

The following theorem gives various characterizations of A-open sets in

terms of A-locally A-closed, A-locally y-closed and A-locally y-regular sets.

Theorem 4.8. Let (X, 1) be a quasi-topological space and A < X. Then

the following are equivalent.

(a) A is A-open.

(b) A is a-open and A-locally y-regular.

(¢c) A is a-open and A-locally A-closed.

(d) A is mw-open and A-locally A-closed.

(e) A is m-open and A-locally y-closed.

(f) A is m-open and A is A-locally y-regular.

oof. (a) — (b). Suppose that A is A-open. Then A is a-open. Since

X = i;(X),A = A n X and so A is A-locally y-regular.

(b) — (a). Suppose that A is a-open and A-locally y-regular. Then A C iyc;i;(A) and A =U N S where U is A-open
and S = q(5). Now U N S C i;ci(U N S) € izcin(U) Noizeiz(S) = ihe(U) N iz(S) andsoU N S =
UnNUNS cUnipU)nipS) € Uniy(S). Therefore, A € U Ni(S) c UNS = A Hence A = U N
i3 (S) which implies that A4 is A-open as X is quasi-topological.

(a) — (c). Suppose that A is A-open. Then A is a-open. Since X is A-closed, we have A = A N X and so 4 is A-locally
A-closed.

(¢) — (d). The proof follows from the fact that (1) < w(A).

(d) — (e). Suppose that A is m-open and A-locally A-closed. Then A = U N S where U is A-open and S = ¢;(5).
Since i3¢;(S) € ¢(S) = S, S is y-closed. Therefore, A4 is A-locally y-closed.

(e) — (a). Suppose that A is m-open and A-locally y-closed. Then A = U N S where U is A-open and ic;(S) © S
and A € ijc3(4). U N Sc iU nS) c ij(U) nig(S) c i) nipS). Now UnS =UnUn
Scig) N ) n U cUniyS) cUnS HenceAd = U N iy(S).Therefore, A is 1-open.

(b) — (f). The proof follows from the fact that (1) < w(A).

(f) — (d). Suppose that A is m-open and A-locally y-regular. Then A = U N S where U is A-open and S is y-regular.
By Theorem 3.3, S is A-closed.

Therefore, A is A-locally A-closed.
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